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Abstract. We generalize existing Jacobi—-Gauss—Lobatto collocation methods for variable-order
fractional differential equations using a singular approximation basis in terms of weighted Jacobi
polynomials of the form (1 £ w)”PJ‘.l’b(x)7 where > —1. In order to derive the differentiation
matrices of the variable-order fractional derivatives, we develop a three-term recurrence relation for
both integrals and derivatives of these weighted Jacobi polynomials, hence extending the three-term
recurrence relationship of Jacobi polynomials. The new spectral collocation method is applied to solve
fractional ordinary and partial differential equations with endpoint singularities. We demonstrate
that the singular basis enhances greatly the accuracy of the numerical solution by properly tuning the
parameter u, even for cases where we do not know explicitly the form of singularity in the solution
at the boundaries.
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1. Introduction. In this paper, we focus on the computation of the variable-
order fractional integrals and derivatives of the weighted Jacobi polynomials. Using
the weighted Jacobi polynomials with negative exponent as the basis functions, we
develop Jacobi-Gauss—Lobatto (JGL) collocation methods to solve fractional differ-
ential equations (FDEs) of variable and constant orders when a singularity at an
endpoint appears.

Numerical computation of the fractional integrals and derivatives is the key to
understand fractional calculus and solve FDEs of increasing interest in many fields of
science and engineering; see, e.g., [2, 10, 20, 21, 23, 27]. It is important to develop
numerical methods for FDEs as the exact solutions to FDEs are difficult to obtain in
real applications, due to the nonlocality and complexity of the fractional differential
operators, especially for variable-order FDEs. Recently, finite difference methods
have been widely used to approximate fractional differential operators and FDEs with
constant orders; see, e.g., [3, 11, 12, 15, 18, 22, 24, 25, 30, 43]. Some of these methods
have been extended to the variable-order FDEs; see, e.g., [1, 4, 5, 29, 32, 42, 45, 47].

Spectral methods have been also applied to FDEs when the exact solutions are
smooth; see, e.g., [17, 26, 33, 35, 37, 38, 41, 46]. As in the traditional spectral methods
for integer-order differential equations (see, e.g., [14, 28]), it is extremely important
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to choose appropriate approximation bases in the spectral methods for FDEs. When
the solution is smooth enough, the classical Jacobi polynomials (typically Legendre
or Chebyshev polynomials) can be used as an approximation basis and the computa-
tion of the fractional integrals and derivatives of these bases was investigated in some
works; see, e.g., [16, 17, 37, 41]. Unlike for the classical spectral polynomials, Zay-
ernouri and Karniadakis obtained a new basis in terms of polyfractonomials, which
are eigenfunctions of the fractional Sturm-Liouville problem [36].

When the solutions of underlying FDEs are not smooth, some weighted Jacobi
polynomials can be used to accommodate the weak singularity at the boundary; see,
e.g., [6, 37, 38, 44]. Specifically, we use a set of weighted Jacobi polynomials of the
form {(1+ 2)"P{*(2)} ;50 or {(1 — 2)"P{""(x)};50, where P’ (z)(x € [-1,1],a,b >
—1) is the Jacobi polynomial and g > —1. In [6, 37, 38, 39, 44], the parameters b
and g (or a and p) are chosen to be the same so that the left (or right) fractional
derivatives of these weighted polynomials have simple expressions; see also Corollary
4.3 in this paper. In particular, the polyfractonomials of Zayernouri and Karniadakis
have similar structure but with g = b > 0 or u = a > 0 (see [38, 39]), while we
allow that © > —1 and p is not required to be equal to a or b. Moreover, the proper
choice of u (especially negative u) results in significant improvement in accuracy of
numerical solutions as shown in section 5.

When p = 0, we may use the three-term recurrence formulas of the Jacobi poly-
nomials to derive recurrence formulas for fractional integrals and derivatives of the
Jacobi polynomials; see, e.g., [16, 40]. In this paper, we extend this approach to
compute constant-order fractional integrals and variable-order fractional integrals of
the weighted Jacobi polynomials for arbitrary a,b,u > —1. Subsequently, the left
(or right) Riemann—Liouville and Caputo fractional derivatives of (1 + x)“ijl’b(x) (or
(1-— x)“Pf’b(a:)) can be derived via the corresponding fractional integrals of these
weighted bases. The advantage of recurrence formulas for the left (or right) fractional
integral of weighted Jacobi polynomials is that they exhibit very good stability in the
numerical simulations. Under some conditions, it can be proven that the recurrence
formulas may degenerate into a three-term recurrence relation and thus define an
orthogonal system; see, e.g., Corollary 4.3.

Compared to Galerkin spectral methods, spectral collocation methods are more
flexible to deal with complicated problems, such as FDEs with variable coefficients,
multiterm FDEs, and variable-order FDEs; see, e.g., [13, 38]. In this paper, we
develop spectral collocation methods by using the aforementioned weighted basis that
can capture the weak singularity at the boundary of the exact solution to FDEs with
constant or/and variable orders even if the reqularity is unknown.

In the implementation of spectral collocation methods, we have to compute frac-
tional differentiation matrices, i.e., the fractional derivatives of the weighted Lagrange
interpolants, which result from the Jacobi-Gauss- (JG-) type quadrature nodes; see,
e.g., [31, 34, 38, 40]. With the derived variable-order fractional integrals and deriva-
tives of the weighted Jacobi polynomials, we actually unify the results of existing ap-
proaches of computing fractional differentiation matrices; see, e.g., u = 01in [31, 34, 40]
and u =bor p=ain [13, 38, 39].

Further, we can choose some p with —1 < p < 0 which can lead to better accuracy
than the case of taking p > 0 when the regularity of the exact solutions to the FDEs is
very low and even unknown. Note that the regularity is indeed low for the FDEs with
variable orders and nonlinear FDEs; see Example 5.3. To the best of our knowledge,
the case we propose corresponding to —1 < p < 0 is new and one of the distinguished
features that makes our work different from the existing work.



A2712 F. ZENG, Z. ZHANG, AND G. E. KARNIADAKIS

In summary, we briefly list the main contributions of the present work.

(1) Spectral collocation methods are developed to solve variable-order FDEs us-
ing a singular basis in terms of weighted Jacobi polynomials of the form
(1 £ 2)P PPt (x), > —1.

(2) An efficient three-term recurrence formula to calculate the fractional integrals
of the weighted Jacobi polynomials is developed, which leads to the differen-
tiation matrices of the Riemann—Liouville and Caputo fractional derivatives.

(3) By tuning the index —1 < pu < 0, FDEs with endpoint singularity can be
solved with higher accuracy by the proposed spectral collocation method.

The remainder of this paper is outlined as follows. The definitions of the fractional

calculus are introduced in section 2 and the spectral collocation method for fractional
ordinary differential equations (FODESs) is presented in section 3. In section 4, the
new differentiation matrices are developed. The spectral collocation methods for
FDEs applied to numerical experiments are presented in section 5, and the conclusion
is included in the last section.

2. Definitions. In this section, we introduce the definitions of the fractional
integrals and derivatives with variable orders and their related properties.

DEFINITION 2.1 (see [47]). For a function f(x), x € [xr,xg], the left fractional
integral (or the left Riemann—Liouville integral) with order a(x) > 0 is defined by

1 xT
21 D—a(z) _ D—a(z) _ 7/ _oa(z)—-1 d
1 D@ = D@ = gy [ @ T ) s
and the right fractional integral (or the right Riemann—Liouville integral) with order
a(z) is defined as

1
(2.2) rLDL S f(2) = Do) f(x) = T

T, TR T, TR W

/ s 2 () ds,

where T'(+) is Euler’s gamma function.
DEFINITION 2.2 (see [47]). The left Riemann—Liouville fractional derivative with
order a(x) > 0,z € [z, xR], of the given function f(x),x € [xr,zR], is defined by

ey tas

1
Dot = —
(2.3) reDg " f(2) T e J,, .

(n = a(z))

and the right Riemann—Liouville fractional derivative is defined by

(2.4) RLDgy(;I)? (x) = % |:(f_£; /;CR(S — g)n—oz(r)—lf(s) dS- _ ,

where n is a positive integer and n — 1 < ax) < n.

DEFINITION 2.3 (see [32, 47]). The left and right Caputo fractional derivatives
with order a(x) > 0,z € [z, xr], of the given function f(x), x € [x1,xR|, are defined
as

25) D) = oy [ 9O s
(2.6) CD;(;I)?f(x) — % /zR (S - x)n—a(w)*lf(n)(s) ds,

where n is a positive integer and n — 1 < a(z) < n.
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For n —1 < a(z) <n,n € N,z € [xr,zr], we have the following properties [47]:

(k) _ k—a(z)
o(x) a 1) f xL :E xL)
RLDwL mf( ) DwLw Z )—|—1) ’
(2.7) *) k—o(x)
Da(w) — —|— f xR)(xR — x) :
re DG f(a) = cDEG) S Z a(z) +1)

3. Spectral collocation method for FODESs. In this section, we present one
of the main contributions of this work, i.e., we present the spectral collocation method
to solve FODEs by applying the new differentiation matrices (see section 4). Our
spectral collocation method is more flexible with better accuracy than the existing
ones. We also clarify when the new spectral collocation methods obtains better results
than existing versions.

Consider the following FODE

3.1) {cDgﬂ w(z) + C(z)u(z) = f(z), =€ (v, zr),0< alz) <1,
' u(zr) = 0.

To approximate the solution of u, we use the following basis
Xy ={vlv=(z—zp)!'P(x), Pu(z)ePn,n=0,1,...,N}, pu>-—1,

where Py is a set of algebraic polynomials of order no more than N over the domain
[z, 2g]. Our collocation method for (3.1) is then to find an interpolant I%“"*u e
X such that

(32) DI u(z)| o+ Clay)u; = f(zy),

where I%*" T u(z) = (z—2p) TG = (x—a )" Z;\[:o vjlj(z) and v = (z;—xr) Hu,.
Here I X;b is the JGL interpolation operator associated with the collocation points x; =
(‘TRme)‘gﬁ”HR € [z, xR], where &; (0 < j < N) are the roots of (1—22)(Pw’(x)),
and P]'\l,’b(x) is the Nth-order Jacobi polynomial defined by (4.2). The Lagrange
interpolation basis function [;(x) is the jth corresponding interpolation polynomial,

i.e., it has value 1 at x; and value 0 at points z; (i # j).
In its matrix form, (3.2) can be expressed as

(3.3) Alug, ... 7UN)T = (f(z1), f(22),. .-, f(xN))T — By,

where A € RV*N that satisfies

—a(xzy) .
(A); 11 = ((wr —21)/2) (Dr)jp + C@)o5k,  Jik=1,2,..., N,
and Dy, is defined by (4.39), while B € RV*! satisfies

(B)jo1 = ((er —1)/2) " (DL);0. j=12,....N.

With (3.2), we actually solve the following equation

(3-4) e D0 (z — xp)o(2)) + Cl) (@ — z1)"v(2) = f(),
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which is equivalent to (3.1) with v = (z—xz1)"v. As pointed out in [44], the regularity
of v can be much higher than u and thus the polynomial interpolation of v in (3.2)
is more accurate than the polynomial interpolation of u itself. For example, when
a=">b=0 (see, e.g., [19]), we have

IR u = ullwoo = [z = 20)" (Ix"0 = v) oo = 1§ = 002

(3.5) <%0 = v)|y-1.-1 < ONTT|| 00| r—1m-1,

where w®?(z) = (1 — 2)%(1 + )” and we have supposed v € H"(I),I = (—1,1), u >
—1/2. If u(z) has very low regularity at the endpoint, say u(z) = (z — 21)%?!, then
v = (z — ) #"%1 which has higher regularity than u(z) when —1 < p < 0. For
FODE (3.1) with smooth f(x) and C(z), this is true when « is small; see, e.g., [11]
and Remark 3.1.

The choice of p is extremely important in practice. Here we prefer to choose
1 < 0 that will lead to vg = v(zy) = lim x —ap) Hu(z) = 0(p < 0) or
vo = v(xp) = u(xr) (= 0) whenever u(z) is bounded. For > 0, we need to know
vp = lim x—x ) Mu(z) that is unknown if the JGL spectral collocation method is

r—mt(

z—ax ] (
applied to (3%1)7 while arbitrary assignment of vy may lead to unsatisfactory accuracy;
see Buy in the right-hand side of (4.31), where vy = hmw%wt (x—xr) "u(z) is possibly
not equal to zero when p > 0. Moreover, the derivation of the differentiation matrix
Dy, in (4.31) avoids using (1 + zg)* for JGL points (xo = —1), which is meaningless
when g > 0; see also the numerical results in Tables 3-4 in Example 5.1, where we
also choose > 0 and let vg = 0 in the numerical simulation for comparison.
Remark 3.1. Even for the simple FDE with variable order as (3.1), the regularity
of its solution is much more complicated than in the case of the constant-order FDEs.
For example, when f(z) =1, a(z) is smooth, and C(z) = ¢o = 0, the exact solution

)o@
to (3.1) is u(x) = % For such a simple case, the regularity of u(z) at z =z,
(z_zL)a(m)fu b
T(l+a(z)) Al be
smoother than v when —1 < 4 < 0. Then we have more accurate numerical solutions
of v(z) and thus expect more accurate numerical solutions of u(z). See numerical

examples for details in section 5.

is low when «(z) is small. In contrast, v(z) = (x — xr) Hu(z) =

4. Derivation of the differentiation matrices. In this section, we first de-
velop the recurrence formulas to calculate the fractional integrals of the weighted
Jacobi polynomials Pi:l;’” (x), where Pi:l;’“ (z) is defined by

(4.1) PYYM (@) = (1 £2)"PP(x), p>—1,2€[-1,1].

Then we derive the fractional derivatives of Pi:lj’-’“ (z) from the corresponding frac-
tional integrals of Pi:l;—’” (x), which leads to the desired differentiation matrices asso-
ciated with these weighted polynomials by a simple matrix-matrix multiplication.

The Jacobi polynomials {ijl’b(x)}, a,b> —1,z € [-1, 1] are given by the following
three-term recurrence relation (see, e.g., [28]),

1 1
Py (x) =1, PM(x) = 5(a +b+2)x+ 5(a —b),
P (2) = (Ajz — By PPt (x) — Ci P (2), > 1,

(4.2)
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where
(2 +ta+b+1)2j+a+b+2)
7 2+ 1)(j+a+b+1)
2 2\io:
(4.3) B - b*—a*)2j+a+b+1)

2+ 1) +a+b+1)(2j +a+b)’

. +a+b)2j+at+b+2)
T GHD)Gra+rb+1)(25+a+b)

Let w®?(z) = (1 — 2)%(1 + ). Then, one has
1
(4.4) | Pat@Pet @)t t(a) do = S
1
where 6,,, is the Kronecker delta function and

(4.5) ap 2T TP(n4+a+1)I(n+b+1)
' Tn C @2ntat+b+DnT(n+a+b+1)

In this section, we also use the following notation:
a,b,a, —« a,b,
(4.6) G () = D27, Prit(x), = e[-1,1],

a,b,a, —a pa,b,
(4.7) Gy “M(x) =D Y PY (2), we[-1,1].

A2715

4.1. Fractional integrals of the weighted Jacobi polynomials. In this
subsection, we develop a recurrence formula to calculate the a(x)th-order left (or

right) fractional integral of Pjil;“(x) (or Pf?”(x))
Jbionp

a
We can compute G’

() by the following recurrence relation.

THEOREM 4.1. Leta,b,u> —1 anda(z) >0, z € [-1,1]. Then G; = G%’Z’a’”(x)

defined by (4.6) and H; = a(x)G%’Z’O‘H’”(x) satisfy, for j >1,
(4.8) Gjp1 = (Ajx = Bj)G; — C5Gj1 — A;Hj,
Hj = —(A; + Bj)H; — CjHj

—(p+1+ OZ)AJ' (A\jijl + EjHj + @Hjﬂ)

(49) + (1 + $)04Aj (A\jGj_l + B\jGj + éjGj_;_l),
where
= —2(j+a)(j +b)
4.10 A; = ,
(4.10) TG Ha+b)(2j+a+b)(2jFa+b+1)
~ 2(a —b)
4.11 B, =
(411) T 2j+a+b)(2ita+b+2)
~ 2(; 1
(4.12) G, — (j+a+b+1)

(2j+a+b+1)(2j+at+b+2)

b . L. .
We can compute G2 "(z) in a similar fashion.
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THEOREM 4.2. Leta,b,u > —1 anda(z) >0,z € [-1,1]. Then G, = G%’f}’a’“(x)
defined by (4.7) and H; = a(az)G‘gf’fﬂ’“(JJ) satisfy, for j > 1,

(4.13) Gjp = (Ajr = Bj)Gj = CjGj1 + AjHj,
Hj1=(A; — Bj)H; — CjHj

—(p+14+a)A; (A\jijl + EjHj + @HjH)
(4.14) + (1= 2)ad; (4;Gy1 + BiGy + CiGjin ),

where A BJ, and C are defined by (4.10), (4.11), and (4.12), respectively.
Remark 4.1. When w=0and j > 1, we have (see, e.g., [16, 40]),

b,a,0 ij - BJ - a(x/)\AJEJ Ga7b‘,a70 N CJ + O‘(x)AJgj a7b‘,o¢70
1+ Oé(ﬁ)AjCj L 1+ OZ((E)AjCj L.j-1

A; (/Tij‘.l;bl(—n + By PR (1) + @P;’fl(—n)
T(a(z)) (1 + a(x)Aj@)

Ga,b,a,() o ij - Bj - O‘(ZE)AJ'BJ' Ga b,a,0 O + Oé( )AJA\j Ga,b,oz,O
R.j+1 — ~ R,j A~ R.j—1
1+ a(x)A,;C; 1+ a(x)A;C;

(4.15) (z 4+ 1)),

Jj+1

T(a(z)) (1 + a(x)Aj@)

(4 16) + Aj (A\jquibl(l) + B\ijflfb(l) + C pe b ( )

1— )o@,

For initial values G’E’Zia’“(j =0,1) and G%Z’O"“(]’ = 0,1), we can easily obtain

G = r(ui(/i E 103(3;)) 1+ o)
G(Z’bfa wo_ (;;'(z ::‘_ 3)—{(5(;))2) (14 z)o@+r+1 _(p 4 NGy i
Gig™" = r(ui(li E 104)(95)) (1 =),

The initial values of H; (j = 0, 1) in Theorem 4.1 (or Theorem 4.2) can be obtained
from the relation H; = aG’zl;aH’” (or Hi = aG% bJ‘Hl’“)
When = bin Theorem 4.1 or 4 = a in Theorem 4.2, we have simpler expressions.

COROLLARY 4.3. Suppose that a(x), © € (—1,1), is a real-valued function, a,b >
—1. Then

LGj+b+1)
F'j+b+1—ax))
P(j+a+1)
F'j+a+1—ax))

re DL PO (2) =

)

(1 + x)b—oz(r)P;_lJra(w%b*a(w)(x)
(4.17)

re DY PO () =

a—al(x a—a(x),b+alz
(1—2x) ()pj ()+()($).
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Proof. Equation (4.17) with constant fractional order a can be found in [6, 37, 44],
which also holds for the variable-order a(z). For any a(x), (4.17) can be proven by
using the explicit form of Jacobi polynomials (e.g., see p. 71 in [28]), the proof of
which is omitted here. d

Next, we investigate the stability of the recurrence formulas (4.15) and (4.16).
When b = 0, we can easily verify that A\jP;;bl(—l) + Eija’b(—l) + CA'jPJq_;bl(—l) =0
by using (A.1) and (4.10)—(4.12). In such a case, (4.15) becomes a three-term recur-
rence formula and defines an orthogonal system with respect to the weight function
wited(z) = (1 — )" when a + o, —a > —1 and « is an constant. Hence, the
recurrence formula (4.15) is stable for constant-order a when a + o, —a > —1. For
each o € [—1,1] and ap = a(zo), we find that {G%’Z’O‘O’O(x)} defines an orthogonal
system with respect to the weight function wte00(z) = (1 — x)2t@0 x € [-1,1].
Thus, (4.15) is stable for variable-order a(x) when a + a(z), —a(x) > —1. Similarly,
(4.16) defines an orthogonal system when a = 0, « is a constant, and b+ o, —a > —1,
thus is stable for variable-order a(z) when b+ «o(z), —a(zx) > —1.

In general cases, i.e., b # 0 or a # 0, it is difficult to prove that the three-term
recurrence formula (4.8)—(4.9) or (4.13)—(4.14) could define an orthogonal system.
Thus, we numerically show their performance in stability. Here we only consider
(4.8)—(4.9), since the situation is very similar for (4.13)—(4.14).

We will test two approaches of computing G%’Z’a’” (x) in (4.6): the recurrence
formula (4.8)—(4.9) and the direct computation using the Gauss quadrature rule given
by

+ 1)t ppab((@FDE =1y
4.18 @,b,00,4 :(x— / a@)~Lu g pob( @+ 1)s+a—1
( ) GL,J (ZI;) 20‘(1)—"—“1—‘(05({1;)) . w (S) g ( 2 ) dS,

where w(® =LA (3) = (1 — §)*@~1(1 4+ §)*. So for any given z € [—1,1], G%,Z;a,u(x)
can be directly calculated by the following exact formula

. a(z)+p M;
F(ozl(a:)) (%1) D owrPsk), M; > [5/2],

k=0

(419)  GPhH(a) =

where s, = (1+1)§++H, {8k} are the JGL quadrature points, i.e., {3, } are the roots

of (1— 32)8§P]?4(f)71’“ (8), with the corresponding weights {wy}. For simplicity, we
can choose M; = [N/2] 4 2 in (4.19) in the computation.

Now we are ready to test the computational performance of the recurrence for-
mula (4.8)—(4.9) and the Gauss quadrature (4.19). The numerical solutions obtained
by the recurrence formula (4.8)-(4.9) are denoted by (1)G‘z’f;’°"“ (x) and the numer-

ical solutions from the Gauss quadrature (4.19) are denoted by (Q)G’z’zfa’“ (z). Let
e;m)(x) = (m)G%’Z’a’“(x) — GaL’Z’O"“(x) (m = 1,2), where GaL’Z’O"“(x) is the reference

solution from the first equation in (4.17) with g = b. Then the relative L error is
defined by

maxXo<j< N MaXo<k<256 |€§-m) ()] ) 2k
xp=-14—.
nk 256

||e(m) HOO = a,b,o,
maxo<;<n Maxo<k<2s6 |G 7" (21

In Table 1, we observe that the recurrence formula (4.8)—(4.9) shows higher ac-
curacy while the Gauss quadrature (4.19) shows less accurate results, especially when
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TABLE 1
Comparison between the error ||e(M)||oo of the recurrence formula (4.8)—(4.9) and the error
1e® |00 of the JG quadrature (4.19), a = 0,b = p, a(x) = 2|sin(10z)|.

N | oo [ 1eWloe 11e®oo | | eWlloo €Poo | | leM]loc €™ ]loo
64 1.59¢-15  2.46e-14 1.22e-15 2.76¢-14 3.00e-15  2.68e-14
128 | 0.2 | 1.59e-15 1.67e-13 | 0.5 | 1.22e-15 1.47e-13 | 0.8 | 3.34e-15 1.35e-13
256 2.67e-15  7.62e-13 1.22e-15  7.94e-13 3.53e-15  1.53e-12
512 2.67e-15  6.3le-12 1.22e-15  7.63e-12 8.83e-15  8.45e-12
64 1.73e-15  l.4le-14 2.40e-15 1.04e-14 3.16e-15  6.36e-15
128 | —0.2 | 2.25e-15 1.09¢-13 | —0.5 | 3.39e-15 5.73e-14 | —0.8 | 5.50e-15  3.66e-14
256 2.32e-15  6.42e-13 4.79e-15  4.10e-13 9.57e-15  1.79e-13
512 5.56e-15  3.88e-12 6.77e-15  4.65e-12 1.66e-14  1.55e-12

N is large. This is possibly due to the accumulation of the round-off errors in the
summation in (4.19). Further, the Gauss quadrature (4.19) takes much more time
than the recurrence formula (4.8)—(4.9). For fixed z, we need O(N) operations to
obtain (1)GaL’f}’a’“(9€)(j =0,1,...,N), while we need at least O(N?) operations to ob-
tain (Q)G%Z’a’“(x) (j =0,1,...,N). Moreover, we also need to recalculate the Gauss
quadrature points {s;} and weights {wy} in (4.19) when x changes, and thus the com-
putational cost is O(IN3). From Table 1, we observe better accuracy of the recurrence
formula, which implies the stability of the recurrence formula (4.8)-(4.9).

4.2. Riemann—Liouville fractional derivatives of the weighted Jacobi
polynomials. In this subsection, we compute the Riemann—Liouville fractional deriva-
tives of P_il;”(x) and P’_ll;u(x) To this end, we adopt the technique used in [16] to get

the fractional derivative of Pji:?f“ (x) (or Pf:lj’-’“ (x)) from the corresponding fractional

integral of P_il;”(x) (or Pfl;”(x)) For simplicity, we denote
4.90 Sa,b,cx,,u _ Doz(ac) Pa,b,y Sa,b,cx,,u _ Da(w)Pa,Q,y
(4.20)  ReST;M(@) = re DIV PE N (2),  RoSETM (@) = reDyy P ().

In the rest of this subsection, we use Sp ;(z) = RLSZ72’O"“(;§) and S, (z) =
RLS?%’E’O"“ (x) for simplicity.

When a(z) = « is a constant and n — 1 < o < n,n € N, we have

dn a,b,n—ao, n dn a,b,n—a,
Spi(@) = TGS (@), Sry(e) = (-)" TGRS (@),

For 0 < a < 1, letting @ =1 — @ and s = (x + 1)§ — 1, we have

A a,b
) =L agtany - LU L e 9P
Sp.j(x) = deL,j (z) = (@) | (1-58)“""3 5 ds

d+u(x+1)d+ﬂ/1 NG A by 1
1—3)% 1gnpab(g)d
ol @ 0( 87 SE(s) s,

which leads to

1
z+1

(4.21) Sps(@) = —— ((@+ WGP (@) + A G E T (@)

ab(y
where we have used dl’%” = di’f P;Lbl () and d;’f is defined by (A.3).

x
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For 1 < a < 2, letting @ =2 — @ and s = (x + 1)§ — 1, we have

’ ot o2pet

T da? I'(a) 0s?
2ot p) (zH )M 16P;‘7b<s> .
x+1 I'(a) /0 (-8 st 0s ds
@+ m@+p=—1) @+ D" (s pab
1) T(a) /0 (1—=38)* 8P ®(s)ds.

Applying (A.2) and (A.3) (see appendix) with n = 1,2, we obtain

1

(4.22) Sp;(z) = CESE

[<a+u><a+u—1>a“°‘“<x>

+2(6 + pdg TG @) + iR G @)
When a(x) is a function of x,x € (—1,1], we can readily verify that (4.21) and
(4.22) hold from the definitions (2.3) and (2.4). Also, when a(z) > 2, Sp_j(x) can be
similarly derived, which is omitted here.
For the right fractional derivative operator, we have similar relations. For a given
€[-1,1) and 0 < a(x) < 1, letting a@(z) =1 — a(z), we have

1
1—2x

(4.23) Sg.j(z) = ((d + MG%,Z,&,;L( ) — da bGaRJrjl b1+1 &, ,u+1( )) .
For a given z € [—1,1) and 1 < a(x) < 2, let a(z) = 2 — a(x) and we have
(4.24)

SR]( ) !

m {(d + ) (@ +p— 1)G?€Z’d7“(9€)

~ a,b ~a+1,b+1,& 1 a,b ~a+2,b+2,a, 2
— 2(@ + p)d§ GR T (@) 4+ GRS N ( )}

4.3. Differentiation matrices of the Riemann—Liouville fractional deri-
vatives. Let u(z) = (1 + z)"v(z) be a function defined on the interval [—1, 1] and
N be a positive integer. Denote z;(j = 0,1,..., N) as the JGL points defined on the
interval [—1,1]. Then u(z) can be approximated by

N N
(4.25) Iy**Fu(e) = 1+ o) Iyo(z) = 1+ 2)* > v(e =Y 6, PL (),
j=0 J=0

where [;(x) is the Lagrange interpolation basis function based on JGL points and
l;(z) can be represented as

N
(4.26) (@) =" cr PP (w)
k=0

Then ¢ ; can be determined by the following relation [28]

a,b
P (w))w;

(4.27) (Cr,j = cryj = b
51@"/1@,

, k=0,1,...,N,
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in which 7" is defined by (4.5), 6y = 1(0 < k < N), and oy = 2 + ¢trl f
Iﬁ,’b in (4.25) is the JG or Jacobi-Gauss-Radau (JGR) interpolation, then we have
0, =1(0<k < N)in (4.27). Combining (4.26)—(4.27) yields

(4.28) Vv =Cv(x),

where ¥ = (g, 91,...,0x)" and v(x) = (v(zo),v(z1),...,v(zn))" .
The Riemann-Liouville derivative RLDf(lwg)EI“abJru(x) (a(z) > 0,z € [-1,1])
can be calculated by the following relation

N
(4.29) re DTG () =3 0 rSER O (),
7=0

where RLS“)? “H(x) is defined in (4.20). Combining (4.28) and (4.29) yields
(4.30)

re DI (@) = (ReSEE (@), R SEY @), RLSERH (@) CV().

Let gz D) 14 u(a;) = (e DL I " T u()] oy, Then rpD)I4" 0Ty

—1,z; —1.x —1l,x
at the collocatlon points ¢ = z; (j = 0,1,...,N) can be calculated by the following
simple formula

110 1IN

T
(431 (re DI (@), DX I T u(on)) = Dui(x),

where 0(x) = (v(xo),u(z1),u(xa),...,u(zn))?, v(xg) = limwﬁwg(x — xo) Pu(z),
the differential matrix Dy, = SCdiag (1,(1 4+ 1)~ #,..., (1 +2zy)*), the matrix S
satisfies (S), ; = Sg?a’”(xz) (i, = 0,1,...,N), and RLS%:?’Q7M($) is defined in
(4.20).
We can similarly derive the differentiation matrix Dg such that
4.39 a(xo) ru,a,b, a(xn) pu,a,b,— T ~
( . ) (RLDzO 1 I u($0), .. '7RLDzN 1 I U(QJN)) = DRU(X),
where (x) = (u(zo),u(x1),...,u(zy_1),v(zn))T, v(zN) = 1iInI_m;V (xn —x) Pu(z),
= SCdiag ((1 —xo) ", (1 —ax1)™*,...,(1 —xn_1)"",1), the matrix S satisfies
(8)i; = RLS%E’O"“(@) (i,7=0,1,...,N), and RLS;”I;O"”(;E) is defined in (4.20).

We can similarly derive the differentiation matrices based on the JG and JGR
points. For example, when the JG points are used, the right-hand side in (4.31) is
replaced by Dpu(x), where Dy, = SCdiag (1 +zo) *, (1 +z1) ", ..., (L +zn)"H).

4.4. Differentiation matrices of the Caputo fractional derivatives. In

this subsection, we focus on the computation of CSZ:Z;’%M(ﬁ) = cDa(lziPJaf’”( ) and
cS}%’f;’o"“ () = cDg‘ﬁT )Pﬁf”“ (x), which leads to the desired differentiation matrices of
the Caputo fractional derivatives. In the rest of this subsection, we also use St ;(x) =
cSZ:?’O"“(m) and Sp j(x) = CS%Z’Q’”(JJ) for simplicity.

For > 0 and 0 < o(z) < 1 with & =1 — «, we have

Sp.j(x) = DL PEI (2)

= ﬁ /_wl(x — 3)&—1 [H(l + 8)#—1pjfl,b( )+ d 1(1 + )ijqj-ll,b+l(s)} ds,
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which leads to
(4.33) Sp(@) = pGL T @) + GG @),
Similarly, we have
(434 Snyle) = pGRy TN @) - GGRTT T @), 0<a(@) <1

For > 1 and 1 < a < 2, we obtain

,0,2—a,pu—2 b 1,6+1,2—a,u—1
SLvJ'(x):H(H—l)GaL,j o ($)+2ud?,1GaLJ,rj—1+ G ()

a,b ~a+2,b4+2,2—a,
(4.35) +d;) GLJ,rjf;r (@),
a,b,2—o, p— a,b ~a+1,b+1,2—o,pu—
Sr.j(x) = p(p = DGE 12 (2) = 2udy G271 (a)
a,b ~a+2,b4+2,2—a,
(4.36) +dS G H(x).

Remark 4.2. According to (2.7), we can also calculate the Caputo derivative

D) PEY (@) (or ¢ DL PUY (2)) from g DY) PYUH (2) (or rDES PUR ().

Remark 4.3. When p = 0, we have (cf. [16, 40] where a(x) is a constant)

437)  oSph*O(@) = D) P0 (2) = din Gyt (),

(438)  eSEy™ (@) = e DL P @) = (-1 G T @),
where n—1 < ax) < n,n € N, d?)’g is defined by (A.3), and G'z’,l}’a’”(x) and G%’Z’a’”(x)
are defined by (4.6) and (4.7), respectively.

For the Caputo derivatives, we can similarly derive the following differentiation
matrices Dy, Dr € RVHDX(N+1) guch that

T
(4.39) (cDa(‘TO)I]‘\‘,’a’b’+u(x0),...,cDa(wN)IJ‘C,’a’b""u(a:N)) =Dru(x),

—1,z9 —lzN

T
(440)  (eDEO1E " ulao). o DEUY IR u(ay) ) = Drul).

Remark 4.4. The total computational cost of the present algorithm is O(N?),
where N x N is the size of the fractional differentiation matrices. For the differentia-
tion matrices based on the Chebyshev—Gauss—Lobatto points, the computational cost
can be reduced to O(N%log N) due to the fast Fourier transform. In the standard
spectral collocation method, i.e., a = 1,2, we have the exact formula to calculate the
differentiation matrices with O(N?) operations; see [28].

5. Applications and numerical examples. In this section, we first illustrate
the spectral collocation method proposed in section 2 to solve FODEs and compare
the numerical results with existing spectral collocation methods. Then we illustrate
the spectral collocation methods to solve FPDEs.

We will present three examples. In the first two examples, the endpoint singularity
index of solution is known, and we mainly focus on the convergence order of our
methods and test the methods for different situations. In the third example, we
consider a fractional Burgers equations where the endpoint singularity index of the
solution is not explicitly known.



A2722 F. ZENG, Z. ZHANG, AND G. E. KARNIADAKIS

TABLE 2
Mazimum errors for Example 5.1 for Case I, p = 0.

N | (a,b) Error (a,b) Error (a,b) Error

4 2.3866e-01 2.9661e-01 6.9196e-01

8 1.3750e-03 1.5597e-03 2.8386e-03
Casel | 16 | (0,0) | 7.917le-11 | (—3,—3) | 4.8886e-11 | (—3,1) | 3.208%-10

32 3.4348e-15 5.1070e-15 6.7724e-15

64 3.7541e-15 3.8858e-15 7.7091e-15

Ezample 5.1. Solve FODE (3.1) with € (0,1] and the following conditions:

e Case I (smooth solution): Choose the suitable initial condition and the right-
hand side function f(z), such that the analytical solution to (3.1) is u(x) =
sin(2mx), where C(z) = 1757 and a(z) = m

e Case II (solution with endpoint singularity): We choose C(x) = 0, o = a(x)
is a constant, and f(z) is chosen as f(x) = 27 sin(xz + 1),0 > 0.

e Case III (solution with endpoint singularity): Choose the suitable initial
condition and the right-hand side function f(z), such that the analytical
solution to (3.1) is! u(z) = 27 + 227, 0 > 0, where C(z) = 14-% and a(z) =
|z — 3| + 3.

In this example, the errors are measured in the following sense:

He”OO = 1r<nja<’XK|u1“Cf(Zj) _ﬂ(zj)|a Z] :]/Kv .] = 0715' "7Ka K = 1287

where u(x) = aH Z;-V:O v;l;j(z), lj(x) is the Lagrange basis function based on JGL
points on the interval [0, 1], and u,ef is either the exact solution or a numerical solution
obtained from JGL collocation method (3.2) with N = 128.

In Case I, the solution is smooth and then we use (3.3) with y = 0 (standard
spectral collocation method; see, e.g., [31]) to solve it. In Table 2, we observe spectral
accuracy for the smooth solutions when three types of collocation points are used.
For the same IV, the three sets of collocation points give the same level of accuracy,
which is expected from standard spectral theory; see, e.g., [14].

For Case 11, we know from [44] that the analytical solution u(z) to (3.1) satisfies
u(z) = zoto-lotely(z) or u(x) = xote-Totely(z) when f(z) = 27 sin(z + 1), where
v(xz) € H>([0,1]). Here, we apply the JGL collocation method (3.3) with three choices
of ur p=oc+a—-Jo+a](-l<pu<0),p=c+a—|o+al (0<u<1),and p=0.
As we do not have the exact solution, we use the reference solution u,.t obtained by
(3.3) with N = 128 JGL collocation points for each group of parameters o, a, pt, a, b
(see also the values of these parameters in Tables 3-4). In Table 3,2 we show the
errors ||e]| by using the Legendre-Gauss-Lobatto (LGL) spectral collocation method
(a = b =0), and the errors ||| oo of the Chebyshev—Gauss-Lobatto collocation method
(a = b= —1/2) are shown in Table 4.

In both tables, we observe spectral accuracy when we choose = o+ a — [0+ «]
or i =o+4a—|o+a]l for o+a > 1. Note that we are actually approximating v instead
of u. While we have a smooth v with the chosen parameter p, it is natural to expect
spectral accuracy. However, it is still important to choose p < 0 if JGL collocation
methods are used. When 0 < o+« < 1, we choose p =c+a—[oc+a] (-1 < u < 0),

Here we choose such a solution to somewhat mimic the singularity structure of the solution of
cDf ut+u=1, u(0) = up, 0 < a < 1, which is of the form ZZ]-:O i jatetd,
2In this table and in Tables 4 and 5, we marked the optimal p with p* for Cases IT and III.
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TABLE

3

Mazximum errors for Example 5.1, Case I, a = b = 0.

o «a m N =4 N =28 N =16 N =32 N =64
—0.6* | 5.8111e-04 | 1.9957e-09 | 5.8564e-15 | 1.0464e-14 | 4.8850e-15
0.2 | 0.2 0.4 1.6663e-01 | 9.7900e-02 | 4.2005e-02 | 1.0171e-02 | 2.9030e-03
0 1.1811e-01 | 7.1457e-02 | 2.5294e-02 | 3.0128e-03 | 4.8583e-04
—0.7* | 2.7865e-04 | 2.6968e-10 | 8.2522e-14 | 6.2637e-14 | 8.7576e-14
0.8 | 0.5 0.3* 4.8338e-05 | 8.0547e-11 | 1.4433e-15 | 1.7764e-15 | 1.5543e-15
0 3.0484e-03 | 6.3265e-04 | 1.0778e-04 | 4.0644e-06 | 3.6246e-07
—0.5% | 9.9532e-03 | 1.4705e-07 | 1.7592e-14 | 1.4373e-14 | 2.0317e-14
1.7 | 0.8 0.5* 2.0276e-05 | 1.8398e-11 | 7.7716e-16 | 1.9429e-15 | 1.1102e-15
0 2.8684e-04 | 1.9274e-05 | 6.9531e-07 | 1.2071e-08 | 3.1498e-10
TABLE 4
Mazimum errors for Example 5.1, Case II, a =b= —1/2.
o «a m N =4 N =28 N =16 N =32 N =64
—0.6* | 4.8717e-04 | 1.3141e-09 | 1.8874e-15 | 3.3029e-15 | 2.4425e-15
0.2 | 0.2 0.4 1.5900e-01 | 9.3274e-02 | 3.2727e-02 | 1.4969e-02 | 6.3009e-03
0 1.1388e-01 | 6.6410e-02 | 1.5528e-02 | 4.2654e-03 | 1.3560e-03
—0.7* | 2.3305e-04 | 1.8148e-10 | 1.2456e-14 | 1.9332e-14 | 2.8945e-14
0.8 | 0.5 0.3* 7.2505e-05 | 1.1160e-10 | 9.9920e-16 | 7.7716e-16 | 1.4433e-15
0 2.7518e-03 | 5.1459e-04 | 7.0073e-05 | 3.9047e-06 | 2.0670e-07
—0.5% | 8.2223e-03 | 9.2855e-08 | 1.1102e-15 | 1.6567e-15 | 7.0679e-15
1.7 | 0.8 0.5* 2.8742e-05 | 2.5962e-11 | 7.7716e-16 | 1.1657e-15 | 1.9429e-15
0 1.9856e-04 | 1.3396e-05 | 4.3241e-07 | 5.7959e-09 | 1.2829e-10
TABLE 5
Mazimum errors for Example 5.1, Case 111, a = —p, b = p.
o I N=14 N=28 N =16 N =32 N =64
—0.7* | 5.4992e-04 | 1.0523e-05 | 2.5302e-07 | 5.9610e-09 | 1.3223e-10
1.3 —0.4 | 2.5433e-03 | 3.9183e-04 | 5.2868e-05 | 7.0554e-06 | 8.3719e-07
0 4.7920e-03 | 1.2883e-03 | 2.5965e-04 | 2.8371e-05 | 3.5713e-06
—0.5% | 6.2021e-04 | 5.6469e-06 | 7.6852e-08 | 1.0087e-09 | 1.2946e-11
1.5 | —0.55 | 3.9389e-04 | 2.4162e-05 | 3.3420e-06 | 3.5877e-07 | 3.3376e-08
0 4.4015e-03 | 8.0197e-04 | 1.2153e-04 | 9.8811e-06 | 9.8474e-07
—0.2% | 4.4378e-04 | 2.0038e-06 | 1.2603e-08 | 6.1470e-11 | 3.2969e-13
1.8 —0.3 | 2.3472e-04 | 3.9786e-05 | 2.7610e-06 | 1.7865e-07 | 1.1111e-08
0 2.1472e-03 | 1.8291e-04 | 1.8154e-05 | 9.4600e-07 | 6.5811e-08

A2723

where we still observe spectral accuracy; see the text before Remark 3.1 for choosing
. However, if 0 < 0 + a < 1 and we choose © = 0 + o > 0, then we need to know
v(0) to recover spectral accuracy and observe otherwise only slow convergence. When
we simply take v(0) any value other than the exact value (here the exact value of v(0)

is % sin(1)), we cannot observe spectral accuracy; see (3.3), and Tables 3-4
where v(0) = 0 is used whenever 0 < py =0+ a < 1. If 0 < p =0 + a < 1 is chosen,
then one can use JG points to avoid the dilemma instead of JGL points (see [44]),
where the solutions are evaluated only at interior points.

For Case 11, we observe in Table 5 that higher accuracy is obtained when p < 0 as
we can expect from the fact v(x) = z7*u(x) has better regularity than u(x) (u = 0).
We observe that the best choice of pis =0 — [o] < 0.

Next, we apply the spectral collocation methods to solve space-time FPDEs and
test these methods when solutions are known and smooth.
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Ezxample 5.2. Consider the following space-time-fractional advection-diffusion
equation over (—1,1)x(0,1] (see, e.g., [38]):

D3\ u(a, t) + re DT u(z,t) = re DU u(e, t) + f(z,1),

—1,z -1,z
(5.1) w(z,0) =0, ze[-1,1],
u(—1,t) =u(l,t) =0, te(0,1],

where 0 < v(z,t), 8(z,t) <1 and 1 < a(z,t) < 2.
We represent the solution u(x,t) to (5.1) as u(x,t) = th(x — xp)%v(z,t). We
interpolate v(x,t) on the JGL points (x;, tx), where
TR — TL . T+ xR T(fk—|—1)
(5.2) zj = 5 Lt ty = —
Here {i,;} and {f;} are the roots of (1 — z2)(Py*" (x))" and (1 — t2)(Pi2* (1))

respectively.  Hence wu(z,t) can be approximated by Ij\‘/[’f’]’\fl’bl’a2’b2’+u(x,t)

th(x — L) Ty > o(a,t) = t(x — 21)7 Y00 g Sonto vkl (@)h(t), () and hy(t)
are Lagrange interpolation polynomials. Replacing u(z,t) in (5.1) with If\‘/f’f’]’\fl’bl azmbaty,
and letting (x,t) = (z;, tx) yields

(5.3)
|:CD8')(tzj1t)I]I\lf4;UJ7\;ll7b1;a27b2;+u(xj’ t)} _ {RLDgSétk)Iﬁ\l/}Uj\;h,b17a2,bz7+u(x’ tk)
’ t=ty ’ T=x;
+ [RLDgfa’ct’“)Izl\fﬁl’bl’a2’b2’+u($a tk)] + f(j,tk),
j=1,2,....N—1,k=1,2...,M,
Uj,()ZO, j:O,l,...,N,
ug,k = 0, uN,k:@/J(tk), k=0,1,..., M.
In our computation, we take x;, = —1,25 = 1, T = 1, and choose proper f(z,t)

such that (5.1) has the exact solution u(x,t) = t9t2/3 sin(7z) with different variable-
orders given by

o Casel: y= = 2HalHit o 4 LHL,
t|4+1
e Case II: v = |sin(ﬂ(rl—t))\+l.27 ﬁ — |z 4|1+ , = exp(_|$t| _ 01) 4 1.

The relative L error is defined by

maxo<;j<nN Maxo<r< M |u(a:j, tk) — ui,k|

el = ,

maxo<;<N MaxXo<k<M Uik

where (2;,t) are the LGL points from (5.2), i.e., the LGL spectral collocation method
is applied in the computation (a1 = by = as = by = 0 in (5.3)). Since the analytical
solution is smooth in space, we choose o = 0 in (5.3). In Figures 1(a)—(b), we observe
machine accuracy when M > 6,4 = 2/3 or M > 6,4 = —1/3. This is because the
analytical solution u(z, t) to (5.1) satisfies u(x, t) = t*/3v(x, t) or u(x, t) = t~/3v(x, ),
where v(z,t) = t%sin(rz) or " sin(mrz). When we choose p = 2/3 or p = —1/3, we
interpolate v(z,t) instead of u(x,t), which yields much higher accuracy due to the
smoothness of v(z,t), thus higher accurate numerical solutions of u(z,t).

Conservation laws that involve fractional Laplacians have been widely applied in
several fields; see, e.g., [7, 8, 9]. Here, we apply our collocation method to solve a
suitable benchmark problem, namely, the space-fractional Burgers equation where the
solution is not known explicitly. Numerical results show the superiority of choosing p
close to —1.
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(a) Case L. (b) Case II.

Fia. 1. The relative L errors for Example 5.2, N =24, a1 = by = a2 = bz = 0.
Ezxample 5.3. Consider the following space-fractional Burgers equation
(5.4) Ou(w,t) + u(z, t)0pu(z,t) = e gL D (w t) u(x, t),

subject to the homogeneous boundary conditions and initial condition u(x,0) = ¢(x),
where € >0, 1 < a(z,t) < 2, (z,t) € (—1,1)x(0, 1].

We use the present JGL spectral collocation method in space and the first-order
backward difference (backward Euler) method in time to solve (5.4). The method is
given by the following: Find I%“"Tu™(z) = (x — 2 )" ZJ ovjli(z) (n > 1) such
that

(5.5)
% (u? — u}l*l) +uf [311§’a’b’+u"(33)}r:zj [RLD?ESE; )I# bt n(x)} s,
j=12...,N—1,
u) = o(x;), j=0,1,...,N,
uy =un =0, n=01,...,n7,

where 7 is the time step size with 7 = T'/np,ny € N, t, = n7, {x;} are the roots of
(1- xz)(P]%’b(x))’. As (5.5) is implicit, we employ the fixed-point iterations to solve
the resulting nonlinear system. As in the previous two examples, we observe better
accuracy if —1 < p < 0 rather than g > 0.

In our computation, we take the initial and boundary conditions as u(z,0) =
sin(rx) and u(—1,t) = u(1l,t) = 0. We also choose different fractional orders «(z,t)
in the numerical tests:

e Case 1: (constant fractional orders) a(x,t) = 1.1,1.2,1.3,1.5,1.8;

e Case 2: (monotonic fractional order) a(x,t) = 3% 4 1;

e Case 3: (monotonic fractional order) a(z,t) = 232 4 1;
e Case 4: (nonsmooth fractional order) «o(z,t) = 4 | sin(10m(x —t))| + 1.1.

e Case 5: (nonsmooth fractional order) «o(z,t) = SWIH + 1L
In this example, we apply the LGL spectral collocatlon method ie,a=b=0in
(5.5), to solve (5.4), and the time step size 7 = 1072 and N = 128.
We first consider Case 1 with constant fractional orders. For each u, we choose
a=1.1,1.2,1.3,1.5, and 1.8 in the computation; the numerical solutions are shown in
Figures 2-5. We observe that the numerical solutions near the origin (z = —1) have
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Fic. 2. Numerical solutions of Ezxample 5.3 (Case 1) at t = 1 by the method (5.5), ¢ = 1,
a=b=0, N=128, 7 =1073, and u = 0. The two inset plots show the behavior of the numerical
solution mear the boundaries.
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Fic. 3. Numerical solutions of Example 5.3 (Case 1) at t = 1 by the method (5.5), ¢ = 1,
a=b=0, N=128, 7 =10"3, and p = —0.2.

a sharp transition, with smaller « leading to sharper transitions; see the magnified
subfigures in Figures 2-5. We also observe that smaller u (see p = —0.45 in Figure 4
and g = —0.7 in Figure 5) can capture sharper transitions better than larger p (see
1 =0 in Figure 2 and = —0.2 in Figure 3).

Next, we show numerical solutions for different p (1 = 0,—0.2,—0.45,—0.7,—0.9)
in Figure 6, where we fix a = 1.1. We observe that the wiggles are smeared when we
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Fia. 4. Numerical solutions of Example 5.3 (Case 1) at t = 1 by the method (5.5), € = 1,
a=b=0, N=128, 7 =103, and p = —0.45.
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—*—oa=1.1

Fic. 5. Numerical solutions of Ezxample 5.3 (Case 1) at t = 1 by the method (5.5), ¢ = 1,
a=b=0, N=128, 7 =103, and p = —0.7.

have smaller o (u = 0,—0.2 versus p = —0.45,—0.7,—0.9). For p =0 and p = —0.2,
numerical solutions are not accurate at endpoints, and this inaccuracy leads to a
propagation of errors in the rest of the interval, which is due to the global nature of
the fractional differential equations and spectral collocation methods. This suggests
that we would have higher accuracy with the proper choices of p, especially when the
solution has an endpoint singularity as in this example.
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Fic. 6. Numerical solutions of Example 5.3 (Case 1) att =1, a =11, e =1, a=5b=0,
N =128, and T = 103,
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(a) Case 2: a(w,t) = =75 + 1. (b) Case 3: a(z,t) = >35% + 1.
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F1G. 7. Numerical solutions of Example 5.3 att=1,e=1, a=b=0, N =128, and 7 = 1073,

In Figures 7(a)-(d), we consider Cases 2-5 and we have similar observations:
smaller 1 leads to better resolution. Also, we observe that when a(z,t) is small at
x = —1 we need small © < 0 to get better numerical solutions. For example, in
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Figure 7(b) where a(—1,t) = 1.9, 4 = 0 can lead to a similar resolution as p =
—0.45,—0.7 do while in Figure 7(a), where a(—1,¢) = 1.1, p = 0 cannot compete
with p = —0.45, —0.7. We also observe similar effects in Figures 7(c) and 7(d).

6. Conclusion and discussion. In this paper, we proposed the use of the
spectral collocation methods using the singular approximation basis functions of the
weighted Jacobi polynomials, i.e., (1 + x)“Pf’b(x), P;’b(x) is the Jacobi polynomial
and a, b, u > —1, to solve FDEs. We observed that with proper choices of > —1, we
have better resolution of solutions to constant-order and variable-order FDEs.

When we know exactly the regularity of the exact solutions, we can choose optimal
> —1 such that higher accuracy can be obtained; see Examples 5.1 and 5.2. When
we do not know the regularity of the analytical solutions but still know that the
solution has endpoint singularity while the solution is relatively smooth in the interior
domain, we always choose suitable —1 < p < 0 so that higher accuracy can be
obtained; see numerical results in section 5.

Compared with the existing works, e.g., [31, 34, 38, 40], we take the weak regu-
larity at the boundary into account in our spectral collocation method to get better
resolution at the boundary and thus the whole domain; see Examples 5.1-5.3.

To efficiently evaluate variable-order fractional integrals and derivatives of
(1+ x)“Pja’b(x), we developed the recurrence formulas for these integrals and deriva-
tives, which are shown to be numerically stable. In some special cases, the derived
recurrence formulas are reduced to the weighted Jacobi polynomials. Comparison
with brute force computation of these integrals shows comparable or better accuracy
with much improved efficiency.

We will investigate the error estimate of the present spectral collocation methods
when regularity of solutions is known and extend the present methods to solve a wider
class of FDEs in our future work.

Appendix A. Proofs. Some other properties of the Jacobi polynomials that
have been used in the present paper are presented below:

F'(j+a+1) b T(j+b+1)
Al pob(y= W AT pabe gy gy W TP
(A1) 5 (1) j(a+1) " 77 (=1 =(1) G +1)
dn a,b _ a,b pa+n,b+n .
(A.2) da:"Pj (z) =d;, P}~ (x), j>n,neN,
F'(j+n+a+b+1)
A. a."b:
(A-3) Jom 2'T(j+a+b+1)
a d T pa D a AN pa .
(A.4) P (x) = - (Aij;bl (z) + B; P (z) + C; P, (a:)) . ji>1,

where A\j, Ej, CA'J» are from (4.10)—(4.12), respectively.

A.1. Proof of Theorem 4.1.

Proof. For simplicity, we introduce the notation Ko(z,s) = m(x — s)x@)-1
X (14 s)*, Ki(x,s) = (x — s)Ko(x, s), and Ka(z,s) = (1 + s)K;(x,s). For j>1, we
can obtain from the three-term recurrence relation (4.2) that

Gjy1 = /wl Ko(w, )P (s) ds
(A5) = [i Ko(z,s) |:(AJS — Bj)P;.l’b(S) - Cij‘,l;bl (3)} ds

= (Aj$ — Bj)Gj — CjGj,1 — Aj / X K1($,S)P;-l7b(8) ds.
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Using [*, Ki(z, s) Py *(s)ds = Hj leads to (4.8). Using the three-term recurrence
relation (4 2) again, We have

JH—/Km” Aj(s +1) — (4 + By) PP0(s) — Pt ()] ds
(A.6)
—A/ Ks(x,s)P ()ds—[(A + B;)H; + C;H;_1].

Let J(z) = A\ij_’bl (x) + B\ij’b(x) +C; Pjﬂ’_l(x). Applying Pja’b(x) = L J(z)
(see (A.4)) yields

(A7) / Koz, ) “b()ds——/ J()aasKg(x s)ds.
Note that Kz(a: s)=(p+1+a)Ki(x,s) — (1 +z)a(r)Ko(x,s). So we have

/ Kg(ﬁ, S)P;l’b(s) ds = —(/L + 1+ OZ(CE)) (A\jHj,1 + EjHj + é\jHj+l>
—1
(A.8) +a(@)(1 +2) (4,Gj1 + BiG; + Gy ).

Combining (A.6)—(A.8) yields
(A.9) Hj = 4; [ —(p+1+a(z)) (ngj—l + BjH; + @Hj+1)

+a(z)(1 +z) (,ZJGH + B,G; + @Gj+1) }
—(A; + Bj)H; — CjHj 1,

which leads to (4.9).
If o = 0, then we can use (A.4) to obtain

o1 Ix—so‘(z) @b (5) ds
(A.10) Hj_F(oz(x)) /_1( )P (s)d

= —(x a(z) J(=1) alz 1 ! )z — s)e@—1 g
@+ 1) e+ el [ 6@ -9 s

Equation (4.15) can be derived directly from (4.8) and (A.10). O
Theorem 4.2 can be proved similarly and we omit the proof here.
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