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Abstract. We develop an exponentially accurate fractional spectral collocation method for
solving steady-state and time-dependent fractional PDEs (FPDEs). We first introduce a new family
of interpolants, called fractional Lagrange interpolants, which satisfy the Kronecker delta property
at collocation points. We perform such a construction following a spectral theory recently developed
in [M. Zayernouri and G. E. Karniadakis, J. Comput. Phys., 47 (2013), pp. 2108-2131] for fractional
Sturm-Liouville eigenproblems. Subsequently, we obtain the corresponding fractional differentiation
matrices, and we solve a number of linear FODEs in addition to linear and nonlinear FPDEs to
investigate the numerical performance of the fractional collocation method. We first examine space-
fractional advection-diffusion problem and generalized space-fractional multiterm FODEs. Next,
we solve FPDEs, including the time- and space-fractional advection-diffusion equation, time- and
space-fractional multiterm FPDEs, and finally the space-fractional Burgers equation. Our numerical
results confirm the exponential convergence of the fractional collocation method.
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1. Introduction. The notion of fractional calculus and differential operators of
fractional order appear in modeling diverse physical systems such as viscous fluid flows
due to the cumulative memory effect of wall-friction [5, 13, 31], porous or fractured
media [2], bioengineering applications [25], and viscoelastic materials [26]. In addi-
tion, it has been found that the transport dynamics in complex systems is governed
by anomalous diffusion demonstrating nonexponential relaxation patterns [4, 27, 16].
The governing equation of evolution for the probability density function of such non-
Markovian processes turns out to be a time-fractional diffusion equation. The no-
tion of fractional derivatives has been rapidly extended to many fractional partial
differential equations (FPDEs), such as the fractional Burgers equation [30], the frac-
tional Fokker—Planck equation [1], the fractional advection-diffusion equation [10],
and fractional-order multiterm equations [22].

The extension of existing numerical methods for integer-order differential equa-
tions (]9, 18, 11, 35, 12] and references therein) to their corresponding fractional dif-
ferential equations is not trivial. The main challenge in simulation of fractional-order
systems is that the approximation of these models is computationally demanding
due to their long-range history dependence. However, the development of numerical
schemes in this area does not have a long history and has recently undergone a fast
evolution.

The idea of discretized fractional calculus within the spirit of the finite differ-
ence method (FDM) was introduced by Lubich [23, 24]. Sanz-Serna [29] adopted the
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idea of Lubich and presented a temporal semidiscrete algorithm for partial integro-
differential equations, which was first-order accurate. Sugimoto [30] also employed
an FDM for approximating the fractional derivative in Burgers equation. The pa-
per of Metzler and Klafter [27] opened a new chapter in FPDEs, where a frac-
tional dynamics approach to time-fractional diffusion was introduced. Subsequently,
Gorenflo et al. [8] adopted a finite difference scheme by which they could generate
discrete models of random walk in such anomalous diffusion. At this time, Diethelm
and others proposed a predictor-corrector scheme in [6, 7] in addition to a fractional
Adams method. Next, Langlands and Henry [17] considered the fractional diffusion
equation and analyzed the L! scheme for the time-fractional derivative. Sun and Wu
[32] also constructed a difference scheme approximation of a time-fractional deriva-
tive with order (2 — «). The FDM is inherently a local approach, whereas fractional
derivatives are essentially global (nonlocal) differential operators. Hence, although
the implementation of such FDM approaches is relatively easy, the big challenge
in such schemes is their limited accuracy. Moreover, these approaches suffer from
a high cost of computing the long-range memory in discretization of the fractional
derivatives at each point. This challenge would suggest that global schemes such
as spectral methods are more appropriate tools for discretizing fractional differential
equations.

Compared to the extensive amount of work put into developing FDM schemes
in the literature, only a little effort has been put into developing global and high-
order spectral methods based on a rigorous framework. A Fourier spectral method
was utilized by Sugimoto [30] in a fractional Burgers equation, and a spline-based
collocation method was employed by Blank [3]. In these works, the expected high
convergence rate was not observed and no error or stability analysis were carried
out. Lin and Xu [21] developed a hybrid scheme for time-fractional diffusion problem,
treating the time-fractional derivative using FDM and discretizing the integer-order
spatial derivative by a Legendre spectral method. In such mixed approaches, the error
associated with the low-order temporal accuracy can easily dominate the global error.

The first rigorous work on spectral methods for FPDEs was published by Li
and Xu [19, 20], who developed a time-space spectral method for the time-fractional
diffusion equation. They achieved ezponential convergence in their numerical tests
in agreement with their error analysis. However, in this scheme, the corresponding
stiffness and mass matrices are dense and gradually become ill-conditioned when the
fractional order « tends to small values. Moreover, treatment of multiterm FPDEs
and nonlinear FPDEs is not easy using this approach, and there is no straightforward
variational form for such problems in general. Recently, Zayernouri and Karniadakis
have developed exponentially accurate spectral and discontinuous hp-spectral ele-
ment methods of Petrov—Gaerkin (PG) type for fractional differential equations [34].
These methods are developed based on the fractional Sturm—Liouville eigenproblems
(FSLPs) [33]. They are not only exponentially fast but also are based on a nice vari-
ational framework, so one can perform standard stability and error analyses for such
methods.

Galerkin/PG projection type schemes in general have difficulties in the treatment
of nonlinear FPDEs and multiterm FPDEs, since no straightforward variational form
can be efficiently obtained for such problems. The collocation schemes for fractional
equations are relatively easy to implement and they can overcome the aforementioned
challenges. The idea of collocation was proposed by Khader in [14], who presented a
Chebyshev collocation method for the discretization of the space-fractional diffusion
equation. More recently, Khader and Hendy [15] developed a Legendre pseudospectral
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method for fractional-order delay differential equations. However, in these works only
linear problems have been considered and the performance of such methods has not
been fully investigated.

The aim of this study is to develop an exponentially accurate fractional spectral
collocation method (FSCM) for solving steady-state and time-dependent FPDEs. The
organization of the paper is as follows. In section 2, we begin with some preliminary
definitions of fractional calculus. In section 3, we introduce fractional Lagrange inter-
polants, which satisfy the Kronecker delta property at collocation points. Moreover,
we obtain the corresponding fractional differentiation matrices. In section 4, we solve
a number of linear and nonlinear FPDEs to investigate the numerical performance
of the fractional collocation method. In this section, we examine steady-state prob-
lems such as the space-fractional advection-diffusion and generalized space-fractional
multiterm problems, in addition to time-dependent FPDEs such as the time- and
space-fractional advection-diffusion equation, time- and space- fractional multiterm
FPDEs, and finally the space-fractional Burgers equation. We demonstrate the expo-
nential convergence of FSCM. We end the paper with a summary and discussion in
section 5, where we discuss the performance of FSCM. We show that among other
high-order methods and finite difference schemes, our FSCM scheme has a number of
advantages, including ease of implementation, lower computational cost, and expo-
nential accuracy.

2. Notation and definitions. Before presenting our FSCM, we start with
some preliminary definitions of fractional calculus [28]. The left-sided and right-sided
Riemann—Liouville fractional derivatives of order p, when 0 < p < 1, are defined as

(2.1) (DN = i | o> L
and

Furthermore, the corresponding left- and right-sided Caputo derivatives of order u €
(0,1) are obtained as

(2.3 PN =y [ B L
and
(2.4) ($DEf) () = F(ll_u) /I1 zjl_(ss);lj z<1.

The two definitions of fractional derivatives of Riemann—Liouville and Caputo type
are closely linked by the following relationship:

f(=1)

(2.5) (BEDL1)(0) = Frrye + (PEN@)
and
(2.6) (RLpifya) = —I D 4 ©pupyq).

T(I—p)(l— )

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/21/14 to 128.148.231.12. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

FRACTIONAL SPECTRAL COLLOCATION METHOD A43

We also recall a useful property of the Riemann—Liouville fractional derivatives.
Assume that 0 < p<land 0 < ¢ <1and f(—1)=0 = > —1; then

(2.7) BiDRt f(2) = (B5DR) (EiD1) f(x) = (H5DE) (FADE) f(a).

Finally, from [28] and for p € (0,1), we have

0, k< u,
(2.8) Copgxk = { D(k+1 _
et 0 <<k

In this paper, we deal with fractional problems with homogeneous boundary /initial
conditions. Hence, from now on, we drop the type of the fractional derivative and
represent them by D*. Clearly, any problem with nonhomogeneous boundary /initial
conditions can be converted to a corresponding homogeneous one through (2.5) and
(2.6).

3. Fractional Lagrange interpolants. In standard collocation methods,
interpolation operators are the key to circumvent the need for evaluating the inner
products in Galerkin and PG-type spectral methods. To this end, we define a set of
interpolation points {x;}~_, on which the corresponding Lagrange interpolants are
obtained. Moreover, to form a collocation method, we require the residual to van-
ish on the same set of grid points, called collocation points {y;}¥,. In general, these
residual-vanishing points do not need to be same as the interpolation points. Our frac-
tional collocation scheme is inspired by a new spectral theory developed for FSLPs in
[33], by which we solve

(3.1) oD u(z,t) = LY u(z,t), xe€[-1,1], t €]0,T],
u(z,0) = g(z),

u(=1,t) =0, v e (0,1),

u(—1,t) =u(l,t) =0, ve(l,2),

in which 7 € (0,1) and £ denotes a fractional differential operator, where v denotes
the highest fractional order. We represent the solution to (3.1) in terms of new
fractal (nonpolynomial) basis functions, called Jacobi polyfractonomials, which are
the eigenfunctions of the FSLP of the first kind, explicitly obtained as

(3.2) Wpabn(p) = (1 4 z) PHr-tpoptb=ftu—ly - 4 e [—1,1],

where PO~FTH7FTH71 (4 are the standard Jacobi polynomials in which p € (0,1),

-1 < « < 2—pu, and =1 < B < p — 1. It has been shown that eigenfunctions
with a = 8 exhibit identical approximating properties when they are utilized as basis
functions. Hence, we consider the polyfractonomial eigenfunctions corresponding to
a=08=-1as

(3.3) Opr(z) = (14 z) P ), zel-1,1].
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From the properties of the eigensolutions in [33], the left-sided fractional derivative
of (3.3), of both Riemann-Liouville and Caputo sense, is given as

I(n+pw)

(3.4) LI (VPL) = =

Pnfl(x)a

where P,,_1(z) denotes a Legendre polynomial of order (n — 1). In our fractional
collocation method, we seek solutions

(3.5) uy € Vi = span{MP  (x),1 <n < N},

€ (0,1),z € [-1,1], of the form

N
(3.6) un (@) =Y _i; VP F(x).
j=1

This polyfractonomial modal expansion can also be alternatively expressed as a nodal
expansion as

N
3.7) un(z) = Zuzv(l“j) hj (x),

where h;‘ (z) represent fractional Lagrange interpolants and are defined using the afore-
mentioned interpolations points —1 = 1 < 292 < --- < zxy = 1. The interpolants
% (x) are all of fractional order (N + p — 1) and are defined as

(3.8) B (z) = (ﬁ)” ﬂ (=), 2<j<w.

Tj — X1

Here, we call the superscript u interpolation parameter to be set prior to solving (3.1).
We note that a general FPDE, however, can be associated with multiple fractional
differentiation orders vg, k =1,2,..., K, for some positive integer K. We shall show
how to set p just from the fractional orders vy, given in the problem.

Remark 1. Because of the homogeneous Dirichlet boundary condition(s) in (3.1),
we only construct hé—‘ (z) for j = 2,3,..., N when maximum fractional order v € (0, 1),
for which we set unx(—1) = 0. Moreover, when v € (1,2), there are only (N — 2)
fractional Lagrange interpolants hz-‘(x), 7 =2,3,...,N — 1, to construct since we
impose uy(£1) = 0.

The fractional interpolants, shown in (3.8), satisfy the Kronecker delta property,
ie., hé—‘ (zk) = 0jk, at interpolation points; however, they vary as a polyfractonomial
between zj’s. We employ these interpolants as fractional nodal basis functions in
(3.7), where they mimic the key structure of the eigenfunctions (3.3), utilized as
fractional modal bases in the expansion (3.6).

3.1. Fractional differentiation matrix D7, 0 < o < 1. Next, we obtain
the differentiation matrix D? of a general fractional order o € (0,1). We substitute
(3.8) in (3.7) and take the oth order fractional derivative as
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N
39 DJun(z)=_,D] lzw(%‘) hé‘(f)]
j=2

|
,MZ

un(a;) L DF |1(@)]

<
I
)

un(z;) 1Dy ( . __:;11) ﬁ ( . _—zkk)

25

|
ﬁ.
1=
el
S

I
] =

un(e;) D7 [(1+2)G] aj,

<.
||
o

where a; = m, and G; = Hk 1( L) § =2 3,...,N, are all polynomials

Tj—Tk
of order (N — 1), which can be represented exactly in terms of Jacobi polynomials
P () as

n—1

N

(3.10) =Y BIP M ().

n=1

We note that the unknown coefficients 37 can be obtained analytically. Plugging
(3.10) into (3.9), we obtain

] =

B11) . Dfun(z) =) un(zj) 1D,

N
1+xuz JP uu 1%

2 n=1

<.
I|

I
Mz

vy 38 Dy |+ P25 @) by (3.3),

n=1

<.
I|
N

I
Mz

N(zj)a; Zﬁj —17);[(1)73#(33)} by (3.4).

<.
||
N

(I) The particular case 0 = p € (0,1). In this case, we use the property (3.4) and
obtain

N

(3.12) _1DJun(z) = Z NCALY Zﬁj

Jj=2

M P, 1(35)].

Consequently, we take the interpolation and collocation points to be identical, also
recalling Remark 1 and by evaluating _; D uyn(z) at the collocation points {x;}¥,
we obtain

L(n+p)
['(n)

Mz

(3.13) _1Dlun(x)

N (xj)a; Zﬁj

x;

Pn 1($1)]7

<.
||
N

I
] =

DZ ’U,N(ﬁj),

<.
I|
N
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where DJ; are the entries of the (N — 1) x (N — 1) fractional differentiation matrix
D, obtained as

N
1 L(n+p) ;i
3.14 D'u = J Pn7 i)

(IT) The general case o € (0,1). This case is important when the fractional
differential operator is associated with multiple fractional derivatives of different
order. To obtain the fractional differentiation matrix in this case, we perform an affine
mapping from = € [—1,1] to s € [0, 1] through s = (x 4+ 1)/2 and rewrite (3.11) as

N
(315) . DJun( un(@a; 308 2Dy [ VP L),
n=1

Mz ”MZ

we)a; iﬂ% (3) w2 @Pen].

where WP #(x(s)) denotes the shz’fted basis that can be represented as

Jj=2

(3.16) P 11 ((s)) = 2 Z a1 <" —; + q) <Z B Z) e
Substituting (3.16) into (3.15) we have
1 DJun(z)

< NmJaJ;ﬁnFZO( ) ( q )(n—l—q>0 S[S }’

in which (DS [s77#] can be evaluated exactly by (2.8), and finally by an inverse
transformation we obtain the o-fractional derivative of the approximate solution as

n—1

(317) _1D UN ZUN T |flj Zﬁﬂ Z bnq ($—|— 1)q+u—o]’

g=[o—ul
in which [0 — p] denotes the ceiling of o — p and

(3.18) by = (—1)"Fe! <%>q <" -1+ q) (n -1+ u) - Flg+p+1)

q n-1-¢q)T(qg+p—0o+1)

Now, similarly by evaluating _;Dfuy(z) at the collocation points {z;} X,

n—1

ZuN (%) [ Zﬂ > bug (xi+1>q+”01’
q=[o—u]
N
= Z

where D7, are the entries of the (N — 1) x (N — 1) fractional differentiation matrix
D?, computed as

n—1

(320) DZ = Z ﬁ] Z bnq (xl + 1)q+,u—o.

1
(j + g=[o—p]
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3.2. Fractional differentiation matrix D'1°, 0 < o < 1. As before, we
split the derivation into two parts.

(I) The particular case ¢ = p. The fractional derivative matrix D'+ when o = u
can be directly obtained following (2.7) and by taking the first derivative of (3.12) as

d
LD () = % [,m;w(z)}

= ZUN Zj aJZﬁj
N
Z ~n(zj) aJZﬁj

n=1

N
Z ~n(z;) aJZﬁ

n=2

M P, 1(33)]

T(n+ ) dPy 1 (x )1

L(n) dx

2n2

I'(n + M 1,1
npt
to (« >]
Similarly, we can evaluate _;D,!T*uy(x) at the collocation points {z;}¥ ; to obtain

N (zj)a; Zﬁj

D%f” un (),

(321) D} run(x

n 2 n—2

n"‘ﬂ _Pll( )]

M= Mz

<.
Il
-

where Dif“ are the entries of the fractional differentiation matrix D'™#, provided as

(3.22) D = Z Bl

n—2
a:J—|—1 o I(n) 2

n—f—u DpLL (g )]

(IT) Case o # pu. For the case o # p, it suffices to take the first derivative of
(3.17) in terms of z as

N n—1
% [—1DzUUN($)} = Z N(zj)a; Z B2 [Z ] bng % {(x + 1)‘”““’}7
= q=[o—p

n—1

N
> un(z;) [%‘ DB D b (et 1)‘“””11,
j=2

n=1 " g=[o—4]

where by evaluating the above expression at the collocation points, we obtain

(3.23)
N N n—1
1D un () L= > un l Z ng (T + 1)‘”“_"_11,
=2 n=1  g=[o- M
N
= D un(xy),
j=2
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in which D}f" are the entries of D', computed as

n—1

s LI R

q=[o—p]

where by, = (g + pt — 0)byg; see (3.18).
Remark 2. We note that the coefficients 47, shown in (3.10), are obtained only

once and are utilized as many as times needed to calculate D7 or D' of any order
€ (0,1).

3.3. Collocation/interpolation points. In principle, the collocation and in-
terpolation points can be chosen arbitrarily. However, the right choice of the
collocation/interpolation points is the key to obtaining efficient schemes resulting
in well-conditioned linear systems. Here, we examine five methods which yield differ-
ent sets of collocation/interpolation points for the construction of the differentiation
matrix D', and D'7°2, 4,05 € (0,1). For general FODEs/FPDEs, where both
D7 and D2 may appear, we consider N collocation points of Gauss-Lobatto type
in order to include both boundary points. We refer to the aforementioned points as
follows:

(i) Equidistant points: this choice is inspired by the well-known Fourier colloca-

tion points, and we obtain the N points as x; = —1 + 2](\? 1), ;=1,2,...,N.

(ii) Roots of mﬁﬁ(m) = (1 + x)*Py/"'(z): the M zeros of such Jacobi
polyfractonomial are essentially Gauss—Radau points, obtained through find-
ing the (M — 1) roots of the Jacobi polynomial P,,"'(x) in addition to the
left boundary point z = —1 due to the fractional multiplier term. Setting
M = N — 1 and including the right boundary point * = 1 provides the NV
collocation/interpolation points needed.

(ili) Roots of _1DF| (1)73]\’2( x) |: the corresponding M —1 roots are Gauss points,
which lie in the interior domain in this case. Here, we can think of these
collocation/interpolation points as the (fractional) extrema of the Jacobi
polyfractonomial )P 41 (x) because we compute the roots of the (fractional)
derivative of the eigenfunction. We perform such root finding easily using
the property (3.4) and equivalently obtaining the M — 1 roots of Legendre
polynomial Pys_i(x). Finally, we set M = N — 2 and add both the left and
right boundary points z = —1 and = = 1 to provide the N points needed.

(iv) Chebyshev roots, —cos((ijH) 5),J =0,1,...,M — 1: the M roots of the
Chebyshev polynomial T (z) are also Gauss points. Hence, we set M = N —2
and similarly add both the left and right boundary points x = —1 and x = 1.

(v) Roots of dTNy1(x)/dx, i.e., cos(N 1), 7=0,1,..., N — 1: this choice pro-
vides the N collocation/ interpolatlon points which are the extrema points of
the Chebyshev polynomial T 11(z) roots. These N points are essentially of
Gauss—Lobatto type and the boundary points x = £1 are included automat-
ically.

In order to examine the efficiency of each choice of collocation/interpolation
points, we consider two canonical steady-state problems, namely, the one-dimensional
steady-state space-fractional advection equation and the one-dimensional steady-state
space-fractional diffusion problem. In these test cases, we compare the obtained accu-
racy in addition to the condition number of the corresponding linear system for the
five aforementioned choices of the collocation/interpolation points.
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3.3.1. Steady-state fractional advection equation. First, we consider the
simplest FODE, the following space-fractional advection equation of order v € (0, 1):
(3.25) L Dlu(z) = f(2), we 1,1,
u(—1)=0.

We seek the solution to (3.25) in the form uy(x) = E;VZZ un(x;) hf (z) (note that
un(z1) = un(—1) =0 ). Then, by adopting one the collocation/interpolation points
presented in section 3.3, and requiring the residual

(3.26) Ry (x) = _yD/u(x) — f(x)

to vanish on the collocation points, and finally setting v = u, we obtain

N
(3.27) > DL uy(ag) — fz:) =0

j=2
fori=2,3,..., N. Hence, the collocation scheme leads to the following linear system:
(3.28) D'up =,

in which D* is the corresponding (N — 1) x (N — 1) fractional differentiation matrix
given in (3.14).

Corresponding to the force-term f(x) = % (1+42)6+9/17=¥ "the analyti-

cal solution to (3.25) is obtained as u¢®*(x) = (1+x)5t%/17 which is a fractional-order
function. Having such an exact solution, we show the log-linear L°°-norm error of
the numerical solution to (3.25), versus N, in Figure 3.1. On the left side of the
figure, we employ different collocation/interpolation points, and we present the corre-
sponding condition number of the linear system resulting from each choice of colloca-
tion/interpolation points on the right side. We also examine three fractional orders,
where the first row is associated with the fractional order v = p = 1/10, the middle
row corresponds to v = p = 1/2, and the bottom row corresponds to v = p = 9/10.
We first observe that our fractional collocation method yields exponential conver-
gence (decay of the L*>-error with V) in each case. We also observe that the roots of
DY WPy (2) ], denoted as (fractional) extrema of the Jacobi polyfractonomials,
are the best points among all cases. It is shown that not only does this choice lead
to the best accuracy (lowest error level), but also it results in the lowest condition
number with the slowest growth with respect to V.

3.3.2. Steady-state fractional diffusion problem. Next, we examine a higher-
order FODE that is a space-fractional diffusion equation of order 1 + v, v € (0, 1),

(329) —1Drl+yu(x) = f(x)v S [_17 1]7

u(£l) =0,
to analyze the performance of the higher differentiation matrices. We seek solutions
to (3.29) in the form upn(z) = Z;\;l un(z;) hf (z), where un(z1) = un(-1) =

un(zny) = uny(+1) = 0. Similarly, by requiring the residual to vanish on any choice
of the collocation points given in section 3.3 and setting p = v, we obtain

N

(3.30) > D un(z;) — fla) =0
j=2
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solution to

fori =2,3,...,N

L™-Error

L™-Error

L"~Error

F1c. 3.1. Steady-state fractional advection problem: log-linear L°°-norm error of the numerical
f(x), x € [-1,1], versus N, employing different collocation/interpolation
points (left column), and the corresponding condition number of the linear system resulting from
each choice of collocation/interpolation points (right column). The first row is associated with the
fractional order v = p = 1/10, the middle row corresponds to v = p = 1/2, and the bottom row
corresponds to the fractional order v =

(3.31)

in which D*™* is the corresponding (N — 2) x
given in (3.22). Having the same analytical solution taken in the previous case and in
a similar fashion, we present the log-linear L°°-norm error of the numerical solution
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F1G. 3.2. Steady-state fractional diffusion problem: log-linear L°°-norm error of the numerical
solution to _1Dzl+"u(:c) = f(z), =ze€[-1,1], wersus N, employing different collocation/
interpolation points (left column), and the corresponding condition number of the linear system
resulting from each choice of collocation/interpolation points (right column). The first row is asso-
ciated with the fractional order v = p = 1/10 (of total order 1.1), the middle row corresponds to
v=p=1/2 (of total order 1.5), and the bottom row corresponds to the fractional order v = p = 9/10
(of total order 1.9).

to _1D " u(z) = f(z), versus N, in Figure 3.2 on the left side, where different
collocation/interpolation points are utilized. We also show the corresponding condi-
tion number of the linear system resulting from each choice on the right side. This
numerical experiment is in agreement with our previous observation, which again
highlights that the roots of ;D[ WP ¥ ()], denoted as (fractional) extrema of
the Jacobi polyfractonomials, are the best points.
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4. Numerical tests. Having established the best choice of the collocation points
in the previous section, we now present further numerical test cases. In fact, many ap-
plications might involve fractional differential operators consisting of multiple
fractional derivative terms possibly with different fractional order. In this section,
we solve a number of linear and nonlinear FPDEs to investigate the performance of
our fractional collocation method.

4.1. Steady-state problems. We first examine two linear steady-state prob-
lems: (i) the space-fractional advection-diffusion equation and (ii) space-fractional
multi-term FODEs. Here, we take a step-by-step approach to show how the FSCM
can be employed to solve different problems with almost the same ease.

4.1.1. Steady-state fractional advection-diffusion. Here, we consider a two-
term equation that describes the dynamics of the steady-state fractional advection-
diffusion problem. Particularly, we are interested in the following case:

(4.1) ¢ 1D u(x) = K D u(e) = f(z), € [-1,1],

where 11 and v € (0,1).

Remark 3. Problem (3.25) was associated only with a single fractional order v,
for which we could perform the interpolation (3.7). However, in (4.1), the fractional
differential operator generally is associated with two fractional orders. Hence, we need
to specify a representative fractional order, vy¢p, to do interpolation operation at the
collocation points. Such v, can be simply set as the average of the fractional orders
in (4.1) or as the max/min{vy,va}.

This time, we seek the solution to (4.1) as uy(z) = Z;\;l up () I (x) con-
sidering ft = Vyep, where due to the homogeneous boundary conditions, un(z1) =
un(—1) = 0 = un(1) = un(zn), we construct h(x) only for j = 2,3,...,N — 1.
Then by requiring the corresponding residual to vanish at the collocation points
{xl i= 2 ’

(4.2) Z D/ u -K Z D2 up (a;) — f(xi) =0,

we obtain the linear system

-

(4.3) D} ,uy =,

where DY, = ¢D" — KD'™ of dimension (N — 2) x (N — 2), in which D'**2 is
obtained from (3.22) or (3.24).

To demonstrate the performance of the collocation scheme for such an application,
we consider the forcing term

() wo,, (111 (12 9,

for which the analytical solution to (4.1) is obtained as u®*(x) = (1 + x)0+9/17,
In Figure 4.1, we show the log-linear L°°-norm error of the numerical solution to
2 Dlwu(z) — _Dit2u(z) = f(x), € [-1,1], versus N, employing different
fractional orders v; and vo (left column) and the corresponding condition number of
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Fic. 4.1. Steady-state fractional advection-diffusion: log-linear L°°-norm error of the numerical
solution to ¢ _1 Dy u(z) — K _1DI1+”2u(z) = f(z), = € [-1,1], versus N, employing different
fractional orders vi and va (left column), and the corresponding condition number of the linear
system resulting form each choice of fractional order (right column).

the linear system resulting form each choice of fractional order (right column). In
this figure, the first row is associated with the fractional order v; = v5 = pu, and the
middle row corresponds to the case where v; < 15 where the fractional interpolation
parameter u is taken as Vpmaz, Vmin, and Vg,e; similarly, the bottom row corresponds
to v1 < v such that for this case v, — 1 becomes larger than that considered in the
middle row.

The exponential decay of the L°°-norm error with IV is the first observation we
make in Figure 4.1. Here we employ the roots of ;D[ WPy (z) ], (fractional) ex-
trema of the Jacobi polyfractonomials, as our collocation/interpolation points. The
second important observation is about the choice of the fractional interpolation pa-
rameter u, since we have two different fractional orders, v; and v,. It was shown that
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among [t = Vmaz, Ymaz, a0d Vgye, the average value, i.e., y = Vgqe, shows the fastest
decay of error with N in Figure 4.1 in addition to yielding almost the slowest growth
of the condition number with N in the corresponding linear system.

4.1.2. Multiterm linear advection-diffusion-reaction equations. Next, we
generalize (3.25) to a multiterm linear fractional differential equation as

a

Mg
(4.5) ch[,lp;ku(x)} +ch[,p;+%u(x) + Mu(z) = f(z), = € [-1,1],
k=1 p=1

u(£1l) =0,

where Cpr, # 0, v, and o, € (0,1); moreover, {cx}i, {Cp}g/fl also 2 are real
constants given.

We follow similar steps and seek the solution to (4.5) as uy(x) =
Zj\;l un (z;) h;‘(x) by setting p to some representative v. Next, by requiring the
corresponding residual to vanish at the collocation points {xi}ﬁgl (the roots of the
Jacobi polyfractonomial), we obtain

M, Mg
SoaloDrule)] + Y e[ D)+ Mule) - fla) =0,
1 T=x; =1 T=x;

where the fractional differentiation matrices D*, k = 1,2,...,M,, and D',

p=1,2,..., My, are obtained form (3.20) and (3.24). By doing so, the collocated
fractional differential equation results in the linear (algebraic) system

(4.6) DY uy =f,

where DY;7 = S M DY 4 Eg/[:dl D'*"77 4 9N T represents the total fractional differ-
entiation matrix whose dimension is (N —2) x (N —2), in which I denotes the identity
matrix.

In Figure 4.2, left, we plot the log-linear L>°-norm error of the numerical solution
to (4.5), versus N, corresponding to different fractional orders vy and o,. In this case,
we take the exact solution to be u®t(z) = (14x)%+9/17 —2(1+2)5+9/17, These results
once again confirm the exponential convergence of the fractional collocation method
and verify that the choice of fractional interpolation parameter p as the algebraic
mean of all fractional differential orders leads to the fastest exponential convergence.
The corresponding condition number obtained for such average value, u, also leads to
small growth with respect to N (see the right side of Figure 4.2).

4.2. Time-dependent FPDEs. We examine time-dependent FPDEs in which
both spatial and temporal differential terms are considered as fractional order. Specif-
ically, we consider time- and space-fractional advection-diffusion equation, time- and
space-fractional multiterm FPDEs, and finally the time-dependent space-fractional
nonlinear Burgers equation.

4.2.1. Time- and space-fractional advection-diffusion. As the first time-
dependent FPDE, we consider the following problem:

(4.7)
oD u(z,t) +c_ D u(x,t) — K _ D} 2u(x,t) = f(a,t), xe[-1,1],t€][0,T],
u(£1,t) =0,
u(z,0) =0,
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F1c. 4.2. Steady-state multiterm problem: log-linear L°°-norm error of the numerical solu-
tion to (4.5), versus N, employing fractional orders (left column), and the corresponding condition
number of the linear system resulting form each choice of fractional order (right column). Top row
corresponds to the fractional orders vi = o1 =1/5, va = 02 = 1/3, and v3 = o3 = 5/7, and bottom
row corresponds to vy =1 — oy, where o1 =1/5, 02 =1/3, 03 =5/7.

where 2 € [—1,1] and t € [0,T], and the associated fractional orders are 7, vy, and
va € (0,1). We seek the solution of the form

N M
(4.8) uf (2,0) = D0 ulf (gt RS ()1 (1),

j=1m=1

where h;‘ *(x) are the spatial fractional Lagrange basis functions with the representa-
tive fractional parameter p,, and [#¢(t) represent the corresponding temporal nodal
basis functions with the representative parameter p;, constructed as

t\He T ot —t,
(4.9) @ = () [[(t—), 2<q< M,

tm, m — tq
qFm
where the collocation points can be taken as t; = (x;4+1)T/2, where x; are the spatial
collocation points, such that 0 = ¢; < to < --- < ty = T. By taking similar steps
as in section 3.1 and setting 7 = u¢, we can obtain the time-fractional differentiation
matrix D#t, whose entries are given as

M
(4.10) DY = L 3 Lom 410 gi p ().
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Such temporal fractional interpolants satisfy the property It (xy) = dpi at the time
interpolation points. We note that the same ) utilized for the space-fractional
differentiation matrix are employed in (4.10). Next, we substitute (4.8) into (4.7)
and take the interpolation and collocation points to be identical. Then, by the
Kronecker property for both time- and space-fractional Lagrange interpolants we
obtain

(4.11) UD*" + [cD" — KD'*"?]U = F,

in which U and F denote the matrix of approximate solution and load matrix whose
entries are u¥ (z;,tm,) and f(zj,t.,), respectively. The linear system (4.11) can be

viewed as a Lyapunov equation

(4.12) AU+ UB=F,

where A = ¢D"* — K D'*2 and B = D**”. Here, the superscript 7 represents the
transpose operation.

Since we have already studied the spatial discretization of our scheme, the tempo-
ral accuracy is now examined in Figure 4.3, where the aim is to show the exponential
decay of the time-integration error with N, for which the exact solution is taken as
ueet(z,t) = t5+%/3 ((1+2)5+9/17 —2(1+ 2)>+9/17) . We employ the fractional extrema
of the Jacobi polyfractonomial as the time interpolation points and plot the log-linear
L*°-norm error of the numerical solution to (4.7), versus M, corresponding to advec-
tion fractional order v; = 1/3 and vo = 2/3, i.e., total diffusive order 1 + 2/3 (left)
and v1 = 1/10 and v = 9/10 (right). In each case shown in Figure 4.3, we examine
the time-fractional orders 7 = 1/10 and 9/10.

4.2.2. Time- and space-fractional multiterm FPDEs. Next, we generalize
the fractional advection-diffusion problem (4.7) to a multiterm linear FPDE as

‘ ‘ ‘ ‘ =910 (=}
10° -0 m||
o 1:1/10(:),1‘)

L=—Error
L™~Error
>

Sor

F1c. 4.3. Time- and space- fractional advection-diffusion problem; log-linear L°°-norm error
of the numerical solution to 4.7, versus M, corresponding to advective fractional order v1 = 1/3
and vo = 2/3, i.e., total diffusive order 1+ 2/3 (left), and v1 = 1/10 and v2 = 9/10 (right). In
each case, we examine the time-fractional orders T = 1/10 and 9/10, where the time integration is
performed for simulation time T'= 1. Here, the left panel corresponds to the space-fractional orders
v1 =1/3 and vo = 2/3, while the right panel corresponds to v1 = 1/10 and vo = 9/10.
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(4.13)
M,
oD u(w,t) + ch[,lpw"’“u(a:,t)}
. k=1
+ch[ Dw1+opu(:c,t)} + Mu(z,t) = f(z,t), ze[-1,1],t€]0,T],
p=1
u(£1,8) =0,
u(z,0) =0,

where Cyr, # 0, 7, vy, and o, € (0,1). In addition, {c}r™,, {Cp}gﬁ‘l, and 2 are real
constants given as before. Taking similar steps as in section 4.2.1 leads to another

Lyapunov matrix equation
(4.14) AU+ UB=F,

in which A = "M ¢, D" 4 Zﬁfl CyD and B=B = D" ",

We confirm our observation made in the previous case in Figure 4.4, where we plot
the log-linear L°°-norm error of the numerical solution to (4.13), versus N. On the left
side of the figure the distributed advective fractional orders are taken as v, = 1 — oy,
k = 1,2,3, where 01 = 1/5, 0o = 1/3, and o3 = 5/7. On the right side of the
figure, the associated fractional orders are v, = 0. In each case, we examine time-
fractional orders 7 = 1/10 and 9/10. We have taken the same exact solution as in the
previous case, however with a different corresponding forcing term f(z,t), obtained
using (2.8). We similarly observed that the algebraic mean of the fractional differen-
tiation orders would be an appropriate candidate for u, the fractional interpolation
parameter.

4.2.3. Time-dependent space-fractional Burgers equation. We shall show
one of the most important advantages of our fractional collocation method that is the

100 O T:9/10(:p‘)7 100 O 1:9/10(:.\1()7
o =110 (=n) o t=110(=u,)

L™—Error
>
L™~Error

3 5 7 9 11 13 15 3 5 7
M

Sor

Fic. 4.4. Time-and space-fractional multiterm problem; log-linear L°°-norm error of the
numerical solution to 4.13, versus M, where the exact solution u®®t(x,t) = t0T2/3 ( (14 2)6+9/17
2(1+ x)5+9/17 ). The temporal fractional derivative order is T, the multiterm advective fractional
orders are shown by v,k = 1,2,3, and the diffusive fractional orders are denoted by 1+ oy. The left
figure corresponds to multiterm advective fractional orders vy = 1— oy, k =1,2,3, where o1 =1/5,
o2 = 1/3,and o3 = 5/7. The right figure is associated with the vy, = o). In each case, we examine
time-fractional orders T = 1/10 and 9/10, where the time integration is performed for simulation
time T = 1.
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efficient treatment of the nonlinear fractional differential terms in FPDEs. As for the
last problem, we solve the time-dependent space-fractional Burgers equation

(4.15)
% +u(z,t) D u(x,t) —e _D2u(z,t) = f(x,t), xe[-1,1],t€][0,T],
u(£1,t) =0,
u(z,0) =0,

where 11 and vo € (0,1). The corresponding spatial discretization can be done in a
similar fashion as shown in previous sections as

duc]i\;(t) = —diag[ux (t) D" un(t) + € D' uy (¢) + (#),

(4.16)

where diag[uj (¢)] represents a diagonal matrix whose diagonal entries are the com-
ponents of the solution vector uy (¢). The time integration of this system can be done
using a fourth-order Runge-Kutta (RK-4). In Table 4.1 we show the exponential
decay of L*°-norm error of the numerical solution to (4.15) with N, corresponding to
the fractional orders v; = v = 1/2, and the simulation time 7' = 1/2. In our RK-4
multistage time-integration scheme, we utilize At = 5x10~5. We have examined three
values for e: (i) € = 0 corresponding to the inviscid Burgers equation, (ii) e = 10~* cor-
responding to the viscous Burgers equation with comparatively small diffusivity, and
(iii) € = 1073 corresponding to the viscous Burgers equation with comparatively larger
diffusivity. Here, we set the exact solution u®®*(z,t) = exp(—t) (1 — 2)(1 + z)5+%/17
for these test cases and obtain the corresponding forcing term for each case as

(4.17)
(-1 (g+1) ,_
t) = — 9T
f@.t) ; C+1-—1)q
ex Po —1—v p0+1 —u
+ ex —tutx,t{ 1+ x)Po T (14 g)Po™™
p(-t)u(a.t) [~ (14 2) B (1)
2 1
— € eXp(—t)[ Po(po V2) (1_|_$);Do—2—l/2
Po — V2
_ (pO + 1)(P0 —1- VZ) (1 +$)P0*17V2:|7
po+1—1e

where pg = 6 + 9/17, and we truncate the above infinite sum according to machine
precision.

TABLE 4.1
Exponential decay of L°° -norm error of the numerical solution to (4.15) with N, corresponding
to the fractional orders vi = va = 1/2, and the simulation time T = 1/2. In the RK-4 multistage
time-integration scheme, we use At =5 x 1076.

N | Inviscid Burgers | Viscous Burgers (e = 107%) | Viscous Burgers (¢ = 1073)
3 1.8650958 1.8651994 1.8661323
5 0.5973899 0.6805485 0.6815204
7 2.03x107% 2.41 x10~4 2.43x10*
9 8.71x106 8.68x1076 8.51x1076
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5. Summary and discussion. In this study, we developed an exponentially
accurate FSCM for solving steady-state and time-dependent FPDEs. First, we intro-
duced fractional Lagrange interpolants, which satisfy the Kronecker delta property
at collocation points. We performed such a construction following a spectral the-
ory developed in [33] for FSLPs. Moreover, we obtained the corresponding fractional
differentiation matrices and solved a number of linear and nonlinear FPDEs to investi-
gate the numerical performance of the fractional collocation method. To this end, we
introduced new candidate choices for collocation/interpolation points, namely, roots
of Jacobi polyfractonomial (VP /*(z) and roots of _, DA WP f(x) ], denoted as
(fractional) extrema of the Jacobi polyfractonomial. We compared these new sets of
residual-vanishing points with other existing standard interpolation/collocation points
such as roots of Chebyshev polynomials, extrema of Chebyshev polynomials, and
equidistant points. We numerically demonstrated that the roots of _, D[ VP H(x)]
are the best among others leading to minimal condition number in the corresponding
linear system and fastest decay of L°°-norm error.

We considered steady-state problems such as the space-fractional advection-
diffusion problem and generalized space-fractional multiterm problems, as well as
time-dependent FPDEs such as time- and space-fractional advection-diffusion equa-
tion, time- and space-fractional multiterm FPDEs, and finally the space-fractional
Burgers equation. Our numerical results confirmed the exponential convergence of
the fractional collocation method. We discuss the performance of FSCM in compari-
son with other approaches. In fact, among other high-order Galerkin spectral meth-
ods, and finite difference schemes developed for FPDEs, our FSCM scheme has a
number of advantages, including (i) ease of implementation, (ii) lower computational
cost, and (iii) exponential accuracy. In the following we elaborate on each of these
features.

In terms of computational cost, the computational complexity of mathematical
operations in the construction of D7 and D™ can be shown to be of O(N?). More-
over, the computational cost of the presented method for steady-state linear FODEs
can be shown to be associated mainly with (i) the construction of the differentiation
matrices and (ii) the linear system solver. Then, the computational cost of the pre-
sented scheme is asymptotically O( (M, + M4)N? + N3) for such FODEs, where M,
and M, represent the number of advection- and diffusion-looking terms, respectively.
For the time-dependent multiterm FPDESs presented, the cost of the scheme grows as
O((M, + My)N? + (MN)3), when a direct solver is employed.

In contrast to the standard Galerkin projection schemes, there is no quadrature
performed in our FSCM. Moreover, the treatment of nonlinear terms in FSCM can
be done with the same ease as in linear problems. This is significant because solving
nonlinear FPDEs remains a challenge in Galerkin methods. In addition, although the
employment of Galerkin methods in linear FPDEs becomes conceptually similar to
FSCM, Galerkin spectral methods with the traditional (polynomial) basis functions
do not always lead to exponential convergence, as they do in our FSCM. Another
important barrier in Galerkin projection schemes is the difficulty of treating multiterm
FPDESs, where no straightforward variational form can be efficiently obtained for such
problems. In contrast, we have clearly shown that our FSCM requires no extra effort
to solve such multiterm FPDEs. Despite the aforementioned advantages of FSCM, the
drawback of FSCM is that there is no rigorous theoretical framework for collocation
schemes in general.

We conclude the paper by comparing the performance of FSCM with the FDM
developed in [21], where the fractional derivative (DY u(t) is represented as
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k tk (tk )
v 1- —J
(5.1) oDy u(t) = Z_V ij : J A A
J

where ATt < C (A2 and b; := (j + )"V — j'*,j = 0,1,...,k; a central
difference method has been employed to approximate the kernel in the fractional
derivative. FDMSs are usually easy schemes to implement; however, they are of low
order of accuracy, which potentially leads to enormous memory storage in solving
FPDEs when relatively well-resolved solutions are needed. Here, we solve the simplest
fractional-order differential equation of the form

(5.2) oD u(t) = f(t), tel0,T],
u(0) =0,

where v is taken as 1/10, 1/2, and 9/10, and the simulation time is set to 7' = 1. Such
a model problem and the aforementioned FDM scheme are actually a building block
for solving more complicated FPDEs, where the time- and space-fractional terms are
discretized in a similar fashion. Moreover, in solving a multiterm FPDE with K
fractional-order terms, one has to reformulate the problem into a recurrence system
of fractional-order problems resembling (5.2) (see, e.g., [22]). However, as we have
shown, our FSCM scheme solves any linear multiterm FPDE with the same ease and
without resorting to reformulating the original problem.

To highlight this fact, we want to compare the CPU time in FSCM and the FDM
scheme, in addition to a PG spectral method, developed in [34]. In this method, we
seek an approximate solution of the form

N 1) _
(5.3) u(t) Z

where a,, are the unknown expansion coefficients to be determined. By plugging (5.3)
into (5.2), we obtain the residual Ry (¢) as

Rn(t) = ¢Diun(t) — (1)

to be L2-orthogonal to all elements in the set of test functions {(2)75,;‘ (z(t)): k=
1,2,..., N}, which are the exact eigenfunctions of the FSLPs of the second kind [33].
This scheme yields a dz'agonal stiffness matrix, whose diagonal entries are given by
i = (F)* 1 %) 57— Consequently, we obtain the expansion coefficients as

_1
Yk

In Table 5.1, we show the CPU time corresponding to FSCM, the PG spectral
method, and FDM for solving (5.2) corresponding to the following three-level of L°°-
norm error: O(107%), O(107°), and O(107°%). Here, the exact solution is taken as
ut(t) = 5, where by setting T = 1, the computational cost of each method is shown
corresponding to fractional order v = 1/10 (top), v = 1/2 (middle), and v = 9/10
(bottom). Table 5.1 reveals that for the whole range v, and for the whole range of
error level of interest, our FSCM and PG spectral method by far outperform FDM.
Quantitatively, at the error level O(107%), the FSCM and the PG method perform
roughly 7 and 386 times faster than FDM corresponding to v = 1/10 and v = 1/2,
respectively. However, we see that for such a simple model problem and setting,

(5.4) ak f() Pr(x(t))dt, k=1,2,...,N.
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TABLE 5.1
CPU time (seconds) on a single 2.66-GHz Intel processor, corresponding to FSCM, the PG
spectral method, and FDM for solving (DY u(t) = f(t), and the ezact solution is u®**(t) = t5. Here,
N denotes the expansion order in FSCM and the PG spectral method, Ny represents the number of
grid points in FDM, and the simulation time is set to T = 1.

(v =1/10)

L°°-norm error FSCM PG spectral method FDM
O(10~%) (N = 6) 0.474261 (N =6) 0.519422 (Ng = 70) 0.412937
0(107?) (N =7) 0.54725 X (Ng = 260) 0.574912
O(10~6) (N = 8) 0.726889 (N =17) 0.538418 (Ng = 1000) 5.43267

(v=1/2)

L°°-norm error FSCM PG spectral method FDM
O(10%) (N = 6) 0.490258 (N =6) 0.494925 (Ng = 450) 1.20882
O(107%) (N =7) 0.551916 X (Ng = 2000) 21.9763
O(10~6) (N = 8) 0.740887 (N =17) 0.501629 (Ng = 7000) 285.797

(v =9/10)

L°°-norm error FSCM PG spectral method FDM
O(10™%) (N =5) 0.434934 X (Ng = 3500) 69.9344
O(1075%) (N = 6) 0.497591 (N =6) 0.491425 (Ng = 26000) 4714.55
O(10=%) (N =7) 0.531419 (N =17) 0.502424 Running out of memory!

FDM cannot achieve the error level O(107%), because of the lack of memory. Instead,
the FSCM and PG spectral methods reach to the error O(107°) in half a second.
Finally, Table 5.1 shows that the FSCM and the PG spectral method perform almost
equivalently in solving (5.2). However, we note that in this case, the linear system
resulting from the PG spectral method is diagonal. Therefore, in contrast to FSCM,
the employment of the PG spectral method in other problems such as linear FPDEs
and multiterm FPDEs becomes computationally more expensive due to the extra cost
of quadrature, while possessing exponential accuracy.
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