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H I G H L I G H T S
c We model bidirectional signaling between cerebral astrocytes and microvessels.
c We construct a model of stretch-gated ion channels in perivascular astrocyte endfeet.
c Vessel dilations provoke astrocyte calcium increases and membrane depolarization.
c Astrocyte-induced vasodilation inhibits vasomotion via hyperpolarization.
c We validate our model predictions with in vitro and in vivo data.
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The neurovascular unit is a coordinated and interactional system of neurons, astrocytes, and

microvessels in the brain. A central autoregulation mechanism observed in this unit is functional

hyperemia, in which the microvasculature dilates in response to local neural activity in order to meet

the increased demand for blood flow and oxygen. We have developed the first interactional model of

bidirectional signaling in the neurovascular unit. The vascular model includes a description of

vasomotion, the vascular oscillatory response to transmural pressure, observed in vivo. The commu-

nication mechanisms in the model include neural synaptic glutamate and potassium signaling to the

astrocytes, potassium signaling from the astrocyte to the microvasculature, and astrocytic mechan-

osensation of vascular changes. The model response of the astrocyte to arteriolar dilation is validated

with recent in vivo and in vitro experimental results. The model reproduces for the first time the

in vitro observed phenomenon in which arteriole radius and Ca2þ oscillations, ‘‘vasomotion,’’ are

damped due to neural induced astrocytic signaling.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Recently, cerebral vasculature has been considered not as an
isolated system but as being integrated with the brain in a
coordinated, interactional, autoregulating neurovascular unit. An
important mechanism in this interaction is functional hyperemia,
in which the microvasculature dilates in response to local neural
activity in order to meet the increased demand for blood flow. The
dilation occurs after neural activity triggers a series of chemical
and electrical reactions in adjacent astrocytes, glial cells with long
extending processes whose endfeet wrap around arterioles and
neural synapses (Haydon and Carmignoto, 2006; McCaslin et al.,
2011; Halassa et al., 2007). Significant work has been done
investigating the vascular response to neural and astrocytic
inputs (Bennett et al., 2008; Farr and David, 2011; Filosa et al.,
ll rights reserved.

adakis).
2004) but very little has been done to explore the effect that
vascular activities may have on neurons and astrocytes. The
hemo-neural hypothesis, proposed by Moore and Cao (2008),
implies that the cerebral vasculature has pivotal effects on neural
function through a variety of direct and indirect mechanisms. We
suggest that one of these indirect mechanisms is activated by
astrocytic mechanosensation of vascular motions. Cerebral astro-
cytes have been shown to express the transient receptor potential
vanilloid-related channel 4 (TRPV4), a mechanosensitive cation
channel, and these have been observed to be particularly abun-
dant in astrocytic processes facing blood vessels (Benfenati et al.,
2007). There has also been experimental documentation in vitro
and in vivo of astrocytic depolarization and intracellular calcium
increase in response to vessel dilations (Cao, 2011), both of which
could be explained by TRPV4 channel activity.

We present an interactional model of bidirectional signaling in
the neurovascular unit. This is the first computational model of
astrocyte response to vascular function, making it the first model of
a neurovascular unit to include a two-way communication path
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between the brain and vasculature. A previous model for the
astrocyte signaling cascade, in which the astrocyte signals to the
arteriole by releasing epoxyeicosatrienoic acid (EET), has been
reported by Bennett et al. (2008). Since then, Farr and David
(2011) developed this model further to include an EET-dependent
potassium (Kþ) release, which activated inward-rectifier potassium
(KIR) channels in the arteriole smooth muscle cell (SMC), leading to
SMC relaxation and vasodilation. We adapt these models along with
a model for small arteries by Gonzalez-Fernandez and Ermentrout
(1994) that takes into account the viscoelastic nature of the arteriole
wall along with its electrical and biochemical properties. Here, we
combine and significantly extend the models of Gonzalez-Fernandez
and Ermentrout (1994), Bennett et al. (2008), and Farr and David
(2011) by adding a signaling mechanism in the reverse direction –
from vessels to astrocytes – resulting in the first bidirectional
neurovascular model. This is also the first model to predict the
interactions of astrocytes with vessels experiencing vasomotion.
Fig. 2. Model flow chart. (OS) Kþ and glutamate in the synaptic space. (OAstr) Kþ

influx depolarizes the membrane; glutamate receptor binding initiates the reac-

tion cascade IP3, internal Ca2þ release, EET. Ca2þ and EET open BK channels.

TRPV4 Ca2þ influx is activated by vessel dilation (strain, E), and inhibited by intra-

and extracellular Ca2þ . (OP) Kþ accumulates from astrocyte BK and SMC KIR flux.

Ca2þ concentration is affected by SMC Ca2þ flux. (OSMC ) Extracellular Kþ activates

KIR channels, hyperpolarizing the membrane, closing Ca2þ channels. Reduced

Ca2þ influx causes myogenic dilation, E. Dashed arrows indicate new mechanisms

we have formulated in this model.
2. Theory

2.1. Overview of the model

The neurovascular unit contains the brain, the cerebral vessels
and microvasculature, and glial cells. The astrocytes are star-
shaped glial cells whose long processes terminate in endfeet that
wrap around arterioles and neural synapses. While astrocytes
have been observed to signal to one another (Halassa et al., 2007;
McCaslin et al., 2011), astrocytes processes do not overlap with
those of another astrocyte, so the brain is spatially mapped into a
3D grid of distinct ‘‘astrocyte domains,’’ where each astrocyte may
have sole influence over all the synapses within its domain
(Nedergaard et al., 2003; Halassa et al., 2007). For this model,
we consider a single astrocyte domain, and in order to study in
isolation the direct two-way signaling path between astrocytes
and vessels, we leave out astrocyte-to-astrocyte signaling. For
simplicity, we consider only the net neural synaptic activity
across the entire astrocyte domain, and assume this activity to
be uniform throughout the domain.

A conceptual diagram of the proposed model is shown in
Fig. 1. A corresponding overview plot of the interaction mechan-
isms included in our model is given in Fig. 2. The perisynaptic
endfoot and synaptic space in the diagram represent the sum of
the activities of all the synapses and perisynaptic endfeet asso-
ciated with the astrocyte. During high synaptic activity in the
region, the neurons release Kþ ions and glutamate at the
Fig. 1. Model overview. OS , Synaptic space—active synapses release glutamate and Kþ .

metabotropic receptors on the astrocyte endfoot. OAstr , astrocyte intracellular space—bo

release of Ca2þ from internal stores, causing EET production. Ca2þ and EET open BK ch

OSMC , arteriole smooth muscle cell intracellular space—KIR channels in the arteriola

membrane potential closes Ca2þ channels, reducing Ca2þ influx, leading to SMC rela

astrocyte perivascular endfoot, which activates Ca2þ influx through TRPV4 channels. N

contact with the arteriole and wraps around its circumference, but we show them sep
synapses (OS). Kþ flows into the adjacent astrocytic endfoot
depolarizing the astrocyte membrane. It should be noted that
Farr and David (2011) refer to this current as the sodium–
potassium (Na–K) pump current, but this is not entirely accurate.
The Na–K pump is a mechanism present in the astrocyte synapse-
adjacent processes that exchanges sodium (Naþ ) ions for Kþ

ions: three Naþ ions are released for every two Kþ ions that enter
the astrocyte. Thus, the electrical flux from the Na–K pump would
actually hyperpolarize the membrane. The depolarization hap-
pens because there is an additional Kþ influx through KIR
channels present in the astrocyte processes (Barres et al., 1990;
Higashi et al., 2001; Higashimori and Sontheimer, 2007). When
Farr and David (2011) refer to the Na–K flux, JNaKs

, they are
probably referring to the combined potassium flux from the Na–K
pump and the KIR channels. Here, for clarity, we will call this
combined flux JSK .

The synaptic glutamate binds to metabotropic receptors
(mGluR) on the astrocyte endfoot, initiating a G-protein cascade
in which IP3 is produced inside the astrocyte wall (OAstr). Inside
Kþ enters the astrocyte through Na–K pump and KIR channels. Glutamate binds to

und glutamate receptors effect IP3 production inside the astrocyte wall, leading to

annels at the perivascular endfoot, releasing Kþ into the perivascular space (OP).

r SMC are activated by the increase in extracellular Kþ . The resulting drop in

xation. The arteriole dilation (strain, E) stretches the membrane of the enclosing

ote that the diagram here is not to scale. The perivascular endfoot is actually in

arated here in order to detail the ion flow at the endfoot-vessel interface.
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the astrocyte, IP3 binds to receptors (IP3R) on the endoplasmic
reticulum (ER), releasing internal stores of calcium ions (Ca2þ). The
rise in intracellular Ca2þ enables production of EET, and EET and
Ca2þ activate BK channels in the vessel-adjacent astrocyte endfoot,
releasing Kþ into the perivascular space (OP). The Kþ buildup in
the perivascular space activates KIR channels in the arteriolar
smooth muscle cell (SMC) (OSMC). Unlike the astrocyte KIR chan-
nels on the synapse-adjacent processes, SMC KIR channels have a
reversal potential much lower than the SMC membrane potential,
so the Kþ flows outward. The resulting membrane voltage drop
closes inward Ca2þ channels, and the intracellular Ca2þ concen-
tration in the SMC drops. Because Ca2þ is required for myosin–
actin crossbridge attachment, the crossbridges then detach, allow-
ing the SMC to relax and the arteriole to expand. As the vessel
expands, it stretches the perivascular astrocyte endfoot encircling
it (OAstr), opening stretch-gated Ca2þ-permeable TRPV4 channels
in the endfoot. As a result, the astrocyte experiences a membrane
depolarization and a rise in intracellular Ca2þ due to an influx of
Ca2þ through the TRPV4 channels. The Ca2þ influx has a cumula-
tive effect on the BK channels, which prolongs the Kþ signal (OP)
to the arteriole (OSMC).

Given that the arteriole movements stretch the membrane of
the enclosing astrocyte endfoot, it is worth mentioning the
possibility of mechanical feedback to the arteriole, which is not
addressed specifically in this model. Because the parameters in
the arteriole model were calibrated to in vivo data, we can
consider the mechanical model for the vascular SMC as a lumped
model that treats the viscoelastic arteriole wall and the enclosing
astrocyte endfeet as a single viscoelastic structure.
2.2. Synaptic space, OS

When neurons are activated, they release Kþ and glutamate
into the synaptic space (Fig. 2). The governing equation for the
potassium in the synaptic space is (Farr and David, 2011)

d½Kþ �s
dt

¼ JKs
�JSK , ð1Þ

where JKs
is a smooth pulse approximation of potassium release

from active neurons. The combined Na–K pump and KIR flux out
of the synaptic space and into the astrocyte, JSK , is

JSK ¼ JSK ,maxkNa
½Kþ �s

½Kþ �sþKKoa
: ð2Þ

This equation actually models the Na–K pump flux (Farr and David,
2011), but their chosen value for JSK ,max, the maximum flux, gives a
large enough value for JSK to represent the combined activity of the
Na–K pump and KIR channels. Thus, we are using the Na–K pump
model as a lumped model for both fluxes. The potassium concen-
tration in the synaptic space is ½Kþ �s, and KKoa is the threshold
value for ½Kþ �s. For simplicity, the extracellular sodium concentra-
tion, ½Naþ �s, is assumed to be constant, so the parameter kNa comes
from kNa ¼ ½Naþ �1:5s =ð½Naþ �1:5s þKNa1:5

s Þ, where KNas is the threshold
value for ½Naþ �s (Farr and David, 2011).

The synaptic glutamate release is assumed to be a smooth
pulse, and the ratio of active to total G-protein due to mGluR
binding on the astrocyte endfoot is given by

Gn
¼

rþd
KGþrþd

, ð3Þ

where r¼ ½Glu�=ðKGluþ½Glu�Þ is the ratio of bound to unbound
receptors, and d is the ratio of the activities of bound and
unbound receptors, which allows for background activity in the
absence of a stimulus (Bennett et al., 2008).
2.3. Astrocytic intracellular space, OAstr

The influx of synaptic potassium into the astrocyte causes a
membrane depolarization. Meanwhile, astrocytic IP3 production
occurs inside the cell wall in response to synaptic glutamate
binding to metabotropic receptors. IP3 causes release of intracel-
lular Ca2þ , which both inhibits TRPV4 channels and triggers EET
production. Both Ca2þ and EET activate the astrocytic BK chan-
nels, which release Kþ into the perivascular space. In addition,
vessel dilation (strain, E) activates the TRPV4 channels, allowing
an influx of Ca2þ into the astrocyte.

The IP3 production in the astrocyte is based on the model by
Bennett et al. (2008) as modified by Farr and David (2011):

d½IP3�

dt
¼ rnhGn

�kdeg ½IP3�, ð4Þ

where rnh is the IP3 production rate and kdeg is the degradation rate.
The astrocytic intracellular Ca2þ comes from both external

influx, through TRPV4 channels at the perivascular interface, and
release of internal stores in the endoplasmic reticulum (ER):

d½Ca2þ
�

dt
¼ bðJIP3

�Jpumpþ Jleakþ JTRPV Þ, ð5Þ

where ½Ca2þ
� is the cytosolic calcium concentration, b is the factor

describing Ca2þ buffering, and JTRPV is the Ca2þ influx from
extracellular space through TRPV4 channels (see Eq. (10) below).
The calcium stores in the ER have three mechanisms for calcium
transport: (1) IP3R receptors on the ER bind to intracellular IP3,
initiating Ca2þ outflux from the ER, JIP3

into the intracellular
space; (2) a pump uptakes Ca2þ from the cytosol into the ER,
Jpump, and (3) a leak flux Jleak from the ER into the intracellular
space (Bennett et al., 2008). The IP3-dependent current is

JIP3
¼ Jmax

½IP3�

½IP3�þKI

� �
½Ca2þ

�

½Ca2þ
�þKact

 !
h

" #3

1�
½Ca2þ

�

½Ca2þ
�ER

 !
, ð6Þ

where Jmax is the maximum rate, KI is the dissociation constant for
IP3R binding, Kact is the dissociation constant for Ca2þ binding to
an activation site on the IP3R, and ½Ca2þ

�ER is the Ca2þ concentra-
tion in the ER. The gating variable h is governed by

dh

dt
¼ kon½Kinh�ð½Ca2þ

�þKinhÞh�, ð7Þ

where kon and Kinh are the Ca2þ binding rate and dissociation
constant, respectively, at the inhibitory site on the IP3R. The pump
flux is

Jpump ¼ Vmax
½Ca2þ

�2

½Ca2þ
�2þK2

p

, ð8Þ

where Vmax is the maximum pump rate and Kp is the pump
constant. The leak channel flux is

Jleak ¼ PL 1�
½Ca2þ

�

½Ca2þ
�ER

 !
, ð9Þ

where PL is determined by the steady-state flux balance. The
calcium influx from extracellular space, JTRPV, is determined by the
arteriolar tone at the location where the astrocyte endfoot
encloses the microvessel. The electrical current through the
channel is

ITRPV ¼ gTRPV sðVk�vTRPV Þ, ð10Þ

where gTRPV is the maximum channel conductance, vTRPV is the
channel reversal potential, and Vk is the membrane potential (see
Eq. (20) below). The calcium ion flux through the channel is given
by JTRPV ¼�ITRPV=ðCastrgÞ, where Castr is the astrocyte cell capaci-
tance, and g is a scaling factor for relating the net movement of
ion fluxes to the membrane potential (Koenigsberger et al., 2006).
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There is a factor of �1 because JTRPV is a flux of positive ions,
whereas electrical current, ITRPV, always describes the motion of
negative charges (an outflux of electrons being equivalent to an
influx of positive ions).

The TRPV4 channel current is activated by mechanical
stretches, and, after activation stops, experiences a slow decay
in the absence of extracellular Ca2þ , and a fast decay in the
presence of high extracellular Ca2þ (Nilius et al., 2004; Watanabe
et al., 2003). Thus, we model the open probability as an ODE that
decays to its variable steady state, s1 (Eq. (12), below), according
to

ds

dt
¼

1

tCað½Ca2þ
�PÞ
ðs1�sÞ, ð11Þ

where the Ca2þ-dependent time constant tCað½Ca2þ
�PÞ ¼ tTRPV=

½Ca2þ
�P , where ½Ca2þ

�P is the perivascular Ca2þ concentration
(Eq. (23), below) expressed in mM, and s1 is the strain- and Ca2þ-
dependent steady-state channel open probability. We model this
with the Boltzmann equation (Hamill and Martinac, 2001;
Koenigsberger et al., 2006):

s1 ¼
1

1þe�ðE�E1=2Þ=k

� �
1

1þHCa
HCaþtanh

Vk�v1,TRPV

v2,TRPV

� �� �� �
: ð12Þ

The first term 1=ð1þe�ðE�E1=2Þ=kÞ describes the material strain gating,
adapted from Koenigsberger et al. (2006). The strain on the perivas-
cular endfoot, E, is taken to be the same as the local radial strain on
the arteriole E¼ ðr�r0Þ=r0 (see Eq. (A.12) in Appendix A), while E1=2

is the strain required for half-activation. The second term describes
the voltage gating and Ca2þ inhibitory behavior, based on the
experimental results from Watanabe et al. (2003) and Nilius et al.
(2003). The inhibitory term, HCa, is

HCa ¼
½Ca2þ

�

gCai

þ
½Ca2þ

�P

gCae

 !
, ð13Þ

where ½Ca2þ
� is the astrocytic intracellular Ca2þ concentration (Eq.

(5)), ½Ca2þ
�P is the perivascular Ca2þ concentration (Eq. (23), below),

and gCai
and gCae

are constants associated with intra- and extra-
cellular Ca2þ , respectively.

The rise in intracellular Ca2þ in the astrocyte leads to EET
production inside the cell. The EET production is governed by

d½EET�

dt
¼ VEET ð½Ca2þ

��½Ca2þ
�minÞ�kEET ½EET�, ð14Þ

where VEET is the EET production rate; ½Ca2þ
�min is the minimum

½Ca2þ
� required for EET production, and kEET is the EET decay rate.

Following Farr and David (2011), we assume that EET acts only on
the astrocyte BK channels in the perivascular endfoot, rather than
acting directly on the arteriole SMC as in Bennett et al. (2008).

Astrocytic BK channels, which occur on the perivascular end-
feet, are affected by both EET and Ca2þ , as described by Farr and
David (2011). The BK channel current is

IBK ¼ gBK nBK ðVk�vBK Þ, ð15Þ

where gBK is the channel conductance, vBK is the reversal poten-
tial, and nBK is governed by

dnBK

dt
¼fBK ðn1½BK��nBK Þ, ð16Þ

with

fBK ¼cBK cosh
Vk�v3,BK

2v4,BK

� �
, ð17Þ

n1,BK ¼ 0:5 1þtanh
VkþEETshift ½EET��v3,BK

v4,BK

� �� �
: ð18Þ
Also v3,BK is the potential associated with 1/2 open probability,
which depends on ½Ca2þ

�:

v3,BK ¼�
v5,BK

2
tanh

½Ca2þ
��Ca3,BK

Ca4,BK

 !
þv6,BK , ð19Þ

where v4,BK , v5,BK , v6,BK , Ca3,BK , Ca4,BK , and cBK are constants, and
EETshift determines the EET-dependent shift of the channel rever-
sal potential.

The astrocyte membrane potential is described by

dVk

dt
¼

1

Castr
ð�IBK�Ileak�ITRPV�ISK Þ, ð20Þ

where ISK is the electrical current carried by the Kþ influx at the
perisynaptic process: ISK ¼ JSK Castrg (see Eq. (2)). The leak current,
Ileak, is

Ileak ¼ gleakðVk�vleakÞ, ð21Þ

where gleak and vleak are the leak conductance and reversal
potential, respectively.

2.4. Perivascular space, OP

The perivascular space experiences a buildup of Kþ due to
outflow from the astrocyte and smooth muscle cell intracellular
spaces (Fig. 2). The perivascular Kþ activates SMC KIR channels.
Additionally, Ca2þ currents from the SMC affect the perivascular
Ca2þ concentration, which has an inhibitory effect on the astro-
cyte TRPV4 channels.

The potassium accumulates in the perivascular space due to
outflow from astrocytic BK channels and arteriolar smooth
muscle cell KIR channels. The equation governing perivascular
Kþ comes from (Farr and David, 2011):

d½Kþ �P
dt

¼
JBK

VRpa
þ

JKIR

VRps
�Rdecayð½K

þ
�P�½K

þ
�P,minÞ, ð22Þ

where VRpa and VRps are the volume ratios of perivascular space to
astrocyte and SMC, respectively, and ½Kþ �P,min is the resting state
equilibrium Kþ concentration in the perivascular space. Rdecay is
the rate at which perivascular Kþ concentration decays to its
baseline state due to a combination of mechanisms including
uptake in background cellular activity and diffusion through the
extracellular space. The potassium flow from the astrocyte and
SMC are JBK and JKIR, respectively, given as JBK ¼ IBK=ðCastrgÞ, and
JKIR ¼ IKIR=ðCSMCgÞ (Eqs. (15) and (24)), where CSMC is the SMC
capacitance.

The perivascular Ca2þ concentration obeys

d½Ca2þ
�P

dt
¼�JTRPV�JCa�Cadecayð½Ca2þ

�P�½Ca2þ
�P,0Þ, ð23Þ

where JCa is the calcium current from the arteriole SMC (see Eq.
(36) below), and Cadecay is the decay rate of perivascular Ca2þ

concentration (similar to Rdecay).

2.5. Arteriole smooth muscle cell intracellular space, OSMC

The arteriole tone depends on the level of intracellular Ca2þ in
the SMC (Fig. 2). When the SMC KIR channels are activated due to
perivascular Kþ , the SMC membrane potential experiences a hyper-
polarization, which closes Ca2þ channels. The reduced Ca2þ influx
results in a higher concentration of Ca2þ in the perivascular space.
Also, the decreased Ca2þ level in the SMC intracellular space results
in a dilation (E), which then activates the astrocytic TRPV4 channels.

This vascular SMC model from Gonzalez-Fernandez and
Ermentrout (1994) describes vasomotion as a result of pressure-
sensitive Ca2þ ion channel activity in the SMC (see Eqs. (37) and
(38), below). Other models assume that vasomotion is also
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affected by endothelial cell activity (Koenigsberger et al., 2006;
Farr and David, 2011). Both the SMC and endothelial cells are
likely to have a contribution to vasomotion. However, there have
been observations of vasomotion in arterioles in which the
endothelium was removed (Haddock et al., 2002), indicating that
the endothelium is not required for vasomotion, even if it can
have an effect. Thus, for simplicity, we leave out the role of
endothelial cells, but they can be added to the model at a
later time.

2.5.1. Ion currents

The potassium buildup in the perivascular space activates the
SMC KIR channels according to (Farr and David, 2011)

IKIR ¼ gKIRkðVm�vKIRÞ, ð24Þ

where the channel conductance, gKIR, reversal potential, vKIR, and
open probability, k, all depend on the perivascular Kþ concentra-
tion:

gKIR ¼ gKIR,0

ffiffiffiffiffiffiffiffiffiffiffiffi
½Kþ �P

q
, ð25Þ

where ½Kþ �P is in units of mM, and gKIR,0 is the conductance when
the perivascular Kþ concentration is 1 mM;

vKIR ¼ vKIR,1log½Kþ �P�vKIR,2, ð26Þ

where ½Kþ �P is again in units of mM, and vKIR,1 and vKIR,2 are
constants, and

dk

dt
¼

1

tk
ðk1�kÞ, ð27Þ

where tk ¼ 1=ðakþbkÞ, and k1 ¼ ak=ðakþbkÞ, in which

ak ¼
aKIR

1þexp
Vm�vKIRþav1

av2

� � , ð28Þ

bk ¼ bKIR expðbv2
ðVm�vKIRþbv1

ÞÞ, ð29Þ

where aKIR, bKIR, av1
, av2

, bv1
, and bv2

are constants (Farr and David,
2011). The SMC membrane potential is Vm (see Eq. (30), below).

The equations for the SMC dynamics are taken from Gonzalez-
Fernandez and Ermentrout (1994) with the addition of the KIR
current in Eq. (24). The SMC membrane potential obeys

dVm

dt
¼

1

CSMC
ð�IL�IK�ICa�IKIRÞ, ð30Þ

where CSMC is the cell capacitance, and IL, IK, and ICa are the leak,
Kþ channel potassium, and calcium currents, respectively. The
leak current is simply IL ¼ gLðVm�vLÞ, where gL is the leak
conductance, and vL is the leak reversal potential. The Kþ channel
current is

IK ¼�gK nðVm�vK Þ, ð31Þ

where gK and vK are the channel conductance and reversal
potential, respectively. The fraction of Kþ channel open states,
n, is described by

dn

dt
¼ lnðn1�nÞ, ð32Þ

with

n1 ¼ 0:5 1þtanh
Vm�v3

v4

� �
, ð33Þ

and

ln ¼fn cosh
Vm�v3

2v4
, ð34Þ

where v4 is the spread of the open state distribution with respect
to voltage, and v3 is the voltage associated with the opening of
half the population, and is dependent on the Ca2þ concentration
in the SMC:

v3 ¼�
v5

2
tanh

½Ca2þ
�SMC�Ca3

Ca4
þv6: ð35Þ

The parameters Ca3 and Ca4 affect the shift and spread of the
distribution, respectively, of v3 with respect to Ca2þ , and v5, v6

are constants. The Ca2þ channel current is

ICa ¼ gCam1ðVm�vCaÞ, ð36Þ

where gCa and vCa are the channel conductance and reversal
potential, respectively. Since fast kinetics are assumed for the
Ca2þ channel, the distribution of open channel states is equal to
the equilibrium distribution

m1 ¼ 0:5 1þtanh
Vm�v1

v2

� �
, ð37Þ

with v1 and v2 having the same effect as Ca3 and Ca4 in Eq. (35)
and v3 and v4 in Eq. (33). Note that in this case, v1 is a variable
that depends on the transmural pressure. We represent the
relationship using this linear approximation of the data from
Gonzalez-Fernandez and Ermentrout (1994):

v1 ¼�17:4�12DP=200, ð38Þ

where DP is in units of mmHg, and v1 is in mV. For our model, we
chose a value of 60 mmHg for DP, which we found to be
consistent with experimental observations (e.g. Hudetz et al.,
1987, Fig. 5) for arterioles around 50 mm in diameter, the size
used in our simulations.

The SMC myogenic contractile behavior, which constricts the
vessel, depends on the Ca2þ concentration in the SMC. The vessel
circumference, x, is described by

dx

dt
¼

1

t ðfDP�f x�f uÞ, ð39Þ

where t is the time constant, and fDP , fx, and fu are the forces due
to transmural pressure, viscoelasticity of the material, and myo-
genic response, respectively. The myogenic force, fu, depends on
the SMC Ca2þ concentration, which changes based on the Ca2þ

ion channel current. These forces are discussed in detail in
Appendix A.
3. Results

3.1. Simulation procedures

We simulated neural-induced vasodilation by representing the
total synaptic activity in the astrocyte domain as a uniform,
continuous smooth pulse of glutamate (½Glu�) and of synaptic
potassium (½Kþ �s). For validation, we also simulated two experi-
mental procedures following Cao (2011). In the first, we simulate
astrocyte membrane depolarization in response to purely
mechanical vessel dilations by imposing a time-dependent radial
strain which we extracted from Cao (2011) and then interpolated
(see Fig. 3).

In the second procedure, we simulate an in vivo experiment in
which myogenic response is induced via drug application.
Because myogenic constriction requires influx of Ca2þ into the
SMC, the extracellular environment in the perivascular space is
affected by dilations involving myogenic relaxation; namely, the
perivascular Ca2þ concentration increases, which may affect the
astrocytic TRPV4 channels. Thus, it is important to study the
astrocyte response to arteriole dilations due to myogenic relaxa-
tion in addition to mechanical stretching. Experimentally, appli-
cation of the drug pinacidil stimulates myogenic vessel dilations
by activating KIR channels (Cao, 2011) in the vascular SMC,
leading to a decrease in SMC intracellular Ca2þ . We simulate
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the effect of this drug by enforcing a set KIR channel open
population, and we compare the results to the in vivo data from
Cao (2011).
All differential equations were solved in MATLAB using the
solver ‘‘ode23tb,’’ which implements TR-BDF2, an implicit Runge–
Kutta formula with backward differentiation (BDF).
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3.2. TRPV4 model validation

Fig. 3 shows the astrocyte membrane depolarization in response
to quick, mechanical stretches in the radial direction. The simulation
was intended to mimic the in vitro experiment by Cao (2011) in
which an arteriole in a brain slice was pressurized in brief bursts that
inflated it between 20% and 40%. Data extracted from Cao (2011) are
shown as thick black curves (vessel dilation) and thick grey curves
(astrocyte membrane potential). In the simulation, the imposed strain
on the vessel radius was interpolated from the extracted data. The
black dotted line is the simulated astrocyte depolarization, which is in
good agreement with the experimental results.

The astrocyte response is characterized by a quick rise – � 2 s –
to maximum depolarization, followed by a slow decay: � 4 s to
decay to half maximum, and � 15 s to recover to baseline. Note
that these simulation results are a product of the TRPV4 channel
equations included in the model perivascular astrocyte endfoot, so
the results in Fig. 3 support the hypothesis that TRPV4 channels are
responsible for the astrocyte depolarization observed in response
to vessel perturbations.

We further validate the model by simulating application of the
vasodilatory drug pinacidil and compute the resulting Ca2þ

concentration in the astrocyte, analogous to the in vivo experi-
ment by Cao (2011). Pinacidil induces vasodilation by opening the
KIR channels in the vascular smooth muscle cell (Cao, 2011).
Further, data have suggested that pinacidil only affects the
vascular SMC, and has no direct effect on neurons and astrocytes
(Cao et al., 2009). We simulated the effect of pinacidil by
imposing the SMC KIR channel open state, k (see Eq. (24)),
directly. In order to reproduce the same vessel dilation as the
analogous in vivo experiment by Cao (2011) (extracted data
shown in Fig. 4, lower plot), we estimated that the pinacidil
induced KIR activation progressed according to

kðtÞ ¼ 0:01 1þ tanh
t�270
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where t is the time in seconds. For this simulation, Eq. (40) is
substituted into Eq. (24) instead of solving for k with the ODE in
Eq. (27).

The results are shown in Fig. 4; the lower plot is the arteriole
dilation due to pinacidil application, and the upper plot is the
resulting Ca2þ level in the adjacent perivascular astrocyte end-
foot. As the vessel dilates, it activates the TRPV4 channels on the
astrocyte perivascular endfoot, initiating a Ca2þ influx into the
astrocyte. Again, the simulation (black curves) shows good
agreement with experimental results (grey curves, extracted from
Cao, 2011).
3.3. Astrocytic and vascular bidirectional interaction

The results in the whole system when the astrocyte is given a
transient input of synaptic glutamate and Kþ are shown in Fig. 5.
The astrocytic IP3 immediately increases (Fig. 5(b)), while the
subsequent rise in intracellular Ca2þ experiences a brief (o1 s)
delay (Fig. 5(c)). The EET rise (Fig. 5(d)) follows that of Ca2þ . All
three reach steady state within � 10 s, while (Fig. 5(e)) the
astrocyte continues to depolarize due to the influx of Kþ from
the synaptic space, which is eventually balanced by the Kþ

outflux due to Ca2þ- and EET-dependent opening of the BK
channels in the perivascular endfoot. The Kþ concentration
(Fig. 5(f)) in the perivascular space activates arteriolar SMC KIR
channels, further increasing the perivascular Kþ , and causing a
hyperpolarization of the SMC membrane (not shown) as well as
damping the oscillations in the SMC Ca2þ and vessel radius. The
hyperpolarization closes Ca2þ channels in the SMC, reducing the
SMC Ca2þ concentration (Fig. 5(g)), thereby causing vessel dila-
tion (Fig. 5(h)). As the perivascular Kþ concentration continues to
increase during stimulation, the dilated vessel contracts slowly
due to the ½Kþ �P-dependent shift in the KIR channel reversal
potential, which reverses the direction of the Kþ flow in the KIR
channels and changes the polarity of the vessel response.
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The vessel dilation stretches the enclosing astrocytic endfoot,
opening the stretch-gated TRPV4 channels in the membrane,
causing an influx of Ca2þ into the astrocyte (Fig. 5(c)). After the
stimulus, the vessel maintains its dilation until the remaining Kþ

in the perivascular space decays close to its baseline value.
There are two notable differences that arise in the simulation

results due to our addition of the TRPV4 channel equations. The
first is that the vessel response (Fig. 5(g) and (h)) in the TRPV4
model (black lines) is both prolonged and it rises to maximum
dilation faster than when TRPV4 channels are excluded (grey
lines). This is a result of the second difference, which is that the
astrocytic TRPV4-mediated Ca2þ influx maintains the astrocytic
Ca2þ signal and resulting EET production and BK channel activity
(Fig. 5(c), (d), (e), black curves) until the vessel reconstricts, well
past the end of the neural stimulus. In contrast, without TRPV4
channels included (grey curves), the astrocyte activity drops to
baseline as soon as the neural stimulus ends, even while the
vessel remains dilated. In this way, our model (with TRPV4
channels) predicts a more physiological result, consistent with
the experimental data from Filosa et al. (2004). Notice that while
the grey curves drop to baseline within seconds of the end of the
neural stimulus, the black curves remain steady and drop to
baseline just after 40 s, about the time that the vessel has
returned to its initial level of constriction.

Shown in Fig. 5(g) and (h) are the SMC intracellular Ca2þ and
vessel radius, respectively. (The same data are also shown in
Fig. 7(b) and (d), where the astrocytic intracellular Ca2þ is
superimposed for clarity on the SMC Ca2þ plot in Fig. 7(b).)
Before the onset of the stimulus, the vessel experiences vasomo-
tion: note the oscillating behavior in the absence of neural
activity. In periods without neural stimuli, the amplitude and
frequency (� 0:5 Hz) of the oscillations are consistent with those
observed in experiment (Filosa et al., 2004; Hundley et al., 1988;
Morita-Tsuzuki et al., 1992; Lefer et al., 1990). During neural
stimulation, the vessel dilates, and vasomotion is inhibited – note
the flat, non-oscillatory response in the SMC Ca2þ and vessel
radius while the vessel is in the dilated state. This phenomenon is
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Fig. 6. KIR channel model parameter sensitivity using ANOVA of (� ) t1—start time

reconstricts during stimulus, and (�) t3—end time of vessel response.
consistent with the experimental results of Filosa et al. (2004),
Brown et al. (2002), Rivadulla et al. (2011). Dilation along with
suppression of vasomotion occurs in response to the hyperpolar-
ization that the SMC experiences when astrocytic Kþ release
activates the SMC KIR channels. This hyperpolarization closes
SMC Ca2þ channels, preventing influx of Ca2þ . The reduction in
intracellular Ca2þ allows myogenic relaxation, resulting in vaso-
dilation (Fig. 5(h)). Further, the hyperpolarization suppresses
Ca2þ oscillations in the SMC, thus suppressing radius oscillations
(Fig. 5(g) and (h)). Note that vasomotion resumes after the
termination of the functional hyperemia response, which is also
observed experimentally (Filosa et al., 2004; Brown et al., 2002).
3.4. Sensitivity analysis of KIR channel model

Because the results from Farr and David (2011) show a non-
physiological delay of � 20 s in the vessel response, we adopt a
modified set of parameters for the SMC KIR channel component of
the model, which determines the way the vessel responds to
astrocyte signals. We begin by investigating parametric sensitiv-
ity using the standard ANOVA decomposition (Yang et al., 2012).
Fig. 6 shows the sensitivity of the response start time (�, t1), stop
time (�, t3), and time at which the vessel response reverses
direction during sustained stimulation (J, t2, see Fig. 6, inset).
The most sensitive parameter is vKIR,2, the baseline value of the
½Kþ �P-dependent KIR reversal potential (Eq. (26)).

When we change vKIR,2 in order to decrease t1 to a more
physiological value, at the same time, t2 would also decrease to a
value too early to be physiologically meaningful: the vessel would
respond quickly to the stimulus, but would immediately begin to
reconstrict, while experimental results suggest that constrictive
response should occur after longer periods of stimulation, when
the perivascular Kþ concentration has had time to increase above
� 20 mM (Horiuchi et al., 2002; Filosa et al., 2006). Thus, when
adjusting the speed of the response by changing the value of
vKIR,2, we need an additional parameter change that would
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maintain t2 at a physiological value. We first considered vKIR,1, the
second most sensitive parameter, but found it is similar to vKIR,2,
so any corrections in t2 would be accompanied by an unwanted
increase in t1. av2

, the third most sensitive parameter, has the
opposite effect: when we adjust its value, we correct the resulting
value of t2 while further decreasing t1. In order to prevent the
vessel from having too late of a response end time (t3) because of
the first two parameter adjustments, we also adjust the value of
Rdecay, which is the only parameter to which t3 exclusively is
sensitive. Because the original value of Rdecay was an estimation
(Farr and David, 2011), we felt that it would be acceptable to
change it in order to find a closer match with the model results
and experiment. Likewise, the values of vKIR,2 and av2

were
originally taken from the models of coronary vessels; we believe
it is reasonable that these values would be different in the brain,
as the vascular morphology and function vary significantly across
different specialized organs. We considered changing ½Kþ �P,min,
but the value of this parameter is known experimentally to be
close to 3 mM in the brain (Kofuji and Newman, 2004), so it is
more meaningful to leave this at the physiological value. Fig. 7
shows the results of the model before and after implementing the
above parameter adjustments. The upper plots show the astro-
cytic and SMC Ca2þ concentration, and the lower plots show the
vessel radius. Like the results from Farr and David (2011), the
original parameter values (Fig. 7(a) and (c)) produce a large delay
(� 20 s) between the initial astrocytic Ca2þ rise and the vessel
response time (t1). The results after adjusting the parameter
values are shown in Fig. 7(b) and (d), where the delay between
the astrocyte Ca2þ rise and t1 is � 5 s, which is very close to
experimental observations (Filosa et al., 2004, Fig. 6).
Fig. 8. Steady state inhibition of TRPV4 by Ca . (Top) Current–voltage relation-

ship for TRPV4 channel at different levels of extracellular (perivascular) Ca2þ .

Curves are normalized to TRPV4 current at þ100 mV. Compare with Fig. 6 in

Nilius et al. (2004). (Bottom) TRPV4 current vs. astrocytic intracellular ½Ca2þ
�.

Membrane potential is held at �80 mV. Compare with Fig. 4B in Watanabe et al.

(2003).
4. Discussion

We have developed a set of equations and obtained para-
meters that reproduce experimental results of both astrocyte
response to vasodilation (Cao, 2011) and suppression of vasomo-
tion during functional hyperemia (Filosa et al., 2004; Brown et al.,
2002; Rivadulla et al., 2011) with good qualitative agreement. We
show that astrocyte mediated, neural induced vasodilation is
accompanied by a reversible suppression of vasomotion in the
arteriole. Additionally, our model reproduces experimental obser-
vations of astrocyte Ca2þ increase and depolarization in response
to vessel dilations.

The model description for Ca2þ gating properties of the TRPV4
channel is consistent with the experimental results of Watanabe
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et al. (2003) and Nilius et al. (2004). Fig. 8 (top) shows the
current–voltage relationship for the TRPV4 channel at different
levels of perivascular Ca2þ . At high concentrations, the channel
current is inhibited especially at negative voltages. These curves
are a good match with the experimental results of Nilius et al.
(2004). Fig. 8 (bottom) shows the inhibitory effect of intracellular
Ca2þ on the TRPV4 channel current at a fixed membrane potential
of �80 mV. The values shown in the curve are a good match with
experimental results (see Watanabe et al., 2003, Fig. 4).

In previous astrocyte models (e.g. Bennett et al., 2008; Farr and
David, 2011), which do not include TRPV4 channels or any other
mechanism of information transfer from vasculature to astro-
cytes, the astrocytic Ca2þ concentration drops to baseline imme-
diately after the neural signal ends, while the arteriole remains
dilated for a short (� 20250 s) period. This is not the case in
experimental observations, where both the astrocyte Ca2þ

increase and the vessel response are observed to extend past
the end of the neural stimulus (Filosa et al., 2004) and return to
baseline together. Because of our development of TRPV4 channel
equations, our model is the first to predict, consistent with
experiment, sustained astrocyte activity, including raised intra-
cellular Ca2þ , which is maintained until the vessel reconstricts,
rather than dropping at the end of the neural stimulus (Fig. 5(c),
(g), (h)).

At the same time, there is still a discrepancy between the
experimental results and our model prediction, as we were not
able to reproduce the correct level of astrocytic Ca2þ after neural
signaling. While our results predict a partial drop in astrocytic
Ca2þ after the end of neural stimulus, Filosa et al. (2004) observe
that the astrocytic Ca2þ remains at its peak value for several
seconds after neural stimulation.

This difference could be explained by our treatment of the
astrocyte as a single spatial point, rather than considering the
diffusion of chemicals and ions through a spatially resolved cell.
This means that our model gives equal weight to electrical fluxes
at the perivascular endfoot and the distant perisynaptic endfeet
when determining the membrane potential across the TRPV4
channels in the perivascular endfeet, and it also assumes an
instant and entire transfer of Ca2þ at the soma to the perivascular
endfoot. In this case, the model may have an unrealistic balance
that favors the neural-induced contribution of Ca2þ at the
perivascular endfoot over the vessel dilation-induced TRPV4
activation of Ca2þ influx. This would explain why the Ca2þ in
the endfoot would drop at the end of a neural signal, rather than
remaining at peak value, as it would if it were most responsive to
the local mechanical stimuli.

Another important piece that may be missing in our TRPV4
model may be the complete diverse set of gating factors. In our
model, we consider mechanical, voltage, and intra- and extracellular
Ca2þ gating, but TRPV4 channels have been observed to respond to
a variety of additional variables including EET (Fernandes et al.,
2008; Nilius et al., 2003, 2004). Nilius et al. (2004) demonstrate that
IP3 sensitizes TRPV4 channels to EET, although this effect is most
noticeable in instances of low (� 020:1 mM) EET concentration
(Fernandes et al., 2008), well below the levels predicted in our
model in response to neural stimulation (Fig. 5(d)).

While this model is the first bidirectional astrocyte model,
responding both to neural and vascular stimuli, the model does
not include signaling between astrocytes, which is a limitation.
This omission, the same assumption invoked in previous genera-
tions of astrocyte models (Bennett et al., 2008; Farr and David,
2011), is a simplification for computational reducibility. In future
versions of this model, we intend to add astrocyte-to-astrocyte
communication to the model.

The astrocytic Ca2þ , IP3, and EET levels during neural stimula-
tion are consistent with those of Farr and David (2011) and
produce similar (� 15%) increases in vessel radius. This verifies
that the arteriole model equations adapted from Gonzalez-
Fernandez and Ermentrout (1994) are appropriate in the context
of the Kþ signaling model proposed by Farr and David (2011).
Further, we have reproduced their model’s effect in which
moderate increases (up to � 10215 mM) of Kþ in the perivas-
cular space initiates vasodilation, while higher concentrations
(415 mM) result in constriction.

The arteriole model equations produce oscillatory behavior
known as vasomotion in the vessel as a response to transmural
pressure. Our results show that astrocytic vasodilatory signals
(namely perivascular Kþ activation of SMC KIR channels) damp
these oscillations (both in the radius and the SMC intracellular Ca2þ

concentration), and that vasomotion is restored after the signaling
terminates, which is consistent with the experimental results of
Filosa et al. (2004) and Brown et al. (2002). This helps to support the
hypothesis that functional hyperemia occurs through the suppres-
sion of Ca2þ oscillations in vascular SMC. Further, our model helps
build our overall understanding of functional hyperemia by integrat-
ing this hypothesis into a larger mechanistic framework, wherein the
cause of the damping is a hyperpolarization, caused by activation of
KIR channels by astrocytic Kþ release in the perivascular space.

Combined with the Kþ signaling model from Farr and David
(2011), we identify the existence of three branch points in the vessel
response (see Fig. 9) to increasing extracellular Kþ concentration:
(1) with a small Kþ increase in the perivascular space, the vessel
dilates and the equilibrium behavior changes from oscillatory to flat;
(2) after the first branch point the vessel radius remains constant
despite small increases in perivascular Kþ until the concentration
reaches the second branch point, at which the vessel constricts;
(3) when the perivascular Kþ is increased to the third branch point,
the vessel has constricted enough to resume vasomotion, and the
vessel equilibrium behavior switches from flat back to oscillating.

Although our arteriole model does not include endothelial
cells, they may contribute to the vascular response during astro-
cyte-induced dilation. The endothelium responds to shear stress
from blood flow, effecting a decrease in the SMC calcium level,
thus modulating vasomotion and tone (Koenigsberger et al., 2005,
2006). If endothelial cells were included in the model, the
arteriole dilation in response to extracellular Kþ may appear to
be diminished because the SMC will be starting at a greater initial
level of relaxation. In addition, the endothelial cells may help
determine the point at which further increases in extracellular Kþ

will cause the vessel to reconstrict. We expect that a mathema-
tical description of the endothelium, if added to this model, would
govern the locations of the three branch points mentioned above.
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However, while the endothelial layer is not explicitly included
here, some of the influence of the endothelium on the SMC is
accounted for by model parameters, particularly those involving
the relation between the transmural pressure and the SMC Ca2þ

level (see for example, Eq. (38)).
While there are experimental data documenting the presence of

Ca2þ-permeable TRPV4 channels on astrocytic perivascular end-
feet (Benfenati et al., 2007) and increases in intracellular Ca2þ in
astrocytic perivascular endfeet in response to increases in vascular
diameter (Cao, 2011), the subsequent effect of this response is
unclear. It has been shown experimentally that Ca2þ increases in
astrocytes are required for astrocytic glutamate release onto
neurons (Bezzi et al., 1998; Hua et al., 2004; Malarkey et al.,
2008; Halassa et al., 2007). However, while Ca2þ influx from
extracellular space can contribute to astrocytic glutamate release,
the IP3-dependent Ca2þ release from internal stores is required for
glutamate release (Hua et al., 2004). Thus, it is unlikely that the
effect of Ca2þ influx through TRPV4 channels is glutamate release.
One likely consequence of the TRPV4 Ca2þ influx is to sustain the
Ca2þ-dependent EET production and Kþ release, thus extending
the time over which vasodilation occurs (Koehler et al., 2006). As
shown in Fig. 5, the model that includes TRPV4 channels has a
much longer response in the vessel, which remains dilated for
� 2 s more than the model without astrocytic TRPV4 channels.
5. Conclusions and future work

We have simulated, for the first time, a bidirectional commu-
nication path between the cerebral microvasculature and astro-
cytes using Kþ signaling from the astrocytes and astrocytic
mechanosensation. The communication mechanisms involved in
this model are chemical, electrical, and mechanical. Our results are
physiologically consistent with other models and experiments. We
were also able to simulate and predict the Ca2þ dynamics in an
astrocyte as it responds to both neural and vascular inputs, which
has not yet been investigated in depth experimentally.

We expect to achieve better physiological results by resolving
our model spatially and including diffusion in the model equations.
We intend to extend our model into an interactional network
model in which signaling occurs between astrocytes, so that
distant changes in the vasculature will have downstream conse-
quences, both due to effects in blood flow and astrocytic crosstalk.
Acknowledgments

We thank Drs. Jessica Filosa (Georgia Health Sciences Univer-
sity), Christopher Moore (Brown University), Les Farnell (Univer-
sity of Sydney), Bard Ermentrout (University of Pittsburgh), and
Ms. Hannah Farr (University of Canterbury) for many helpful
discussions. Simulations were performed on the CCV high perfor-
mance computing cluster at Brown University. This work was
supported by NSF OCI 0904288.
Appendix A. Arteriole model equations

The equations that follow are adapted from Gonzalez-
Fernandez and Ermentrout (1994), where they are discussed in
further detail.
A.1. Vessel SMC calcium concentration

The Ca2þ concentration in the SMC is governed by

d½Ca2þ
�SMC

dt
¼�r 1

2a ICaþkCa½Ca2þ
�SMC

� �
, ðA:1Þ

where ICa is the Ca2þ ion current (Eq. (36)), a is the Faraday
constant times cytosol volume (see Table B2); kCa is the constant
ratio of Ca2þ outflux to influx, and r is

r¼ ðKdþ½Ca2þ
�SMCÞ

2

ðKdþ½Ca2þ
�SMCÞ

2
þKdBT

, ðA:2Þ

with Kd being the rate constant in the calcium buffer reaction and
BT is the total buffer concentration.

A.2. Vessel mechanics

We consider a section of the vessel of length 1 cm (several
orders of magnitude larger than the vessel diameter, which is mm
scaled). The force on the vessel due to transmural pressure, Dp, is

fDp ¼
1

2
Dp

x

p�
A

x

� �
, ðA:3Þ

where the cross-sectional area is A¼ pðr2
o�r2

i Þ, and the mean
radius is r ¼ ðroþriÞ=2, giving the mean circumference x¼ 2pr .

For the muscle mechanics, consider a segment of the vessel as
a cylindrical element with thickness ro�ri, 0ryr2p, and unit
length along the axis. The longitudinal cross sectional surface
area, S, is then S¼ 1ðro�riÞ. The stresses on S are described using a
Maxwell model along x (the mean circumference) that consists of
a contractile component of length y, a series elastic component of
length u, a parallel elastic component of length x¼ uþy, and a
parallel viscous component (details in Gonzalez-Fernandez and
Ermentrout, 1994). The hoop stresses associated with x, y, and u

are sx, sy, and su, respectively. The normalized hoop stresses in
terms of the normalized lengths are

s0x ¼ x03 1þtanh
x0�x01

x02

� �
þx04ðx

0�x05Þ�x08
x06

x0�x07

� �2

�x09, ðA:4Þ

s0u ¼ u02expðu01u0Þ�u03, ðA:5Þ

and

s0y ¼
sy0

s#0

exp
�ðy0�y00Þ

2

2½y01=ðy
0 þy02Þ�

2y0
4

 !
�y03

" #

1�y03
: ðA:6Þ

Here we consider nondimensional variables x0 ¼ x=x0, y0 ¼ y=x0,
u0 ¼ u=x0, y00 ¼ y0=x0, and similarly s0x ¼ sx=s#0 , s0y ¼ sy=s#0 , s0u ¼
su=s#0 . The muscle-activation level sy0

comes from the attach-
ment of myosin–actin crossbridges (Eq. (A.9)).

A.3. Myogenic stress

The myogenic contraction occurs after the attachment of
myosin and actin crossbridges, which involves the Ca2þ-depen-
dent phosphorylation of the myosin chains. The ratio, c, of
phosphorylated to total myosin chains is

c¼
½Ca2þ

�
q
SMC

Caq
mþ½Ca2þ

�
q
SMC

, ðA:7Þ

where Cam and q are constants. The fraction of attached cross-
bridges, o, is governed by

do
dt
¼ kc

c
cmþc

�o
� �

, ðA:8Þ
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where kpsi is the rate constant, and cm is a constant. If the value of
experimental ½Ca2þ

�SMC associated with reference activation is
Caref, then

sy0
¼

s#y0

oref
o, ðA:9Þ

where oref ¼cðCaref Þ=ðcmþcð½Ca2þ
�SMC,ref ÞÞ.

dy0

dt
¼

�n0ref

c
cref

a0
1�

s0u
s0y

a0 þ
s0u
s0y

, 0r
s0u
s0y

r1,

c0 exp b0
s0u
s0y
�d0

 ! !
�expðb0ð1�d0ÞÞ

" #
, 1r

s0u
s0y

,

8>>>>>>>>><
>>>>>>>>>:

ðA:10Þ

where n is the velocity of contraction of the contractile compo-
nent at zero load, and n0 ¼ n=x0, with n0ref is n0 at the reference
muscle activation level. Similarly, cref ¼cðCaref Þ.
Table B1
Astrocyte model parameters.

Os synaptic space

JSK ,maxnkNa 0.6 mM/s

KKoa 1.5 mM

d 0.001235

KG 8.82

Oastr astrocyte intracellular space

rh 4:8 mM

kdeg 1:25 s�1

bcyt 0.0244

Kinh 0:1 mM

kon 2 mM�1 s�1

Jmax 2880 mM s�1

KI 0:03 mM

Kact 0:17 mM

Vmax 20 mM s�1

kpump 0:24 mM

PL 5:2 mM s�1

½Ca2þ
�min

0:1 mM

VEET 72 s�1

kEET 7:1 s�1

Castr 40 pF

gleak 78.54 pS

vleak �70 mV

gBK 225.6 pS

vBK �95 mV

EETshift 2 mV mM�1

v4 14.5 mV

v5 8 mV

v6 �15 mV

cn 2:664 s�1

Ca3 400 nM

Ca4 150 nM

gTRPV 200 pS

vTRPV 6 mV

k 0.04

v1,TRPV 120 mV

v2,TRPV 13 mV

E1=2 0.16

gCai
0:2 mM

gCae
0.2 mM

tTRPV 0:9 s�1

OP perivascular space

½Ca2þ
�P,min

2000 mM

VRpa 3.2e�05
The hoop forces on S due to the viscoelastic and myogenic
stress are

f x ¼weSs0xs
#
0 , f u ¼wmSs0us

#
0 , ðA:11Þ

respectively. The weights, we and wm, represent the contributions
of the viscoelastic and myogenic hoop forces, respectively.

The circumferential contraction or dilation resulting from the
forces on S is then

dx

dt
¼

1

t ðfDp
�f x�f uÞ, ðA:12Þ

where the time constant, t, is associated with the wall internal
friction.
Appendix B. Simulation parameters

Parameters used in this model are given in Tables B1 and B2.
See Sections 2.2–2.4 for parameter descriptions; for parameters
used in the vascular SMC equations, see Appendix A.
Source

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Source

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Bennett et al. (2008)

Bennett et al. (2008)

Bennett et al. (2008)

Bennett et al. (2008)

Bennett et al. (2008)

Bennett et al. (2008)

Bennett et al. (2008)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Filosa et al. (2006)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Farr and David (2011)

Kung (2005)

Benfenati et al. (2007)

Fit to Cao (2011)

Fit to Nilius et al. (2004) and Watanabe et al. (2003)

Nilius et al. (2004) and Watanabe et al. (2003)

Fit to Cao (2011)

Watanabe et al. (2003)

Fit to Nilius et al. (2004)

Fit to Cao (2011) and Watanabe et al. (2003)

Source

Estimation

Farr and David (2011)



Table B1 (continued )

Os synaptic space Source

VRps 0.1 Farr and David (2011)

Rdecay 1 s�1 See Section 3.4

Cadecay 0.5 s�1 Estimation

½Kþ �P,min
3 mM Farr and David (2011)

OSMC smooth muscle cell space Source

vKIR,1 57 mV Farr and David (2011)

vKIR,2 130 mV See Section 3.4

gKIR,0 145 pS Farr and David (2011)

aKIR 1020 s Farr and David (2011)

av1
18 mV Farr and David (2011)

av2
10.8 mV See Section 3.4

bKIR 26.9 s Farr and David (2011)

bv1
18 mV Farr and David (2011)

bv2
0.06 mV Farr and David (2011)

g 1970 mV mM�1 Koenigsberger et al. (2006)

Table B2
Arteriole model parameters.

OSMC smooth muscle cell space Source

DP 60 mmHg Horiuchi et al. (2002) and Hudetz et al. (1987)

v1 �21.0 mV See Eq. (38)

v2 25 mV Gonzalez-Fernandez and Ermentrout (1994)

v4 14.5 mV Gonzalez-Fernandez and Ermentrout (1994)

v5 8 mV Gonzalez-Fernandez and Ermentrout (1994)

v6 �15 mV Gonzalez-Fernandez and Ermentrout (1994)

Ca3 400 nM Gonzalez-Fernandez and Ermentrout (1994)

Ca4 150 nM Gonzalez-Fernandez and Ermentrout (1994)

fn 2.664 Gonzalez-Fernandez and Ermentrout (1994)

vL �70 mV Gonzalez-Fernandez and Ermentrout (1994)

vK �80 mV Gonzalez-Fernandez and Ermentrout (1994)

vCa 80 mV Gonzalez-Fernandez and Ermentrout (1994)

C 19.635 pF Gonzalez-Fernandez and Ermentrout (1994)

gL 62.832 pS Gonzalez-Fernandez and Ermentrout (1994)

gK 251.33 pS Gonzalez-Fernandez and Ermentrout (1994)

gCa 157 pS Gonzalez-Fernandez and Ermentrout (1994)

Kd 1000 nM Gonzalez-Fernandez and Ermentrout (1994)

BT 10000 nM Gonzalez-Fernandez and Ermentrout (1994)

a 4.3987eþ15 nM C�1 Gonzalez-Fernandez and Ermentrout (1994)

kCa 1.3568eþ11 nM C�1 Gonzalez-Fernandez and Ermentrout (1994)

½Ca2þ
�SMC,m

500 nM Gonzalez-Fernandez and Ermentrout (1994)

q 3 Gonzalez-Fernandez and Ermentrout (1994)

½Ca2þ
�SMC,ref

510 nM Gonzalez-Fernandez and Ermentrout (1994)

kc 3.3 Gonzalez-Fernandez and Ermentrout (1994)

s#y0
2.6eþ06 dyne cm�2 Gonzalez-Fernandez and Ermentrout (1994)

s#0 3eþ06 dyne cm�2 Gonzalez-Fernandez and Ermentrout (1994)

cm 0.3 Gonzalez-Fernandez and Ermentrout (1994)

nref 0.24 Gonzalez-Fernandez and Ermentrout (1994)

a0 0.28125 Gonzalez-Fernandez and Ermentrout (1994)

b0 5 Gonzalez-Fernandez and Ermentrout (1994)

c0 0.03 Gonzalez-Fernandez and Ermentrout (1994)

d0 1.3 Gonzalez-Fernandez and Ermentrout (1994)

x01 1.2 Gonzalez-Fernandez and Ermentrout (1994)

x02 0.13 Gonzalez-Fernandez and Ermentrout (1994)

x03 2.2443 Gonzalez-Fernandez and Ermentrout (1994)

x04 0.71182 Gonzalez-Fernandez and Ermentrout (1994)

x05 0.8 Gonzalez-Fernandez and Ermentrout (1994)

x06 0.01 Gonzalez-Fernandez and Ermentrout (1994)

x07 0.32134 Gonzalez-Fernandez and Ermentrout (1994)

x08 0.88977 Gonzalez-Fernandez and Ermentrout (1994)

x09 0.0090463 Gonzalez-Fernandez and Ermentrout (1994)

u01 41.76 Gonzalez-Fernandez and Ermentrout (1994)

u02 0.047396 Gonzalez-Fernandez and Ermentrout (1994)

u03 0.0584 Gonzalez-Fernandez and Ermentrout (1994)

y00 0.928 Gonzalez-Fernandez and Ermentrout (1994)

y01 0.639 Gonzalez-Fernandez and Ermentrout (1994)

y02 0.35 Gonzalez-Fernandez and Ermentrout (1994)
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Table B2 (continued )

OSMC smooth muscle cell space Source

y03 0.78847 Gonzalez-Fernandez and Ermentrout (1994)

y04 0.8 Gonzalez-Fernandez and Ermentrout (1994)

x0 188:5 mm Ngai and Winn (1995)

a 50:265 mm2 Dacey and Duling (1982)

S 40 000 mm2 Dacey and Duling (1982)

we 0.9 Gonzalez-Fernandez and Ermentrout (1994)

wm 0.7 Gonzalez-Fernandez and Ermentrout (1994)

t 0.2 dyne cm�1 Gonzalez-Fernandez and Ermentrout (1994)
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