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We propose two different approaches generalizing the Karhunen-Loéve series expansion to model and
simulate multi-correlated non-stationary stochastic processes. The first approach (muKL) is based on the
spectral analysis of a suitable assembled stochastic process and yields series expansions in terms of an
identical set of uncorrelated random variables. The second approach (mcKL) relies on expansions in
terms of correlated sets of random variables reflecting the cross-covariance structure of the processes.
The effectiveness and the computational efficiency of both muKL and mcKL is demonstrated through
numerical examples involving Gaussian processes with exponential and Gaussian covariances as well
as fractional Brownian motion and Brownian bridge processes. In particular, we study accuracy and
convergence rates of our series expansions and compare the results against other statistical techniques
such as mixtures of probabilistic principal component analysis. We found that muKL and mcKL provide
an effective representation of the multi-correlated process that can be readily employed in stochastic
simulation and dimension reduction data-driven problems.
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1. Introduction

Stochastic simulation, sensitivity analysis and optimization of
multi-physics and multi-scale problems of interest in engineering
often involve non-stationary random processes with mutual
correlations. The effective mathematical representation of such
processes is the key element for the efficiency of any computa-
tional approach that aims at providing quantitative results. Over
the years many different techniques have been developed for this
purpose. A popular one employs series expansions in terms of
random variables. The series can be constructed, e.g., by using
orthogonal polynomials [1,2], spectral density methods [3-6],
wavelets [7-9], Karhunen-Loéve (KL) decompositions [10-16],
bi-orthogonal techniques [17-19] or functional principal compo-
nent analyses [20-23]. Many of these methods have been devel-
oped for a single process or ensembles of statistically independent
processes, and their generalization to multi-correlated processes
and fields is not straightforward. Nevertheless, many systems
of interest to engineering involve multi-correlated processes,
for instance, earthquake ground motions [24,25], fluid-structure
interaction [26,27], acoustic propagation [28,3] and multi-scale
modeling of materials [29]. Thus, it is of fundamental importance
to develop appropriate mathematical frameworks to model
and simulate multi-correlated random processes effectively. The
spectral density method [4,5] has been already extended to multi-
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variate non-stationary random processes, providing good results
in capturing the power-spectral density and the cross-spectral
density [24,30]. In addition, the numerical efficiency can be
improved by using fast transforms such as FFT, DFT, and digital
filters. However, the spectral density method is limited to weakly
stationary random processes. Another technique that has been
proposed to represent multi-correlated processes is the mixture
of probabilistic principal component analysis (moPPCA) [31,32].
In this method, one looks for a representation of multiple random
processes in terms of a linear combinations of independent ran-
dom variables. The expansion is usually constructed by analyzing a
large amount of data which is then classified into a prescribed
number of partitions while obtaining the principal axes for each
partition. If the relational structure between the data is considered
only within each partition then we have the so-called probabilistic
relational PCA [33]. A related approach has been recently intro-
duced by Vorechovsky [34].

In this paper, we propose two methods that extend the
classical KL expansion to multi-correlated non-stationary sto-
chastic processes. The first is based on the spectral decomposi-
tion of a suitable assembled process and yields series expansions
in terms of an identical set of uncorrelated random variables. A
similar strategy has been proposed in the context of functional
principal component analysis [35]. The second approach relies on
expansions in terms of correlated sets of random variables. The
cross-covariance structure of the processes is imposed by setting
the cross-correlation between such sets of random variables
appropriately. Both these methods are straightforward to use
and can be readily employed in stochastic simulations based
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on Monte-Carlo, polynomial chaos [10,36] or probabilistic
collocation [37].

This paper is organized as follows. In Section 2, we present
the KL expansion for multi-correlated processes and introduce
the multiple uncorrelated (muKL) and multiple correlated (mcKL)
expansion methods. The effectiveness and the computational
efficiently of both methods is discussed in Section 3. In Section 4
we present an application of muKL to a tumor growth model
driven by two mutually correlated stochastic processes. Finally, the
main findings and their implications are summarized in Section 5.

2. KL expansion for multi-correlated processes

Let us consider an ensemble of n zero-mean, square integrable
random processes

{f1t; @), ... o (t: @)} 1

in a complete probability space (€2, F, P), where w € €2, €2 denotes
the sample space, F is a o-field on €2, and P is the applicable
probability measure on F. We assume that each process is
defined in a bounded time interval [0, T]. The correlation structure
between the processes {f;(t;w), ...,f,(t;w)} can be represented in
terms of n(n+1)/2 covariance kernels Cj,

Ci(s, O Ef (& )fy(s; )],
where [E[] denotes the statistical expectation operator. The quan-
tity Cj(s,t) is the auto-covariance of the process f;(t; w), which
will also be denoted as Cj(s,t), for notational convenience. If
the processes {f,(t; ®), ....f,(t; ®)} are mutually independent, then
the classical KL expansion can be applied to each process, leading
to multiple series which can be constructed separately [11,15].
However, if the cross-covariances Cj;(s, t) are not zero, then it is not
straightforward to obtain consistent expansions for all random
processes, reflecting both the autocorrelation as well as the cross
covariance structure.

Hereafter we propose two different methods to overcome this
problem. The first relies on series expansions of all processes in
terms of a single set of uncorrelated random variables (see also
[35]). The second employs distinct but correlated sets of random
variables for each process [30,34,38]. We will examine both
stationary as well as non-stationary processes. In particular, we
will consider Gaussian processes with exponential

1<i<j<n,

) . & B |t—s|
Ci(s,t) = Z exp{ o } 2)
and Gaussian
) o2
cis, t)=D'exp{—6“ 2 } @
Ti i

covariances, where 7; and D; represent, respectively, the correla-
tion length and the correlation amplitude of the process f;(t; ®).
We will also consider non-stationary covariances [39,40], such as
those associated with fractional Brownian motion

Ci(s. 0) =%(|s|2”f + P — |5 — 12, )
where 0 < H; < 1 is the Hurst parameter, and Brownian bridge
Ci(s, t) = Di(min(s, t) — st) (5)
processes.

2.1. Multiple uncorrelated KL expansions (muKL)

In this method we look for a series expansion of each random
process in (1) in terms of a single set of uncorrelated random
variables. In order to construct such a series, we first consider an

assembled process f(t;w) defined as
def

f:o)Efit-Ti 1;w), tel (6)

where T;=iT, 7, =[0,T{] and Z;=(T;_1,T;] (1 <i<n). In other
words, the restriction of the assembled process f(t;w) to the
time interval Z; coincides with the process f;(t; ). Note that here
we assumed that all processes in (1) are defined on the same
time interval [0,T], although this requirement can be easily
relaxed. Obviously, f(t; @) is still a second-order process satisfying

Ef ()] =0, Ef(t:o)f (s:0)] = CGs. b), @)
where the assembled covariance function C(s, t) is defined as
6(5,t)défcij(sz,‘_bfij_]), seZj, fEZj. 8)

At this point, we look for a KL-type expansion of the assembled
process (6) in the form

Jto)= 3 \JAfuvé) ©
where & (@) are uncorrelated random variables

def 1 Tn z

= t; t) dt 10
G | feofwa, (10)

while 4, and f «(0) are, respectively, eigenvalues and eigenfunctions
of a symmetric compact integral operator [41,42] with kernel (8),
i.e.,, they are solutions to the homogeneous Fredholm integral
equation of the second kind

Tn - -
/0 C(s, t)f (s) ds = Af (D). 8))

However, our assembled covariance C(s,t) could not be positive
semi-definite, even when all the covariances are positive semi-
definite. This might lead to negative eigenvalues. For practical
applications it is desirable to have a non-negative operator. In a
discrete setting this yields the following positivity condition for
the assembled discretized covariance C(t;, t):

C(t;, tj)xix; = 0, (12)

™M=
™M=

j=1i

for any finite time sequence {t1, ..., ty} and real numbers {X1, ..., Xn}.
In other words, the m x m matrix

Citr.ty) Cltr.t) Ctr.tm)
Co C(t2.>tl) C(f2.,f2) C(fz.,tm) (13)
C(tm.t1) C(tm,t2) Ctm, tm)

should be positive semi-definite for any set of m distinct time
instants in [0,T]. As we will see in Section 2.1.1, the positivity
requirement introduces several constraints, e.g., in the cross-corre-
lation lengths. Once we have the available eigen-pair {A.f(t)}
(k=1,2,...), ordered according to the magnitude of the eigen-
values /, then we represent each eigenfunction f «(O) in terms of n
sub-components qﬁf(”(t) (i=1,...,n) defined as

HOOEF(t+Ti )T on(®), (14)

where 7o 7y is the indicator function on the set [0, T]. In this way, the
i-th random process f;(t; @) is expanded as

fit)= 3 b Ok@) (15)
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Note that 4, and &,(w) appearing in this equation are the same as
those appearing in the assembled process (9). For each specific index
i, the set of sub-components {452)({)} (k=1,2,...)is not orthogonal’
nor normalized in ¢t € [0, T]. However, d)f:)(t) can be easily normalized
within the time interval [0, T]. This leads to the following series:

N O ENU)
fittbw)= ’Z] A P O (@), (16)
k =
where ¢ O #©/140 D12 and 1, LA 013 We remark
that each random process in (15) or (16) is represented in terms of
the same set of random variables &;. Therefore, the muKL method
cannot be used to represent heterogeneous sets of processes, i.e.,
processes with different types of random variables in the series
expansion.
Next, we study the convergence properties of truncated muKkL
expansions. To this end, let us first define the truncated assembled
process as

M .
Sut:) T \if o) (17)
and the corresponding mean-squared error as
5 def T Zop . 2
= ) E[(f (t; @) —Sm(t; w))~] dt. (18)

By using the fact that &, are uncorrelated and that f, are
orthonormal, we immediately obtain

2= 3 (19)
k=M+1

i.e., the truncation error of the series (9) decreases with respect to

the decay rate of the eigenvalues. The quantity &%, also provides an

upper bound for the truncation error of the muKL expansion (15).

In fact, we have

T . 2
I [(fi(r)— kﬁl ﬁﬁ)(t)ék) } dr

T; o
_ / E[(F(6) — Swi(t: )] dt < ;. 20)
i—1
In addition, the errors of the cross-covariances Cy are bounded by
the error of the assembled covariance C(t,s) in Eq. (8). In fact, by
Mercer's theorem [42], the quantity

¢ def 1 /T" /T"
ey=—=
IC(s, b))l Jo Jo

goes to zero uniformly in M, and this implies that

||€(s1, Dll1 /oT /oT

is bounded by sl\f,,. Similar results hold for the covariances Ci(s, t).
The proper choice of M in (17) can be done, e.g., by imposing
a certain threshold for the errors ey or . Based on Eq. (19),
this is equivalent to set a threshold for the relative cumulative
spectrum, e.g.,

N Mo
C(s,0)— EJ] Aif k() (8)| dt ds (1)

M . .
Cits.h— Y Ay L 0] dt ds 22)
k=1

M )
S =095 Y A 23)
k=1 k=1

! The spectral theorem [41] guarantees that the solutions to Eq. (11) are
orthonormal in Ly([0, T]). This does not obviously imply that their sub-components
are orthogonal as well.

2.1.1. Positivity constraints for exponential covariances

We have seen in the previous section that the assembled
covariance kernel (8) is, in general, not positive semi-definite.
This could yield negative eigenvalues in the expansion of the
assembled process and, consequently, in the expansions of all
processes. In practical applications it is convenient to have positive
eigenvalues. This requirement induces a positivity constraint in
the integral operator at the left hand side of (11). In order to
understand the implications of such a constraint, let us consider
a simple prototype problem involving two random processes,
fit;w) and f,(t;w), with exponential covariances and cross-
covariance as in Eq. (2). We choose two time instants (s1,5;) e
[0,T}?, such that t; =s; and t, =s,+T. This yields the following
assembled covariance kernel:

(21 712 712

Lexp{,M} 1

e
Il

712 712 2

which must be positive semi-definite for all s; and s,. An equi-
valent statement for a matrix to be positive semi-definite is that all
the eigenvalues are non-negative and a necessary condition is that
the determinant is non-negative. In our case, this yields

det[C]= ot exp

IS1—52|
o T%Z {— 27} >0, (24)

712

which is verified for all s; and s, provided 7,7, < r%z. This result
can be extended to n exponentially correlated random processes
by choosing t; €[T;_1,T;] and t; €[T;_1,T;], where i<j. By using
similar arguments we obtain that the assembled covariance kernel
is non-negative if the correlation lengths satisfy

7T < 7. (25)
This positivity condition holds also for processes with Gaussian
covariances in the form (3). In summary, the set of correlation
lengths {z;} for which the muKL method is applicable is bounded.
The exact range will be determined numerically in Section 3.
Constraints of type Eq. (25) arise as a consequence of the
assumption that each process f; is a linear combination of an
identical set of random variables. In order to see this, let us revisit
the example above and assume that each process has the same
correlation length, i.e., 7; = 7;. In this case the positivity condition
of the assembled covariance is satisfied by the requirement
7; =1 < 7. Thus, the cross-correlation length between two pro-
cesses must be larger than the correlation length of each process.
In other words, expanding different random processes relatively to
the same set of random variables (as done in muKL) makes sense if
the processes are “enough correlated” to each other.

2.2. Multiple correlated KL expansion (mcKL)

Differently from the muKL technique introduced so far, where
only one set of uncorrelated random variables was used to repre-
sent the whole set of stochastic processes (1), the mcKL expansion
method employs different sets of mutually correlated random
variables. Let

fitor= 3 \/rwiwn (26)

be the standard KL expansion of f;(t;w). For a fixed index i,
{y;'{,y/;'{(t)} are eigen-pairs of the auto-covariance Cj(s,t), while
{n;;(w)} is a set of zero-mean uncorrelated random variables with
unit variance. Upon definition of

KJ ), 27)
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we obtain from Eq. (26) the cross-covariances
Cij(s. ) = Elf i(s; w)f (6 w)]

= 3 Koo (28)
The correlation constants K¥, in Eq. (27) can be determined by

projecting the kernels Cj(s,t) onto the eigenfunction set of each
random process. This yields (see also [1])

. T T . .
Ki = / /0 Cy(s. DSy (0) ds dt. 29)

1

Let K be the block matrix

I K2 .. K™
21 2n

der | K1 oKy (30)
1<'“ K™ ..

where [ is the identity matrix and KV is the matrix defined in
Eq. (29). Note that, in general, K is symmetric but not necessarily
positive definite. We will revisit this issue in Section 3.2.

The next question is how to obtain the random variables
{ni()} in Eq. (26) from K}y,. To this end, let

{ny()}

2
S {ﬂk(:w)} 31)

(@)}

be a correlated random vector collecting all random variables
{n;<(w)} in which the processes (26) are expanded. In order to
generate realizations # we assume that K is positive definite and
perform a Cholesky decomposition in the form K = RR'. Then we
transform the random variables as 77 = R~ '#. This yields E[7j7}"] =1,
i.e., the random vector 77 has uncorrelated components. Thus, in
order to represent our processes we can first consider a set of
uncorrelated random variables 77 and then transform them into
the specified correlated set # by simply applying R to #.> The
eigenfunctions wj'((t) in (26) can be transformed as well by
applying R to the right. In fact, if we denote by ¥(t) the vector
collecting the eigenfunctions of all the auto-covariances, then we
have ¥ (t) = P(OR.

The series expansions (26) obtained in this way satisfy the
correlation structure (28). Similar expansions have been obtained
by Vorechovsky [34], by directly imposing the correlation con-
stants rather than considering their expression in terms of cross-
covariance kernels. The truncation error of the mcKL series can be
defined as the summation of the error in each covariance kernel

Gy def / /
& Cii(s, t
My = ||Cu(s DIl €. 0

- 2 2 KV A virmwisiwh, o)) ds dt. (32)

k=1m

2.2.1. Analytical results for exponentially correlated processes

The eigenvalues and eigenfunctions of integral operators in the
form (11) with exponential covariances (2) admit an analytical
expression [10,44]. In particular, let ¢;=1/7;, where z; is the

2 We recall that correlated non-normal random variables can also be trans-
formed into a set of uncorrelated normal random variables by using Nataf
transformation [43]. This technique first transforms each non-normal random
variable into a normal random variable by using the inverse cumulative distribu-
tion function, and then apply the Cholesky decomposition to the correlation matrix
to convert them into uncorrelated variables.

correlation length of the process fi(t;w). Then y}, and wi(t) in
Eq. (26) are given by

; 2¢;
! ! 33
e 1k+c2 ( )
o
Wi = E(Wlk cos (Wyt) + sin (wm) (34)
1K

where wy, (k=1,2,...) are solutions to the transcendental equa-
tion (W3 —c?) tan (wyT)—2c;wy, = 0 and

1 Wik Wl‘zk sin (ZwikT)
2<1+ >T+ <?—1 .

1/2
+2—Ci(1 — Cos (2wikT))} .

Ay =

A substitution of Eqgs. (33) and (34) into Eq. (29) yields the
following analytical expression for the cross-covariances:

KU =B B 4 B2 cos(wyT)+BP sin(w;T)]

x[BI* +BJ> cos (W T)+BU° sin (wj,T)],

km

where
o c,ze—T/Cu 1
in = 202 22y Gi=—o

AiAjmCici(1+¢; wlk)(l +Ciwi,) Tjj

u] ij2
km =(1 +C1Cy)e UWik, Bkm -1 +Czcy)wzk,
ij3 ij4 _ OO

Bl = —Ci+CiW, Bl = (= 14+6iCj)Wjm,

BU5 T/cji

im = (1=Cic)e” TWjm, Bl = (G+CWine
Similar analytical results can be obtained for regularized expo-
nential covariances [45]. Clearly, the availability of analytical
results for the KL decomposition of each process f; significantly

reduces the computational cost of the mcKL method.

3. Numerical results

In this section we compare the proposed methods, i.e., muKL
and mcKL (see Table 1), in terms of accuracy and computational
cost. To this end, we consider multi-correlated random processes
with both stationary and non-stationary covariances (2)-(5) in the
time interval [0, 1]. Unless otherwise stated, we set D;=1, for all i.
We first consider two exponentially correlated processes, f;(t; @)
and f,(t; m). Several realizations (sample paths) of these processes
are shown in Fig. 1 for 71 =0.2, 7, =1 and different cross-
correlation lengths and amplitudes D1,. The truncation dimension
in the muKL and mcKL series expansions (see Eqgs. (22)-(32)) is set
to M=50 and M; = M, =25, respectively. It is seen that, as we
increase the cross-correlation length and amplitude the samples of
f1 and f; are more and more correlated, i.e., they tend to follow the
same trend.

Imposing a cross-covariance between f; and f, results in
different effects in muKL and mcKL expansions. In particular, in
the muKL framework the cross covariance structure affects the
basis functions qﬁfj) in Eq. (14). On the other hand, in the mcKL
framework the cross-covariance affects the correlation coefficients
(29). Specifically, if the cross-correlation length is non-zero we see
that several cross-correlation coefficients are activated (see Fig. 2).

Next, we compare muKL and mcKL methods in terms of
accuracy. To this end we consider two correlated random pro-
cesses with Gaussian covariances and cross-covariance. First of all,
we examine the L, errors (21) and (32) as a function of the number
of expansion terms M, and verify convergence of both muKL and
mcKL expansions. This is done in Fig. 3 where we show the error of
the assembled covariance kernel for different values of 7, fixed
Ty =712 =2, and M; = My = M/2. It is seen that the error depends
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Fig.1. Sample paths of two exponentially correlated random processes f (t; w) and f,(t; w) generated by using muKL (first row) and mcKL (second row). Shown are results for
D; =D, =1,71=0.2, 7, = 1 and different cross-covariance lengths 71, and amplitudes D;. It is seen that the sample paths of f,(t; ») tend to follow those of f;(t; ») when 71,

and D, increase.
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Fig. 2. Absolute value of the cross correlation coefficients K}2, defined in Eq. (29). We see that for non-zero cross-correlation lengths 7;, several coefficients are activated.

10°
—_—7 =1.0
T1 = 0.2
10—5 ----- T = 0.1
---7,=0.05
0=
W -
[ \
,]0 ‘ i. \
10 o B
A A
SR
a0
z - A\
-15 R P U —— -15
10 = 10
0 50 100 150 200 0
M

25

50 75 100
My, M,

Fig. 3. L, error in the assembled Gaussian covariance C by using muKL (left) and mcKL (right) expansions. Shown are results for different correlation lengths r; and fixed
75 =712 = 2. Smaller correlation lengths require more random variables for a prescribed level of accuracy in both methods. However, muKL shows faster convergence and

smaller errors than mcKL.
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significantly on 7;. In particular, the convergence of the series
becomes slower as 7; decreases. Despite the smaller error in the
first few dimensions of mcKL expansion, the convergence rate of
the muKL expansion is faster than the mcKL expansion and the
overall error is lower as well. The plateau observed in error plot of
the mcKL method for large M is due to the correlation coefficients
K}?, which remain of order 10~ '° for large k.

In Table 2 we summarize the number of random variables in
muKL and mcKL expansions that yield 97% of the total energy of
the processes, i.e., M is the truncation dimension defined by the
condition £, < 0.03. As expected, muKL achieves the same level of
accuracy by using less random variables than mcKL (see also
Fig. 3). This is particularly true for weakly correlated processes,
i.e. processes with small correlation length.

Next, we examine the error of exponentially correlated pro-
cesses. This is done in Fig. 4, for the case 71 =1, 7, =0.1, 715, = 1.
Note that the error decays slower compared to the Gaussian case.
This is due to the fact that the exponential kernel is less smooth
than the Gaussian one [46]. Fig. 4 also emphasizes different
aspects in the decay of the covariance errors obtained by muKL
and mcKL. In fact, the error in the cross covariance e,f/;z decreases
monotonically in mcKL, but not in muKL. Nevertheless, the total
error turns out to be smaller by using muKL.

We also apply muKL and mcKL methods to random processes
with non-stationary covariance functions. In particular, we con-
sider fractional Brownian motion (FBM) and Brownian bridge (BB)

Table 1
Summary of the algorithms for muKL and mcKL expansions.

processes (see Egs. (4) and (5)). In Fig. 5 we show the assembled
covariances for the specific cases we consider here, i.e., FBM and
FBM/BB. The truncation dimensions for muKL and mcKL expan-
sions are set to M=48 and M = 36, M, =12 in FBM, and to M=54
and M; =34, M, =20 in FBM/BB. With these parameters the
absolute error in the representation of the covariances is less than
102 (see Fig. 6). Note that in both muKL and mcKL methods, the
maximum error occurs at the locations where the covariance
function is less smooth. In particular, the mcKL expansion exhibits
larger absolute and L, errors in the cross-covariance function,
which is consistent with previous results.

3.1. Computational cost

The muKL method requires solving an eigenproblem of size nN,
where N denotes the number instants discretizing the time
interval [0, T]. Thus, the computational cost of muKL is On3N>).
On the other hand, the mcKL expansion involves n eigen-
decompositions of size N, i.e., OnN?). In addition, the projection
of the eigenfunctions has to be computed. The computational cost
of this operation is affected by the truncation dimensions M; and
M, of the expansions and n, i.e., we obtain O(MiMjnZNz). In Fig. 7
we compare the computation time (in s) required by muKL and
mcKL to decompose n Gaussian correlated random processes with
7;=0.2 and 7;;=1.0. The expansions are truncated at M=18n
(muKL) and M;=18 (i=1,...,n) (mcKL).

muKL

mcKL

1. Assemble the random processes {f,....f,} and
the covariance function as in Eqs. (6)-(8)
2. Apply KL expansion to the assembled process (9)

3. Determine the basis function of each process and
represent it as in Eqs. (14) and (15)

1. Apply KL expansion to each process as in Eq. (26)

2. Compute the correlation coefficients that yield

the proper correlation structure (29)

3. Represent each process as in (26), where q}’.‘ are
determined by a singular value decomposition of (30)

Table 2

Number of random variables to achieve a truncation error smaller than 3%. The correlation lengths of the processes f; and f, are set as r; =1,
75 =21, 712 = 27. We see that the muKL expansion requires less random variables than the mcKL expansion, in particular for small .

z 1.0 0.2 01 0.05 0.02
M (muKL) 2 5 7 13 31
(M1, Ms) (mcKL) 2,1) (3,2) (6,3) (11, 6) (25,13)
10°
107
107
oS
w
10°°
. }
10° ==, e 10° =
—C - —C
1071 == C 1071 == C
0 50 100 150 200 0 25 50 75 100

M

My, M,

Fig. 4. L, errors in representing exponential covariances C;, C;, and C;, by using muKL (left) and mcKL (right). Here we set 71 =1, 73 = 0.1, 712 = 1. Note that the error of C;,
decreases monotonically in mcKL but not in muKL. The overall error is lower in muKL expansion.
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FBM FBM/BB
s s
0 0.5 1 1.5 2

Fig. 5. Left: Assembled covariance function of two fractional Brownian motion (FBM) processes with Hurst indices H;=0.4 and H,=0.7. The cross covariance is also of FBM-

type with Hi; =0.5. Right: Assembled covariance of two FBM processes (H;=0.4, H,=0.5) with Brownian bridge (BB) cross-covariance. In both cases the correlation
amplitudes are set to Dy =1, D, =1 and D;; =0.5.

Fig. 6. Absolute errors of muKL (first row) mcKL (second row) in representing the assembled covariance functions shown in Fig. 5.
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Fig. 7. (a) Computation time (in s) versus the number of random processes n; (b) computation time (in s) versus the number of degrees of freedom N in time domain
(number of equally spaced points within [0, 1]). The mcKL expansion is scalable and it requires less operations than the muKkL.
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compared to the auto-correlation lengths of both processes.

3.2. Constraints for positive-definiteness

In the present example, this happens when 7y, <0.1, which
coincides exactly with the theoretical condition we obtained in

Eq. (25).

Both muKL and mcKL have to satisfy a positive-definiteness
constraint. In fact, the assembled covariance function (8) in muKL
and the correlation matrix (30) of the random variables in mcKL
have to be positive-definite. In Fig. 8 we show the eigenvalues /1, of

In Fig. 9, we plot the set of correlation lengths 7 and 7,

satisfying the positive-definiteness condition for exponential and

Gaussian covariance kernels with 7; = 1. Note that the analytical

the assembled exponential covariance kernel (13) and the mini-

condition we obtained in Eq. (25) is in agreement with the
numerical results and it provides a lower bound for 715, given 7.

correlation

7, =0.1. The existence of negative

mum eigenvalue for different choices of the cross

length 71, and fixed 7,

We also study the positive-definiteness constraint for three ran-

eigenvalues clearly indicates that the assembled covariance func-
tion is not always positive-definite. The minimum eigenvalue

dom processes. This is done in Fig. 10 where we plot the level
sets of the cross-correlation lengths 7,3 and 7,3 for which the

becomes negative when the cross-correlation length is small

1.0
0.15
0.05

T12

=T

- -Ti2

(1)

-0.8

0.4 0.6 0.8

0.2

100 150 200

50

T12

Fig. 8. (a) Eigenvalues 4, of the assembled covariance kernel in muKL. (b) Smallest eigenvalue as a function of the cross-correlation lengths z;,. Here we set 71 =7, =0.1.

Note that all eigenvalues are positive for 71, > 0.1.
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Fig. 9. Set of correlation lengths 7, and 7, satisfying the positive-definiteness condition (circles) for z; = 1. We consider exponential covariance kernels in (a) and (b) and

Gaussian covariance kernels in (c¢) and (d). In (a) and (c) we employ muKL while in (b) and (d) mcKL. The line denotes the theoretical constraint in Eq. (25) of the muKL

expansion. We notice that not only muKL, but also mcKL satisfies a similar constraint.
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Fig. 10. Three Gaussian random processes. Level sets of the cross-correlation lengths 713 and 7,3 for which the minimum eigenvalue of the assembled covariance is zero. In
particular, we set 71 =1, 7 =2 and 71, =5 and consider different z3. Shown are results of muKL (a) and mcKL (b). The thin dashed lines are the analytical constraints in

Eq. (25).

712 =0.0, D12 =0.0

T2 =12, Do =1.5

075 1

—— moPPCA

Fig. 11. Basis functions y/](t), w}(t) and w!(t) (denoted as 1, 2 and 5 for notational convenience) as computed by mcKL and moPPCA. Note the results of two methods coincide
when f; and f> are uncorrelated (71 = 0). Also, the eigenfunctions computed by moPPCA are insensitive to changes in z1,. This suggests that moPPCA cannot represent cross-

correlated random processes.

minimum eigenvalue of the assembled correlation is negative.
Specifically we set 71 =1, 75 = 2 and 71, = 5 and consider different
values of 73. It is seen that the conditions in Eq. (25) still represent
lower bounds for the cross-correlation lengths.

3.3. Comparison with moPPCA

In the multiple version of the probabilistic principal compo-
nent analysis (moPPCA) [32] we look for a representation of
multiple random processes in terms of a linear combinations of
random variables. Therefore this method shares similar character-
istics with the proposed mcKL. However, differently from mcKL,
moPPCA assumes that all the random variables representing the
processes are independent, while mcKL expansion drops such an
assumption to impose cross-correlation. Therefore we expect that
moPPCA cannot properly represent cross-correlated processes. In
order to show this we consider two exponentially correlated
random processes f;(t; w) and f,(t; w) having correlation lengths
71=0.2, 75 =1.0, and 713 equal to 0 and 1.2 as in Fig. 1. In Fig. 11
we compare the basis functions of f;(t; @) as computed by mcKL
and moPPCA. Note that the results of the two methods coincide
when f; and f, are uncorrelated (71, = 0). Also, the eigenfunctions
computed by moPPCA are insensitive to changes in 7. This
suggests that moPPCA cannot represent cross-correlated random
processes.

4. Application to a tumor cell growth model

Many recent studies aim at developing simple models of
complex systems based on empirical or historical data [21,22,47].
This is the case, for example, of biological models described in
terms of stochastic differential [48,49]. The muKL and mcKL
methods can be applied in these contexts to find an appropriate
representation of the random input processes, provided we have
available their correlation structure, e.g., from empirical data. Let
us illustrate the procedure with specific reference to the tumor
growth model recently studied by Zeng and Wang [49]. The
governing equation is

X(t ) = GX)+8X)f 1 (t; ) +f1(t; w) 35
X(0: ) = Xo(@) G2
where x(t; w) denotes the tumor cell population at time t
def 1 _@x)— % def X
Gx)=x(1-0x) X1 gx)= X+ 1 (36)

p is the immune rate, and 6 is related to the rate of growth
of cytotoxic cells. The random process f;(t;w) represents the
strength of the treatment (i.e., the dosage of the medicine in
chemotherapy or the intensity of the ray in radiotherapy) while
the process f,(t;w) is related to other factors, such as drugs
and radiotherapy, that restrain the number of tumor cells. The
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Fig. 12. Mean (first row) and standard deviation (second row) of the tumor population. The covariance kernels of the random processes f; and f, are assumed to be Gaussian
with parameters 7y =7, = 0.5, Dy =D, = 0.1, D13 = 0.3 (left column) and 7y =73 =0.5, 712 = 1, D; = D, = 0.1 (right column). Note that the statistical properties of tumor

population are significantly affected by the cross-covariance structure of the noise.

parameters S, @ and the covariance structure of the random
processes f; and f, are usually estimated by using empirical
data. In the present paper, we assume that f;(t;®) and f,(t; w)
are cross-correlated Gaussian processes with zero mean and
Gaussian correlation functions given in Eq. (3). We also set
p=2.26 and @=0.1. The initial condition xo(w) for the tumor
density is assumed to be a standard Gaussian variable with mean
(Xo(w)) =7.266 and unit variance. Such a mean value corresponds
to the state of stable tumor in the absence of random noise [49].
We represent the random forcing processes f; and f, by using both
the muKL or mcKL methods. This allows us to solve the stochastic
ODE (35) with a high-order probabilistic collocation method [50].
We also employ sparse collocation of level three [51] when the
number of random variables in the forcing terms exceeds four. In
Fig. 12 we show the mean and the standard deviation of the tumor
population x(t; w) obtained by using mcKL expansions of random
forcing processes with different cross-covariance structure. The
dimension of each random process is at most 12 in all cases. When
we set D1, = 0.3, the mean population decays slower with smaller
variance for smaller values of 7,. On the other hand, if we set
712 = 1 and change D5, a similar phenomenon happens for larger
values of D;,. The mean population decays much faster with
increasing variance when D;, is negative. Similar results are
obtained by using mcKL expansion. We conclude that the solution
of the tumor cell growth model is significantly affected by the
cross-covariance structure of the random input processes f;
and f>. Therefore it is of fundamental importance to have available

techniques, such as those developed in the present paper, capable
of representing effectively the correlation structure of multiple
random processes.

5. Summary

In this paper, we proposed two different methods to represent
multi-correlated non-stationary stochastic processes. The first
method (muKL) is based on the spectral decomposition of a
suitable assembled process and yields series expansions in terms
of an identical set of uncorrelated random variables. A similar
strategy has been proposed in the context of functional principal
component analysis by Ramsay and Silverman [35]. The second
method (mcKL) relies on expansions in terms of correlated sets of
random variables reflecting the cross-covariance structure of the
processes. In some sense, muKL can be regarded as a combination
of KL expansion and orthogonal polynomial methods [1]. A similar
idea was developed independently by Vorechovsky [34], but the
method is restricted to the case where the auto-covariances are
identical. We demonstrated the effectiveness and the computa-
tional efficiency of the proposed algorithms through numerical
examples involving Gaussian processes with exponential and
Gaussian covariances as well as fractional Brownian motion and
Brownian bridge processes. We found that muKL usually provides
better accuracy and convergence rates but it is computationally
more expensive than mcKL. The latter approach yields scalable
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algorithms and it can be applied to cases where the sets of random
variables in each process are different. We used muKL and mcKL
approaches to model and simulate cross-correlated random pro-
cesses in a stochastic tumor model and found that the response of
the system is significantly affected by the cross-correlation struc-
ture of the noise. More general applications to systems driven by
multiple correlated processes such as those arising in the stochas-
tic modeling of materials and devices can be readily done.
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