We consider an example of a 3 x 3 system:

z' = Az
where
3 0 1
A= -1 35 2.5
1. —-0.5 2.5

e Whichever of the three approaches we take to understanding the solution, we will need to
compute eigenvalues, eigenvectors, and generalized eigenvectors. So let’s get it out of the way
first!

1. Find the eigenvalue(s) by computing det(A — rI) = 0:

3—r 0 1
det(A—rl) = -1 3.5—r 2.5 =0
1. —-0.5 25—r
So we have
det(A—rl) = B-=r)(35=7r)25-r)+(0.5)(2.5))+ (0.5—(3.5—1))
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= (B3-1)

So my eigenvalue (of multiplicity 3) is r = 3.
2. Find the eigenvector v such that (A — rI)v =0:

0 0 1 V1 0
-1 0.5 2.5 v | =10
1. =05 -0 V3 0

So that v3 =0, and v; — %’02 = 0. This gives us an eigenvector of the form

3. Compute the first generalized eigenvector w such that (A — rIw = v:

0 0 1 w1 1
-1 0.5 2.5 wy | =
1. =05 =05 w3 0

This gives us w3z = 1, w; — 0.5wy — 0.5 = 0 which is w; — 0.5w2 = 0.5. It is easy to chose

1
w = 1

1
1



4. Compute the second generalized eigenvector z such that (A —rl)z = w:

0 0 1 z1 1
-1 05 25 » |=11],
1. —05 —05 23 1

which gives z3 =1, 21 — 0.522 — 0.5 = 1 which gives a generalized eigenvector

So we have obtained an eigenvalue = 3 and its eigenvector, first generalized eigenvector, and
second generalized eigenvector:

1 1 1
v=\ 2 Jy,uw=[1 [,z=| -1
0 1 1

e Now let’s get the solution. As usual, there are 3 approaches:

1. Guess: To find the first solution (") we guess that it has the form z(*) = ve” and then
plug into the equation to get: (z(M)" = rve™ so that we need

rve"t = Ave™
which, since the exponential is a common term which is nonzero, requires
Av = ru.

It is well-known that a pair r, v which satisfy this relation is called an eigenvalue-eignevector
pair, and we computed it above. Unfortunately, in this case only one eigenvalue and one

eigenvector are found, so we can only get one solution this way.

t

To find the second solution, we guess 2z = ute™ + we™ and when we differentiate and

plug into the equation this gives us
ve't + vrte”™ 4+ wre™ = Avte™ + Awe™
canceling the e™ term and rearranging this we get
v=(Av —rv)t + (Aw — rw)
since r and v are an eigen-pair, this gives us
(A—rlHw) =v
which we solved above.
To find the third solution, we guess' z(3) = Jvt?e™ + wte™ + ze™. Plugging this into the
equation (yuck!) we get:
rt 1 2, rt rt rt rt 1 2 rt rt rt
vte™ + §Qt re™ + rwte™ + we™ +rzet = iAgt et + Awte™ + Aze

and canceling and rearranging we get:

(Aw — rw) —v)t + %(Ay—w)tz’ +((A=rIz—-w)=0

Lobviously!
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the first two terms vanish because of the definitions of v and w, and we have the require-
ment

(A-rDz=w.

We have computed this above, so now we need only piece this together:

1
£(1) — 2 €3t,
0
1 1
£(2) — 2 te3t 4 1 e3t,
0 1
and
1 1 1 1
g(g) = 2 | =23 + 1 | te® + -1 | e,
0 )2 1 1

Of course, to have any kind of intuition as to why we would choose these crazy guesses,
we need to consider the other 2 approaches!

. Compute the matrix exponential solution:
Here we know the solution is of the form z = e4*c because we define the matrix expo-
nential

1 1 1 1
At _ Lo  Loss o Loaa  Loss
e —I+At+2At +3!At +4!At +5!At + ...

which, when differentiated satisfies the differential equation 2z’ = Az.

The problem is, then, how to compute the matrix exponential. To do so, we take ad-
vantage of the fact that we can ”Jordanize” the matrix A, such that A = SJS~!. The
matrix J will look like:

and the matrix

1 11
S=2 1 -1
0 1 1

Let’s check this! I did this on MATLAB:

> J=[310; 031 ; 00 3]

J =
3 1 0
0 1
0 0 3

>8=[111;21-1;011]

g =
1 1 1
2 1 -
0 1



>> iS=inv(8S)

iS =
1.0000 0 -1.0000
-1.0000 0.5000 1.5000
1.0000 -0.5000 -0.5000
>> SxJ*i8
ans =

3.0000 0 1.0000
-1.0000 3.5000 2.5000
1.0000 -0.5000 2.5000

Now we use the fact that e = Se’*S~! and that

e3t te3t %tQ e3t

b= | 0 et fedt
0 0 et

or, in MATLAB
>> syms t
>> expm(J*t)
ans =
[ exp(3*t), t*xexp(3*t), 1/2*t"2*xexp(3*t)]
[ 0, exp(3*t), t*xexp (3*t)]
[ 0, 0, exp (3*t)]

to give us the fundamental matrix of solutions

1 11 e3t tedt %t263t 1 0 -1
dt)y=eM=|2 1 -1 0 et te -1 05 15
01 1 0o 0 e 1 —05 —0.5

In MATLAB I could get this by:

>> Sxexpm(J*t)*iS
ans =
[ exp(3*t)+1/2%t"2%exp(3*t), —1/4%t " 2xexp(3*t), t*xexp (3*t)-1/4*t"2*%exp (3*t)]

[ -t*exp(3*t)+t"2xexp(3xt), 1/2*xt*xexp(3*t)+exp(3*t)-1/2*t"2xexp(3*t) ,5/2*t*exp(3*t)-1/2xt"2
[ txexp(3*t), -1/2*t*xexp(3*t), exp (3xt)-1/2*t*exp (3*t)]

Or, of course, just by:

>> A= S*J*iS

A=



3.0000 0 1.0000
-1.0000 3.5000 2.5000
1.0000 -0.5000 2.5000

>> expm(A*t)
ans =

[ exp(3*t)+1/2*t"2%exp(3*t), —-1/4%t"2%exp(3*t),  t*exp(3*t)-1/4*t"2xexp(3*t)]
[ -t*exp(3*t)+t"2xexp(3xt) ,1/2xt*xexp (3*t) +exp (3*t)-1/2%t " 2xexp (3*t) ,5/2xt*exp (3*%t) —1/2%t " 24
[ t*xexp(3*t), -1/2*t*xexp(3*t), exp (3*t)-1/2*t*exp(3*t)]

Now, recall that our solution is z = e’¢c so that we have z = Se’*S~'¢. Since S~ !¢ is
just a bunch of constants, a good fundamental matrix of solutions is ¥(¢) = Se’t or

>> Sxexpm(J*t)
ans =

[ exp(3*t), txexp(3xt)+exp(3*t), 1/2%t"2%exp(3*t)+t*exp(3*t)+exp(3*t)]
[2xexp(3*t), 2*xt*xexp(3*t)+exp(3*t), t"2*xexp (3*t) +t*exp (3*t) —exp (3*t) ]
[0, exp(3*t), t*xexp(3*t)+exp(3*t)]

3. Partially decouple the system and solve it:
In this approach we also use the matrices found above to give us the information that
A = SJS~!. However, we do not yet require the exact form of the matrix S, just the
knowledge that this matrix can be transformed using S into a Jordan block matrix. So
now we use this transformation:

S

Z

this means that
/ !

I8

which (plugging back into the ODE) gives us
Sy’ = ASy.

Left-multiply both sides by S~! and use the fact that J = S~*AS to give the ODE

y = Jy.

Now let’s write out this ODE and solve?:

Yy = 3yt
Yy = 3y2+ys
Y5 = 3ys

3t

The last equation is easy to solve: ys3 = kse®*. Now we can plug this into the second

equation, which becomes:

Yy = 3yz+ kse
vh—3ys = kze®

2Note that at this point we could solve this ODE using e’? and the fact that we know to compute it, and then
z = Se’tk and we’d be done, but that would not be as much fun.



e Pyl —3ePlyy = k3
(e—sty2)/ = ks
(e™ys) = kst+ ko
yo = kated + koe3t.

We now plug this solution into the first equation to obtain:

Yy = 3uyr+ kate + koe®
e 3t —3e Py + = kst + ko
(eigtyl)/ = kst + ko
1
(eigtyl)/ = §k3t2 + kot + Ky
1
y1 = §k3t263t + thegt + klegt.
So our solution is:
That?e3t + kot + ki3 et tedt Li2edt
Y= kste3t + koedt =1 0 €3 tet
ksedt 0 0 o3t

which should look familiar!



