
APMA 2560 Homework #8 SolutionsApril 22 , 2008Consider the following problem@u@t + a @u@x = � @2u@x2 ; x 2 [ � 1 ; 1 ] ; ( 1 )where a and v are given constants. The initial condition isu(x ; 0) = g( x) ;and boundary conditions u( � 1 ; t) = 0 ; u( 1 ; t) = h ( t) :1 . ) Assume that h( t) = 0 and derive the conditions on a and � such that the prob lem is well-posed in L2 .Solution:We de�ne the operator Lu = � a ux + � uxx :We assume the solution satis�es u( � 1 ; t) = 0 and we thus haveddt h u ; u i = h ut ; u i + h u ; ut i= h Lu ; u i + h u ; Lu i= � a h ux ; u i + � h uxx ; u i � a h u ; ux i + � h u ; uxx i( I B P � 3 )= � a h ux ; u i � � h ux ; ux i + a h ux ; u i � � h ux ; ux i= � 2� k ux k 2 :Of course, this is only bounded for any u if � � 0 . There is no restriction on the real number a .2. ) Assume that we seek so lutions using a spectral Galerkin method based on Legendre polyno-mials. Propose a suitab le basis and show that the scheme can be written in the formM dûdt + aSû = �Dû :Derive the explicit expressions for M, S, and D and show that M is invertib le .Solution:We must �rst derive a basis which satis�es the homogeneous boundary conditions u( � 1 ; t) = 0 .We choose the functions �n( x) = 8<: Pn( x) � P1 ( x) n oddPn( x) � P0 ( x) n even1



which satisfy the conditions �n( � 1 ) = 0 . ( There are no nontrivial constant or linear functionsthat satisfy the boundary conditions, we assume n � 2 . ) We can now form a Galerkin approxi-mation in the standard way: uN ( x ; t) = Xj= 2N+ 1 ûn( t) �n(x ) : ( 2 )We then use ( 2) in ( 1 ) and form the residual:RN ( x ; t) = Xj= 2N+ 1 � dûjdt �j + a ûj �j0 � � ûj �j0 0� :In the Galerkin formulation, we impose L2 -orthogonality of the residual against the expansionfunctions f �ng n= 2N+ 1 . Let us de�ne Mij = Z� 11 � i( x) �j( x) dxSij = Z� 11 � i(x ) �j0 ( x) dxDij = Z� 11 � i( x) �j00(x ) dx:Then orthogonalizing the residual RN ( x ; t) against �k (x) yields the ODEXj= 2N+ 1 dûjdt Mkj + a Skj ûj � �Dkj ûj = 0 :By doing this for k = 2 ; 3 ; �N + 1 , we obtain N ODE' s for the N modal coe�cients ûn . Bywriting them in matrix-vector format, we obtainM dûdt + a S û = �D û ;as we sought. We can now work out the entries of each of the matrices. We de�ne the binaryindicator bn = n mod 2 = � 1 ; n odd0 ; n evenMij = Z� 11 �i(x) � j(x) dx= Z� 11 (Pi( x) � Pb i( x) ) � Pj(x ) � Pb j (x) � dx= hPi( x) ; Pj(x) i � 
 Pi( x) ; Pb j ( x) � � hPb i(x) ; Pj( x) i + 
Pb i( x) ; Pb j (x ) �= 22 j + 1 �ij + 22 bj + 1 �b i ; b jNote that this is a non-sparse matrix: Mij is nonzero if i � j is a multiple of 2 . For S , we �rstnote that �n0 = 8<: Pn0 ( x) � P0 ( x) n oddPn0 ( x) n even



By direct calculation using the properties of the Legendre polynomials, we can show thatSij = Z� 11 �i(x ) � j0 (x) dx= Z� 11 (Pi(x ) � Pb i( x) ) � Pj0(x) � bjP0 (x ) � dx= 
Pi ; Pj0� � 
 Pb i ; Pj0 � � bj hPi ; P0 i + bj hPb i ; P0 i= 2 �j� i+ 1 �b i+ j ; 1 � 2�b i ; 1 �j ; 2 + 2bj �b i ; 0 :The second derivative matrix is actually a bit easier since�n00 = Pn00( x) :Thus, Dij = Z� 11 �i �j0 0 dx= 
 Pi ; Pj00�= 2[ j( j + 1 ) � i( i + 1 ) ]2 i + 1 �j� i+ 2 �b i+ j ; 0 :We have now only to show that the mass matrix is invertible. We know that M is symmetricsince Mij = h �i ; � j i = h � j ; �i i = Mji :Furthermore, we know it' s positive-de�nite:uTMu = Xi ; j= 2N+ 1 ûiMij ûj= Xi ; j= 2N+ 1 ûi ûjZ� 11 � i � j dx= Z� 11 Xi ; j= 2N+ 1 ( ûi �i) ( ûj�j)= Z� 11  Xn= 2N+ 1 ûn �n! 2 dx> 0 ;if û � 0 . A positive-de�nite matrix cannot be noninvertible ( all the eigenvalues are positive) .Thus, M is invertible.3. ) Assume now that h ( t) = 1 . What changes would you need to make to enab le this � please bespeci�c in terms of basis choice , etc .Solution:



The problem here is that we now have a boundary condition that readsu( 1 ; t) = 1 :Requiring that all the basis functions satisfy this condition will not help since�n( 1 ) = 1 ; uN ( 1 ; t) = Xn ûn�n( 1 ) = Xn ûn = 1 :Thus, we opt for a di�erent solution: we' ll make the change of variables:v ( x ; t) = u( x ; t) � 1 + x2 : ( 3)Then v ( � 1 ; t) = u( � 1 ; t) � 1 � 12 = 0 ; v ( + 1 ; t) = u( 1 ; t) � 1 + 12 = 0 :I. e. , the function v ( x ; t) satis�es homogeneous Dirichlet boundary conditions at x = � 1 , and sat-is�es the PDE @v@t + a @v@x + a2 = � @2v@x2 ; x 2 [ � 1 ; 1 ] ; ( 4)with initial data v (x ; 0) = g(x ; 0) � 1 + x2 :With this new PDE for v ( x ; t) , we can solve it via exactly the same Galerkin method as inproblem 2 (using the same basis functions) , and then once v (x ; T) has been computed, we canemploy the transformation ( 3) in reverse to obtain u .4 . ) What can you say about satb ility of this scheme � is it stab le?Solution: For the homogeneous boundary value problem, there is no concern: via the same inte-gration by parts we did in problem 1 , we immediately get stability. However, things are moredelicate if h( t) = 1 , but relatively transparent considering the transformation in problem 3. We�rst consider Galerkin stability of the PDE ( 4) for v ( x ; t) :ddt h v ; v i = D � a vx + �vxx ; v � a2 E + D v ; � a vx + � vxx � a2 E= � a h vx ; v i � a h v ; vx i + � h vxx ; v i + � h v ; vxx i � h a ; v i� � a h vx ; v i + a h vx ; v i � 2� h vx ; vx i + j h a ; v i j� � 2� k ux k 2 + a j j v k :� � 2� j j ux k 2 + a( 1 + k v k 2 ) :Thus k v k 2 � a t + eat , which is stability for v(x ; t) . We now only need to notice thatk u k = ���� ���� v + 1 + x2 ���� ���� � k v k + ���� ���� 1 + x2 ���� ���� � C + a t + ea t ;which is L2 -stability for u(x ; t) . Thus, the Galerkin method will be stable since the PDE is.5. ) Assume now that h( t) is general and derive a Legendre-Tau method to solve the prob lem.Explain the main advantages of the Tau method over the Galerkin method.Solution:



We de�ne the expansion functions to be �n(x ) = Pn( x) :With this, we expand u in the �rst N Legendre polynomialsuN (x ) = Xn= 0N� 1 ûn �n(x )and then demand L2 -orthogonalization of the residual of the PDE against the �rst N � 2 expan-sion functions:� 22n + 1 � dûndt + a Xp= n+ 1p+n oddN � 1 2 ûp = � Xp= n+ 2p+n evenN� 1 2 [ p( p+ 1 ) � n(n + 1 ) ]2n + 1 ûp ; ( 5)for n = 0 ; 1 ; �N � 3 . We then enforce the boundary conditions with the last two degrees offreedom: uN ( � 1 ; t) = 0� Xn= 0N � 1 ûn ( � 1 ) n = 0uN ( 1 ; t) = h( t)� Xn= 0N � 1 ûn = h ( t)
9>>>>>>>=>>>>>>>; ( 6)Finally, the initial condition is given byûn( 0) = 1k �n k 2 h g(x ) ; �n( x) i ;for n = 2 ; 3 ; �N � 1 , and equation ( 6) for n = 1 ; N .The di�erential-algebraic system ( 5) and ( 6) is the Legendre-Tau scheme for our PDE with thegiven boundary conditions.The major advantage of using the Tau method here instead of the Galerkin method is the easeof satisfying the boundary conditions. We see that equations ( 6) are much simpler to writedown and to implement than what we saw for the Galerkin method above. We don' t have totailor our Galerkin matrices to the boundary conditions, which itself was a mildly cumbersometask. Also, the basis functions don' t change in time, so we don' t have to worry about changingthe Galerkin operators in time.6. ) Assume that the so lution is now given in terms of a discrete expansion, based on the Leg-endre-Gauss-Lobatto points. Propose a col location scheme based on these same points.Solution:We assume that uN (x) = Xj= 0N u(x j ; t) l j(x ) = Xj= 0N uj( t) l j( x) = Xj= 0N u~ jPj(x ) ;where x j are the Legendre-Gauss-Lobatto quadrature nodes, and the l j(x ) are the associatedLagrange polynomials for these points (whose form can be derived from the discrete Legendreexpansion and the quadrature rule) . We simply use this expansion in the PDE and require theresidual to vanish at the Legendre-Gauss-Lobatto points:dundt + a Xj= 1N D~ nj uj = � Xj= 1N D~ nj( 2 )uj ; n = 1 ; 2 ; �N � 1 :



We have that the entries of the di�erentiation matrices are given byD~ ij = dl jdx ���� x= x iD~ ij( 2 ) = d2 l jdx2 ���� x= x i = � D~ 2 � ij :This is N � 1 equations. The last two equations merely impose the boundary conditions:u1 = 0uN = h( t) :The initial condition is speci�ed by uj( t = 0) = g( xj) :7. ) Assume h( t) = 0 and prove stab ility of the col location scheme.Solution:At gridpoints fx j g j= 1N� 1 the scheme is written@uN (x j)@t = � a @uN (x j)@x + � @2 uN (xj)@x2 ;and we enforce uN ( � 1 ; t) = 0 .Multiplying the residual statement through by wj uN (xj) and summing over all gridpoints, wehave Xj= 0N @uN (xj)@t uN (x j)wj = Xj= 0N � a @uN (x j)@x uN (x j)wj + Xj= 0N � @2 uN ( xj)@x2 uN ( xj)Using the exactness of the quadrature for polynomials p 2 B2N � 1 , this readsddt Xj 12 uN2 (x j)wj = � aZ� 11 uN @uN@x dx + �Z� 11 uN @2uN@x2 dx= � a2 Z� 11 @@x � uN2 � dx + �� uN @uN@x ���� � 11 � Z� 11 � @uN@x � 2dx #= � �Z� 11 � @uN@x � 2dxwhere we have utilized that uN ( � 1 ) = 0 to remove all boundary terms. Hence,ddt Xj uN2 (x j)wj � 0and the scheme is stable in Lw2 .8. ) Assume that the approximation is based on the Legendre-Gauss points, but the equation issatis�ed on the Legendre-Gauss-Lobatto points. Does this change the scheme and its stab ility � ifso , how?Solution:



Let fxjg j= 0N be the Legendre-Gauss points, f yjg j= 0N the Legendre-Gauss points, and lyj theinterpolating Lagrange polynomial corresponding to yj . Then the approximation uN can bewritten as uN ( x) = Xj= 0N u( yj ; t) l yj (x )The �rst N � 1 equations of the scheme are formed by requiring the residual to vanish at the x jgrid points, i. e.RN (xj ; t) = @uN (x j)@t + a @uN ( xj)@x � � @2 uN (x j)@x2 = 0 ; j = 1 ; � ; N � 1and the system is closed by enforcing the boundary conditionsuN ( � 1 ; t) = 0uN ( 1 ; t) = 0The main di�erence in the scheme comes from the non-interpolating behavior of the Lagrangebasis lyi( xj) � �i jdue to the di�ering grid points, while the di�erentiation matrices areD~ ij = dlyjdx ���� x= x iD~ ij( 2 ) = d2 l yjdx2 ���� x= x iBy multiplying the residual statment by uN (xj ; t)wj and summing, the stability of the schemecan be proven via the same procedure as in problem 7.9. ) Assume now that the so lution is expressed using the Lagrange basis based on the Chebyshev-Gauss-Lobatto points and the residual vanishes at the same points. What can you say about sta-b ility and convergence in this case?Solution:Due to the advection term in the equation, the PDE is not well-posed in the Chebyshev norm( see example 8. 5 in the text) . Due to this, we cannot directly prove stability in the Lw2 norm.


