APMA 2560 Homework #8 Solutions

April 22, 2008

Consider the following problem

%+a%:y%, xe[-1,1], (1)
where a and v are given constants. The initial condition is
u(z,0) = g(z),
and boundary conditions
u(—1,t)=0, u(1,t) =h(t).

1.) Assume that h(t) = 0 and derive the conditions on a and v such that the problem is well-
posed in L2.

Solution:
We define the operator

LUu=—aUy+VUyy.

We assume the solution satisfies u(£1,¢) =0 and we thus have

E<uvu> = <utvu>+<u=ut>
= (Lu,u)+ (u, Lu)

= —a(Ug,u)+v{Ugy, u) —alu, uz) + (U, Ugy)

(IBP x 3)

= —a(ug,u) —v{ug, ug) +aluy,u) —v(uy, uy)

= —2v||ug ||

Of course, this is only bounded for any u if v >0. There is no restriction on the real number a.

2.) Assume that we seek solutions using a spectral Galerkin method based on Legendre polyno-
mials. Propose a suitable basis and show that the scheme can be written in the form
du

M— 1 =vD1.
dt-l—aSu vDu

Derive the explicit expressions for M, S, and D and show that M is invertible.
Solution:

We must first derive a basis which satisfies the homogeneous boundary conditions u( + 1,¢) = 0.
We choose the functions
P,(z) — Pi(x) mnodd
¢n(x) =
P,(xz) — Py(z) neven



which satisfy the conditions ¢,( £ 1) = 0. (There are no nontrivial constant or linear functions
that satisfy the boundary conditions, we assume n > 2.) We can now form a Galerkin approxi-
mation in the standard way:

N+1

un(z, 1) = tin(t) dn(2). (2)

=2

We then use (2) in (1) and form the residual:

[ diy
By(@t)= ( 3 0 Tad; 0 —vi; ’-’).

i=2

In the Galerkin formulation, we impose L?-orthogonality of the residual against the expansion

functions {¢n}fj=+21. Let us define

Mijz/_ll ¢i(w) ¢j(w) dw
So=[ a0 o))

1

Then orthogonalizing the residual Ry(z,t) against ¢x(x) yields the ODE

N+1 diis
Z d—tJMkj—i-aSkj’llj—l/ijﬁj:O.
j=2

By doing this for £k = 2, 3, ...N + 1, we obtain N ODE’s for the N modal coefficients 1i,. By
writing them in matrix-vector format, we obtain

dd

M T

taSi=vDi,

as we sought. We can now work out the entries of each of the matrices. We define the binary
indicator
1, nodd

bn—nmod2—{
0, n even

1
M;; = bi(x) ¢j($) dz

- / (P@)~ Py o)) (Pia) Py (a)) do

— (Pix). Py(a)) — (Pi(x), Pyy(2)) — (Po.(), Py(2)) + (Py,(x), P (x))

2 2

= =0+
2j+1 "7 2bj+1

5bi7bj

Note that this is a non-sparse matrix: M;; is nonzero if ¢ — j is a multiple of 2. For S, we first
note that

P)(x) — Py(z) n odd

P, (x) n even



By direct calculation using the properties of the Legendre polynomials, we can show that

1
Sij [1 bi() ¢9($) dz
1

= /_1 (Pi(x) = Py,(x))(Pj(x) = bjPo(x)) dx

= <Pl-, PJ’> — <Pbi,PJ(> —b;(P;, Po) +b;(Py,, Po)

= 20;j>i+10b;, 5,1 — 20p,,1 05,2+ 2b; 5, 0.

The second derivative matrix is actually a bit easier since
=P ().
Thus,

1
D;; = / i ¢7 da
—1

(Pi. P}')

2[j(j+1) —i(i+1)]
2i+ 1

0j>i+2 Ob, ;,0-

We have now only to show that the mass matrix is invertible. We know that M is symmetric
since

Mij=(¢i. ;) = (0, ¢i) = Mj;.
Furthermore, we know it’s positive-definite:

N+1
uTA[u = E ﬁiﬂﬂjﬁj
i,j=2
N+1 1
= E uin/ﬂ ¢i¢jd$
ij=2 -!
1 N+1

= > (i ¢i)(1s05)

-1 =2
1 / N+1 2
= / (Z ﬁnqbn) dz
-1 n=2
> 0,

if 4 # 0. A positive-definite matrix cannot be noninvertible (all the eigenvalues are positive).
Thus, M is invertible.

3.) Assume now that h(t) = 1. What changes would you need to make to enable this — please be
specific in terms of basis choice, etc.

Solution:



The problem here is that we now have a boundary condition that reads
u(l,¢)=1.
Requiring that all the basis functions satisfy this condition will not help since

Sn(1) =12 un(1,1) = tinga(l) =  tn=1.

n

Thus, we opt for a different solution: we’ll make the change of variables:

v(x,t):u(x,t)—l—gm. (3)

v(fl,t):u(fl,t)f%:o, v(+1,t)=u(l,t) - ——=0.
Le., the function v(z,t) satisfies homogeneous Dirichlet boundary conditions at z ==+ 1, and sat-

isfies the PDE

Then

v O a O
' o E“‘aa—x‘l'ﬁ—yw, IEG[*].,H, (4)
with initial data )
U($70):g($70)7 _‘2_‘%

With this new PDE for v(z, t), we can solve it via exactly the same Galerkin method as in
problem 2 (using the same basis functions), and then once v(x, T) has been computed, we can
employ the transformation (3) in reverse to obtain w.

4.) What can you say about satbility of this scheme — is it stable?
Solution: For the homogeneous boundary value problem, there is no concern: via the same inte-
gration by parts we did in problem 1, we immediately get stability. However, things are more

delicate if h(t) = 1, but relatively transparent considering the transformation in problem 3. We
first consider Galerkin stability of the PDE (4) for v(z,t):

d a a
E<U,’U> = <favz—l—uvm,vf§>—|—<U,favz—|—1/vmf§>

= —a(Vg,0) —a(v,vz) +V{Vzq,0) + (v, Vzg) — (a,v)

IN

—a({vg,v)+a(vy,v) —2v(vg, vg) + [{a, v)]

IA

—2v|ua|?+a|lv].

< = lug |+ a(l + [v]?).
Thus |v|?<at+ e, which is stability for v(z,t). We now only need to notice that

|U|:U+1—i2_x 1—|2—$ <C+at+ e,

S'“'*H

which is L2-stability for u(x,t). Thus, the Galerkin method will be stable since the PDE is.

5.) Assume now that h(t) is general and derive a Legendre-Tau method to solve the problem.
Explain the main advantages of the Tau method over the Galerkin method.

Solution:



We define the expansion functions to be
Pn(z) = Pa(z).
With this, we expand u in the first N Legendre polynomials

N—-1

un(z) =Y tn¢n(z)

n=0

and then demand L%orthogonalization of the residual of the PDE against the first N — 2 expan-
sion functions:

R N-—1 N-1
( 2 )dun+a Y 2 -v Y 2[p(p+1)fn(n+1)}ﬁp, (5)

2n+1 ) dt 2n+1
p=n+1 p=n+2

p+n odd p+neven

for n =0, 1, ...N — 3. We then enforce the boundary conditions with the last two degrees of
freedom:

N-1
uy(—1,t)=0= Un (—1)"=0
n=0
(6)
N-1
un(1,t) =h(t) = Gy = h(t)
n=0
Finally, the initial condition is given by
1

for n=2,3,...N — 1, and equation (6) for n=1, N.

The differential-algebraic system (5) and (6) is the Legendre-Tau scheme for our PDE with the
given boundary conditions.

The major advantage of using the Tau method here instead of the Galerkin method is the ease
of satisfying the boundary conditions. We see that equations (6) are much simpler to write
down and to implement than what we saw for the Galerkin method above. We don’t have to
tailor our Galerkin matrices to the boundary conditions, which itself was a mildly cumbersome
task. Also, the basis functions don’t change in time, so we don’t have to worry about changing
the Galerkin operators in time.

6.) Assume that the solution is now given in terms of a discrete expansion, based on the Leg-
endre- Gauss-Lobatto points. Propose a collocation scheme based on these same points.

Solution:

We assume that

where z; are the Legendre-Gauss-Lobatto quadrature nodes, and the [;(x) are the associated
Lagrange polynomials for these points (whose form can be derived from the discrete Legendre
expansion and the quadrature rule). We simply use this expansion in the PDE and require the
residual to vanish at the Legendre-Gauss-Lobatto points:

N N

dun ~ ~ (2
- tad Dnjuj=vy D{)u;, n=1,2,..N—1.

Jj=1 Jj=1



We have that the entries of the differentiation matrices are given by

~ dl;
Du=q
T=X;
- d2L; -
DP_C"Y — (D2> ]
R R ij

This is N — 1 equations. The last two equations merely impose the boundary conditions:

U1:0

un = h(t).
The initial condition is specified by

uj(t=0)=g(z;).

7.) Assume h(t) =0 and prove stability of the collocation scheme.
Solution:

At gridpoints {z;}}=;" the scheme is written

Qun(z;) _ _ Odun(z;)  Oun(z;))
ot oz Ty oxr? '

and we enforce uny(+1,t)=0.

Multiplying the residual statement through by w; un(z;) and summing over all gridpoints, we
have

Y Hu (x5) Al 3u (ac P un(x;
N(Zj N ~(
2 gy e =), —e g S (mwg Z Tl (a)
Using the exactness of the quadrature for polynomials p € B2N ~1, this reads

B 1 a Nd 1 82 Nd
dtz EUN = —a UN_&E +v uN T2

-1
_ /1 ((%N)de]
4 Joa\ Oz

a [t 0 dun
= —5/_1 635( )dx—l—y[uN_@m

1 2
Jun
—v /_ ) (_ﬁx ) dz
where we have utilized that ux(+1)=0 to remove all boundary terms. Hence,

d
EZ ui(z)w; <0
J

and the scheme is stable in L2,

8.) Assume that the approrimation is based on the Legendre-Gauss points, but the equation is
satisfied on the Legendre-Gauss-Lobatto points. Does this change the scheme and its stability — if
so0, how?

Solution:



Let {z;}}_0 be the Legendre-Gauss points, {y;}}_y the Legendre-Gauss points, and ly, the
interpolating Lagrange polynomial corresponding to y;. Then the approximation uy can be
written as

UN(:Z:) = Z u(yj= t) ly](:E)
3=0

The first NV — 1 equations of the scheme are formed by requiring the residual to vanish at the x;
grid points, i.e.

. . 2 .
Ry(zj.t) = 8“]559”) + aaugg(f]) _0 “6];?]) -0, j=1,..,.N—1

and the system is closed by enforcing the boundary conditions

uN( - ].,t) =0
UN(].,t) =0

The main difference in the scheme comes from the non-interpolating behavior of the Lagrange
basis

Ly (w5) # 6ij

due to the differing grid points, while the differentiation matrices are

~ dil,,
Dij N d_;J T=x;
~ d?l,,
D@ 2y
g dx? N

By multiplying the residual statment by un(z;, t)w; and summing, the stability of the scheme
can be proven via the same procedure as in problem 7.

9.) Assume now that the solution is expressed using the Lagrange basis based on the Chebyshev-
Gauss-Lobatto points and the residual vanishes at the same points. What can you say about sta-
bility and convergence in this case?

Solution:

Due to the advection term in the equation, the PDE is not well-posed in the Chebyshev norm
(see example 8.5 in the text). Due to this, we cannot directly prove stability in the L2, norm.



