Method of undetermined coefficients

Superposition Rule. If the non-homogeneous term f(z) in

any™ + an 1y - agy = f(2), (1)

can be broken down into the sum f(x) = fi(x)+ fo(x)+- - -+ fiu(x), where each term f;(x), j =
1,2,...,m is a function of the form

f(z) = Py(z) €** cos fx + Qk(z) €** sin Bz, (2)

apply the rules described below to obtain a particular solution y,;(z) of the non-homogeneous
equation with each non-homogeneous term f;(z). Then the sum of these particular solutions
Yp(x) = Yp1(z) + - - - + ypm(2) is a particular solution of equation for f(z) = fi(z) + fo(z) +
o ).

Basic Rule: When the control number is not a root of the characteristic equation for the associated

homogeneous equation. If f(z) in Eq.(1) is the function of the form (2) and its control number is
not a root of the characteristic equation L[A] = 0, choose the corresponding particular solution
in the same form as f(z). In particular, if f(z) is one of the functions in the first column
in Table times a constant, and it is not a solution of the homogeneous equation L[y| = 0,
choose the corresponding function y, in the third column as a particular solution of Eq.(1) and
determine its coefficients (which is denoted by C) by substituting y, and its derivatives into

Eq.(1).

Modification Rule: When the control number is a root of the characteristic equation. If the

control number of the right-hand side function in Eq.(1) is a root of the characteristic equation
of multiplicity r, choose the corresponding particular solution in the same form multiplied by
z". In other words, if a term in your choice for y, happens to be a solution of the corresponding
homogeneous equation L[y] = 0, then multiply your choice of y, by = to that power which
indicates the multiplicity of the corresponding root of the characteristic equation.



| Termin f(z) | o | Choice for y,(z)
e’ vy Ce™
" (n=0,1,...) 0 Coz"+Ciz" '+ -+ C,_1x2+C,
" e® o (Coz™ + Craz™ ' + -+ Cr_yz + Cp)e®
COS ax ia Cicosax + Cysinax
sin ax ia Cicosax + Cysinax
™ cos ax ia (Coz™ + Cra™ L + - -+ C, 17 + C) cos ax+
+(Cga" + Cia"t + -+ CL 1z + Cp)sinax
Z™ sin ax ia (Coz™ + Cra™ ' + -+ + Cy_1z + C}) cos ax+
+(Cia" + Cia" 1 +-- -+ CL_z + C})sinax
e cos Bz a+if e**(C cos fx + Cy sin fz)
€** sin fx a+i3 e**(C cos fx + Cy sin fz)
" e cos fx a+ifB | e cos Bz(Cox™ + Cra™ ' + -+ Cp12 + Cp)+
+€%® sin fx(Ciz" + Cia™ 1 + -+ Cl_z + C})
" e sin Bz a+if || e cos Br(Coz™ + Cra™ t + -+ Cpo1z + Cp)+
+e2® sin fx(Ciz™ + Cia" ™t + .-+ CL_ 2+ C})

Table 1: Method of undetermined coefficients. o is the control number of the function in the first
column.



