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Abstract. We present optimal error estimates for spectral Petrov—Galerkin methods and spec-
tral collocation methods for linear fractional ordinary differential equations with initial value on a
finite interval. We also develop Laguerre spectral Petrov—Galerkin methods and collocation methods
for fractional equations on the half line. Numerical results confirm the error estimates.
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1. Introduction. Numerical methods for fractional differential equations have
been investigated for decades; see, e.g., [8, 12, 33]. However, spectral methods for
these equations have a rather short history since the solutions usually have some
singular lower-order derivatives. The recent investigation of spectral methods for these
singular problems is motivated by the following facts. First, all numerical methods for
these problems are nonlocal as spectral methods are. For example, in finite difference
methods, see, e.g., [33], and in finite element methods, see, e.g., [13, 18], data at almost
all grids or all elements are exploited to approximate the integral operators at one grid
or element. These methods are still nonlocal, even when a “fixed memory principle” is
applied to reduce the use of all data; see, e.g., [15, 19]. Second, spectral methods lead
to high-order accuracy when the solutions are smooth; see, e.g., [7, 24] for integer-
order differential equations. For fractional differential equations with weakly singular
kernels, solutions can be smooth even when some inputs of the equations are singular.

Consider the following fractional ordinary differential equation (FODE) over the
interval I = (—1,1):

(1.1) _1DE(u—wup) =f, u(-1)=wup, 0<p<l,

where f € LP(I)(p > 1) and _;D¥ is the left Riemann-Liouville fractional derivative
defined by, see, e.g., [34],

x

d _ _ 1 u(y)
Iz — 1—p 1—p,,
(1.2) _1DEu(x) dfC_lIm u, 1L, Mu T /_1 T=v

When the solutions to (1.1) are smooth, spectral methods lead to higher-order
accuracy; see, e.g., [28, 45| for spectral Galerkin methods and, e.g., [16, 17, 26, 38] for

Ndy, x> —1.
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spectral collocation methods. When the solutions to (1.1) are not smooth, spectral
methods can also lead to high-order accuracy as the singularity is usually of the type
(1+x)H; see, e.g., [8, Chapter 6]. To separate the singularity, we can approximate the
solutions with the weighted basis (1 + z)*PPx (I), where Py (I) is the set of algebraic
polynomials of order up to N. This fact has been used in [11] to present some Jacobi-
spectral collocation methods for a linear Volterra integral equation of the second kind,
to which (1.1) is equivalent under some conditions. See also [10, 41, 42, 43] for spectral
Petrov—Galerkin methods and [44] for spectral collocation methods solving (1.1) with
this weighted basis. However, there are no error estimates for spectral collocation
methods in [44]. Here, we would provide such error estimates and use a different,
unified, theoretical framework to present our error estimates than those for spectral
and collocation methods in [10, 11]. The advantage of our error estimates is that we
can fully take the endpoint singularity into account.

For (1.1), spectral methods are performed in the framework of Petrov—Galerkin
methods to adapt to the nonsymmetric property of the integral operator; see [28] for
smooth solutions and [42, 43] for singular solutions. Similar to the spectral Petrov—
Galerkin methods for integer-order differential equations, see, e.g., [29, 35, 37], the
error estimate of spectral Petrov—Galerkin methods for FODEs usually lies in some
Jacobi-weighted spaces with negative weights; see, e.g., [42]. Usually, these weights
can provide proper norms to incorporate singularities at endpoints.

In this work, we will present a wunified numerical framework for (1.1) that can
deal with both smooth and singular solutions, which is the first point of the paper.
The singular solution can be with arbitrary singularity index at the end-point, i.e.,
(1 4+ z)8, where 8 > 0 and is not necessarily equal to y, the order of fractional
derivatives. In this case, we require that the forcing term f either is smooth enough
or only has singularity at endpoints. Here, we notice that there is another direction of
unification of the Petrov—Galerkin methods—they have been extended from FODEs
with one fractional derivative to multiterm fractional ordinary and partial differential
equations with constant coefficients and smooth solutions in [41].

One of the key elements for Galerkin or Petrov—Galerkin methods is the fractional
integration by parts for functions in Sobolev spaces. Here, we do not require vanishing
boundary values, which extends similar formulas derived in [18, 28]. The argument is
based on the characterization of the fractional Sobolev spaces; see, e.g., [34, Chapter 2]
and section 2 in this paper. With the new fractional integration by parts, we can
readily obtain the error estimate in different norms for the spectral methods, see
Theorem 2.8, while the error estimate in [10] allows only the L?-norm of the fractional
derivative of order p. Further, with a Hardy-type inequality, we can reach the optimal
error estimates in different norms.

In the spectral collocation methods, we also use the basis (1 + x)?Py(I) in the
computation of differentiation matrix, and correspondingly the convergence order is
the same with the spectral Petrov—Galerkin methods if the solution has somewhat
higher regularity in weighted Sobolev spaces; see Theorems 2.8 and 2.9.

The second point of the paper is to present Laguerre spectral Petrov—-Galerkin
and collocation methods for FODEs on the half line. In this case, we have the same
singularity at the left endpoint and also have singularity at infinity (the decay rate
at infinity). Thus, we can extend the idea of solving FODEs on finite intervals when
we know the singularity at infinity. However, we note that Laguerre spectral Petrov—
Galerkin methods are only accurate on a short interval in the pointwise sense, while the
weighted L?-norms of the numerical errors are very small. This is because of the fast
decaying weight exp(—x) associated with the Laguerre polynomials. In this sense, we
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need better knowledge on the decaying rate and corresponding spectral basis induced
by slow decaying weights on the half line, e.g., mapped Jacobi polynomials and gener-
alized Laguerre functions; see, e.g., [36]. However, we do not include such a discussion
here due to the limit on the length of the paper. In the literature, spectral methods
for FODEs on the half line have been investigated using the generalized Laguerre
polynomials; see, e.g., [6] for Laguerre spectral methods and, e.g., [25] for Laguerre
spectral collocation methods, without taking into account the endpoint singularity.

The main message of the paper is to show how to recover spectral accuracy from
the endpoint singularity for simple FODEs like (1.1) using spectral methods with
the approximation basis (1 + x)*Py(I), following the ideas in [10, 11, 42, 43, 44].
In the literature, the endpoint singularity is resolved using a refined (nonuniform)
grid at the endpoints, see, e.g., [9, 14, 30, 31], which can lead to uniform algebraic
convergence of numerical methods for general FODEs including (1.1). Here, we in-
vestigate the possibility of obtaining faster convergence in certain cases. For general
FODEs of complicated forms, such as FODEs with multiterm fractional derivatives
and fractional partial differential equations with time or space fractional derivatives,
the approximation basis (1 + 2)*/2Px(I) has been proposed for smooth solutions in
[41]. We believe that our study is a starting point for the development of truly high-
order methods for general FODEs whose solutions can be either smooth or singular.

The rest of the paper is organized as follows. In section 2, we focus on the scalar
FODE (1.1) over the interval I = (—1,1). We prove the formula of integration by
parts, the well-posedness in fractional Sobolev spaces, and the regularity in weighted
Sobolev spaces. We present error estimates for spectral Petrov—Galerkin/Galerkin
methods and spectral collocation methods, the proofs of which can be found in sec-
tion 5. In section 3, we consider spectral Petrov-Galerkin/Galerkin methods and
collocation methods for FODEs on the half line A = (0,00). In section 4, we show
some numerical results that confirm our error estimates. We conclude and discuss our
approach in section 6.

2. Spectral Petrov—Galerkin and collocation methods on finite inter-
vals. Consider the FODE (1.1) over the interval I = (—1,1). Assume that f € LP(I)
for some p > 1. By (A.1) and (A.4) in Appendix A, (1.1) can be equivalently formu-
lated as

(2.1) u(z) = ug +clx + D14 T,

where ¢ is an arbitrary constant. To ensure continuity at = —1, i.e., lim,_, 7 u(z) =
ug, we require the following consistency condition:

(2.2) c=0, and lim _Z¢f =0.
r——1

For simplicity, we consider u(—1) = ug = 0. Then
(2.3) u(z) = 1 IH f.

Remark 2.1. Here, we use the modified Riemann-Liouville fractional derivative
in (1.1), which is equivalent to the Caputo fractional derivative ¢ Dtu = _1ZF0,u
when v is continuous over [—1,1] and f € L*°([—1,1]). If the Caputo derivative is
used in (1.1) in place of the modified Riemann-Liouville fractional derivative, we then
have _1ZF[0,u] = f, f € L*>([-1,1]). We then have the same solution as in (2.1)
when u is continuous (¢ = 0). In fact, by Lemma 2.22 in [34], taking _1Z¥ over both
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sides of this equation gives u = ug + _1Z¥ f, which is (2.1) with ¢ = 0. From Lemma
2.21 in [34], we know that

C1DRuo + T f] = S\ DE T f = f
when f € L*>°([-1,1]).

2.1. Regularity. Denote by H*(I) the standard Sobolev—Hilbert space of frac-
tional order p and o H*(I) = {v|v € H*(I), v(—1) =0, s > 1/2}. For the solution to
(1.1), we have the following regularity. The proof can be found in section 5.

THEOREM 2.2 (regularity). For f € LP(I), p > 1/p and 0 < p < 1, and then
u € g HHH1/2=1/p().

In the literature, the regularity has also been considered the space J/'(I), see,
e.g., [10, 18, 28], defined by

(2.4) {v|v, .1 Dtv € L*(I)}

and equipped with the norm [ju ;. = (Il -1 D ul|* +|[u]|*)*/2. This space can be shown

to be very close to the classical Sobolev—Hilbert space H*(I) as follows.
PROPOSITION 2.3. If0 < p < 1/2, we have J}'(I) = H*(I). For 1/2 < p < 1,
we have

(2.5) ) = oHM (1) @ {(x +1)* 1}

We only consider the classical Sobolev—Hilbert spaces hereafter.

It is true that v does not have high regularity in standard Sobolev spaces, but
it may have high regularity in the weighted Sobolev spaces. For example, when
f=1¢eH®(I), u= {75 does not belong to H(I) if 0 < p < 1/2, while if
1/2 < pu < 1, u does belong to H'(I) but does not belong to H*(I) . However, we
note that (1 + x) #u are in H*°([). This suggests the separation of singularity (of
derivatives of u) at the left endpoint in order to have higher regularity where spectral
methods can be effective.

To better incorporate singularities at the endpoints, we introduce the following
weighted Sobolev space, see, e.g., [10, 21],

(2.6)

m
War, B

(I) :={u|0fu € L2 i swe(I), k=0,1,...,m}, mis a nonnegative integer
with w®? = (1 —2)*(1 +2)?, a, B > —1, which is equipped with the following norm:

m

1/2
2
(2'7) HuHmwaﬁ,B = <Z |u|k,wa,B,B> ) |u|k7wa,B7B - |‘8§una+k,B+k :

k=0

When m is not an integer, the space is defined by interpolation; see, e.g., [21].

We have the following regularity in weighted Sobolev spaces.

THEOREM 2.4 (regularity in weighted Sobolev spaces). Assume that u(—1) =0
and oo > p— 1. If "+ Pf € B o ,(I) (r = 0) with > 1—p or ™" Ff ¢
B, (I)NC() (r > 1), then w® Pu e B'T*, ,(I). Here C(I) denotes the space
of continuous functions with the mazimum norm on the closed interval I.

The right Riemann-Liouville derivative ,D{'v is defined by, see, e.g., [34],

1 d Y w(y)
myy o 0= I A
D= Hl—deA TR

We have the following integration by parts for functions in standard Sobolev spaces.
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THEOREM 2.5 (integration by parts in Sobolev spaces). Supposing that u €
HH(I),0< pu<1, and ve H*(I), it holds that

(2.8) (-1D*u,v) = (-1D*1u, , D% v),

where 0 < py, po < p, and py + pe = .

Now we can present our scheme for (1.1). Denote the collection of algebraic
polynomials of order up to N by Py (I). Define the following finite-dimensional spaces
for a, 8 > —1:

(2.9) X]% = {ulu= (1 + z)Pv,v € Pv(I)}, Yy ={ulu=(1-2),vePn()}.

Here, we call § the singularity index of the trial basis X f,, which will be chosen
according to the singularity of the forcing term in (1.1). Our spectral Petrov—Galerkin
method is to find un € Xﬁ, such that for all v € Y,

(2.10) (—1D5 un, 2 DY?v) = (f,v),

where 0 < p1, o < p, p1 + 2 = i, and «, § > p — 1 will be chosen according to the
forcing term f. If there exists a constant o such that (14 x)~? f has better regularity
in the aforementioned weighted Sobolev spaces than f does, then we choose 3 as the
fractional part of o 4+ . The constant a should be chosen such that & > 1 — p. In
section 4, we show numerically that the choice of 8 = o + pu— |0+ p] (|o+ p] is the
integer part of o 4 u) leads to better accuracy than taking 5 = p in [10, 43].

In practice, we may use a weighted L?-projection or numerical integration on
the right-hand side of the scheme (2.10). Specifically, we use either of the following
formulations:

(2.11) (_1DE uy, ;D% v) = (wO”B*“Wj’\‘,"B*”[wOW*'Bf],v),

where W%B is the quaﬁ (I)-orthogonal projection

(2.12) (7% U — u,0) s =0 Yo € Py(I),
and
(2.13) (_1DH uy, ;D) = (wO’B*“IX‘,"Bf”[wOW*'Bf],v),

where I]O\‘,’B " is the Gauss—Jacobi interpolation operator which is induced by the
Lagrange polynomial interpolation using the N + 1 roots of the Jacobi polynomial
PRITMT).

To efficiently implement the scheme (2.10), we are looking for uy, v of the form

N
(214)  un=(1+2)° > u, PP v =(1-2)*PM"7" j=0,1,...,N,

n=0
where a, f > p — 1. Then, by (B.5) and (B.6) of Appendix A,

2j+a+B—p+1)jT+a+p—p+1) ,
= j =0,1,...,N.
Uj 2O‘+B*N+1F(a+]—|—1)l—‘(ﬂ+]+l) (favj)a J ] )
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Remark 2.6. When a = 8 = 0, we have a Galerkin method instead of a Petrov—
Galerkin method as X% = Y9. When a = 3 = p/2 in (2.10), we recover the
Petrov—Galerkin method proposed in [43]. When o = 8 =1 in (2.10), we recover the
Petrov—Galerkin method in time proposed in [28].

According to Theorem 2.5, 11, 1o can be any values that satisfy the requirements,
ie., 1, e > 0 and pg + pe = p. However, once we employ the expansions in (2.14) in
the scheme (2.10), the resulting linear systems are the same regardless of the values of
p1 and po. We note that the formula (2.8) is useful in deriving our error estimates.

Now, we consider spectral collocation methods. Define I]\}"Y u = wOPTY 3 [wOPul,
where Ty il (6, v > —1) is the Gauss—Jacobi interpolation operator induced by the
N + 1 roots of the Jacobi polynomial PJ‘\s,’ll(I ). By the definition of If\}:yﬁ, we have

(2.15) I u e Py(I), Iylgu=w" I [w" Pu] € X}
Our spectral collocation method for (1.1) is to find uy € Xﬁ, such that
5,
(2.16) DI sun) ~ I f =0, 8,y >—1, B> 0.
This method extends the collocation method proposed in [44], where 5 = 14 p and it
is required that lim, , 1(1 + z) "' Huy exists. Here, we only require that in (2.16),

lim, ,_1(1 4+ ) Puy exists, where 3 is taken less than one.
In implementation, we use the following representation:

i r+1 T — X
(2.17) Z un(z;) ( " 1) Li(z), li(x)= H ?
k=1,...,N+1,k#j

As in standard spectral collocation methods, see, e.g., [24], we write

N
(2.18) liw) =Y B, P’ ()

Then, by (2.17), (2.18), and (B.5), we have

N+1

+1—|—6) 5 _
D" (1+ )P+ un (@) L(n PRy,
1Dpun = (1+ ) Z 55]4_1,6’2 kjl—‘n—i—l—i—ﬂ 1) k (z)

We introduce the differentiation matrix D such that

-

(2.19) Dii = f,

where we use the Gauss—Jacobi quadrature points (roots of the Jacobi polynomial
P14 (x)) and

= (@1 + 1) Pun(z1),.... (av41 + 1) Pun(eni)) T
f=(@+ 1) Pf(z),.. ., (ava + )PP flang)) T,
- T(n+1+48) psrus
D;; = : k7jF(n+1+ﬂ—M)Pk HPTH (2).
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Remark 2.7. Here we use the Gauss—Jacobi quadrature points. The equispaced
points should be avoided since the linear system for By ; in (2.18) is then ill-posed;
see, e.g., [44] for numerical illustrations of fast growth of condition numbers of the
linear system.

We note that O(N log(N)) fast algorithms can be applied to obtain By j; see,
e.g., [2] for f = ¢ = 0 and [27, 32] for 5,0 > —1 when x; are Gauss—Chebyshev
quadrature points 6 = v = —1/2.

We now present the error estimates for our spectral method (2.10) and spectral
collocation method (2.16). The proofs can be found in section 5.

THEOREM 2.8 (convergence rate of spectral Petrov—Galerkin methods). Suppose
that u is the solution to (1.1) and ux € X% is the solution to (2.11). Under the
assumptions in Theorem 2.4, it holds that for any 0 < py < p,

(2:20) | DE unll o s < | A ZET WSRO
and
(2.21) 21D (u = un) || gomptnr = < ON TR Q0 WOR P Y| o

When 113 =0, a < g, and 8 > 0, we have the L?-estimate
lu—un|| < flu—unya-p-s <CNTTH "3;["007“7'8f]||wa+r,ﬂ—u+r .

THEOREM 2.9 (convergence rate of spectral collocation methods). Suppose that
Wor=Bf e B;ﬁ_#(I) NC(), r>1, anduy=0. Then, for -1 << a<J+1 and
1<~y <B8—pu<~v+1, we have that for 0 < py < u, there exists a constant C' > 0

independent of N such that
(2.22) -1 DF (un = )|yt mptin < ON TR E s

where 6,7~ are from (2.16).

3. Spectral Petrov—Galerkin and collocation methods on the half line.
We now consider the following FODE over the half line A = {z]0 < 2 < co}:

(3.1) oDy (u—wug) = f, w(0)=up, 0<p<Ll

When the domain is (a,00) (—o0o < @ < 00), we can shift the domain to A by a linear
transformation. Let f € LP(A) for any p > 1. By the fact (see, e.g., [34, section 6])

0DEoTHy = v, Yo € LY(A)
and the fact that ¢D*v = 0 is equivalent to v = cx#~! (c is a constant), we have
(3.2) u=ug+ x4+ IHf.

For simplicity, we consider only the following case: ug = ¢ = 0 while the general case
can be considered by introducing an auxiliary function @& = v — ug — czt 1.

To approximate the solution to (3.1), we use the generalized Laguerre polynomials
introduced in [23]

—B ax dm
z Pe
—(e7 "), B> —1,a>0.

: LOP(x) =
(3.3) n' (@) o g
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These polynomials form a complete orthogonal basis in Lia,B(A), where p®f =
p*B(x) = e~ and

F'n+B8+1)
a,B a,B a,f3 =
The space Lia,ﬂ (A) is defined by

Lia,ﬂ(A) = {v|v is measurable on A and [|v] a5 < oo}

with the following inner product and norm:

(o) = [ ulayo@hp™ (@) de, ollyes = (00)}2%

The derivatives of the generalized Laguerre polynomials are still generalized Laguerre
polynomials:

8, Lo () = —aL®P ().

Denote L2(z) = LL#(z). Tt can be readily checked that L%#(z) = L2 (az).
Define also the right Riemann-Liouville derivative , DX v, see, e.g., [34],

1 d [ vy
D= —dy.
<" F(l—u)dw/m (-’
LEMMA 3.1. For u > 0 and o > 0, we have, for any = > 0,

F'(n+B+p+1)
'n+B8+1)
(3.6) LTh(e "Ly (2)) = a T Ly (), B> 1,
F'(n+B8—-p+1)
'n+B8+1)
(3.8) D (7T LOP (1)) = ate T LEPTH(2), B> —1.

(3.5) OIg(x'BLf{”B(x)) = xBJr“Lf{”BJr“(x), B> —1,

(3.7) ng(x'BLf{”B(gc)) = xB*“Lz"B*“(x), B>p—1,

See, e.g., [3, 5] for the proof of the identity (3.5). The identity (3.6) can be proved
using the completeness of the generalized Laguerre polynomials; see, e.g., [5]. The
relations (3.7) and (3.8) follow immediately from (A.2) (with a slight modification on
the endpoint of the interval), (3.5), and (3.6).

We need the following integration-by-parts formula for our spectral methods.

LEMMA 3.2 (integration by parts on a the half line). Suppose that f = (ZHo,
¢ € LP(A), and that g = ,TH24, op € LY(A), where 1/p+1/qg =14 p and p,q > 1.
Then, for any 0 < p < 1, it holds that

(3.9) (D% f,9) = (0D f, DL g),

where 0 < py, po < p, and py + pe = .
Denote by Py (A) the set of algebraic polynomials of order up to N over A and

(3.10) Z]BV = {w|w = P, v € Py(A), B> 0}.

When 3 > 0, the space p®°Py(A) is a subspace of LP(A) for any p > 1 and there
exists ¢ € Li(A) (¢ > 1) for any g € p®°Py(A) such that g = ,Z¢21). Then, by
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Lemma 3.2, our spectral Petrov—Galerkin method is to find uy € Z f, such that for
any vy € Py(A), we have

(3.11) (0D4 un, D (unp™)) = (f,on) = (2 HIIR "2 ~F f on) pao.

In (3.11), we write uy = 2° S0 1, L () and take vy from the set {L?’Bf“}évzo
We then obtain

Zu oD [P L3P ()], D12 (LS p™0)) = (f, L8P 7" joo,  j=0,1,...,N.

Then, by Lemma 3.1 and orthogonality of the generalized Laguerre polynomials (3.4),
we have

AP=HFID (5 + 1)

(3.12) %= AT

(f, L") poo,  j=0,1,...,N.

Now we consider spectral collocation methods. Define 337,u = a#3% [z~ Pu],
where 3 is the Gauss—Laguerre interpolation operator associated with the N + 1
roots of LNYH(J:). By the definition of 3(1;\’7767 we have

(3.13) IV uePN(A), INuE Zy,.
Our spectral collocation method for (3.1) is to find uy € Zf, such that
(3.14) DY lgUN) — JA}WB =0, -1<p<1L

In implementation, we use the following representation:

N+1 - B xr—x
=Y () (2) b tw= [ I
i=1 !

T X
k=1,.. N+1,k£j "I k

We write [;(z) = kN;Ol Bk,jLZ"'B(xL where By ; can be uniquely determined by
By,j = o’ 'nl(L3? 1) s /T(n + B+ 1). Then, by (B.5), we have

N+1 N
_ _ F(n+14p5) _
— 8 Ny P . o, B—p
(3.15) oDjuy =" jEzl un (;)x; 1;20 By Fn+14+p8—p) b (@)

We introduce the differentiation matrix D such that

(3.16) Dii = f.

2 _ (P N T o (ghB n—p T
where @ = (v un(z1),..., 25 un(en)) ", £ = (@ " f(z1),..., 2 flang)) ',
and

N-1

n—l—l—i—ﬁ) a,B—puq, .
ZB’an—Fl—I—ﬁ u)Lk (s),

k=0

where x; are the N + 1 roots of the generalized polynomials L% N +1( x).
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To present our error estimate, we need the following weighted space, see, e.g., [22],

AT 5(A) = {v|a§v € L2 (M), =0,1,2,.. .,7“} :

)

which is equipped with the norm ||UHAT =i ||3kv|\2a pen) /2

THEOREM 3.3 (convergence rate of spectral Petrov-Galerkin methods on the half
line). Suppose that ug =0 and p**=Pf in Aa#h,@(A), Then, for 0 < pp < u,
(317) oDt (u = un)ll o —p < ClaN) RO GEORB )| L

THEOREM 3.4 (convergence rate of spectral collocation methods on the half line).
For pPr=Af ¢ AL (M) NAL _ 5(A) and any integer r > 1, we have when ug = 0 that

Jun =l o, < C@N) =92 (@ (|95 [p% 7 ] o s
(3.18) H(L+a )N [P o )

4. Numerical results. In this section, we will test the spectral Petrov—Galerkin
methods and the spectral collocation methods for linear single-term fractional differ-
ential equations on both the finite interval and the half line. Our numerical results
show the expected spectral convergence when the singularity index 3 is chosen prop-
erly.

4.1. Finite interval. Here, we test the spectral Petrov—Galerkin method us-
ing numerical integration on the right-hand side (2.13) and the spectral collocation
method using (2.19). In (1.1), we take up = 0 and the right-hand side as follows:

Casel: f=(1+a)7sin(z); Casell: f=(1+x)|z[°; Caselll: f=sin(l+ z).
The errors are measured in the following sense:

Jlun — uref”oo

(4.1) 00 =
”urcfHoo

where [|v|| = maxi<j<ary1 [v(y;)], y; = —14+2(j—1)/M, M = 20000. The reference
Uref is Obtained by the same solver but with finer resolution. For spectral Petrov—
Galerkin methods, we take N = 128 in (2.13) to obtain the reference solution. For
spectral collocation methods, we take N = 128 in (2.19) to obtain the reference
solution at the Gauss—Jacobi quadrature points and then obtain the value of u,cs at
y; through the Lagrange polynomial interpolation.

Ezample 4.1 (Petrov-Galerkin method). In the Petrov—Galerkin method (2.10),
we use numerical integration on the right-hand side, i.e., the formula (2.13). In the
spectral Petrov—Galerkin method (2.13), we can use any p1, pe when pq, e > 0 and
11 + pe = p without changing the results; see Remark 2.6.

In all the cases, we test & = —p, 0, in the test basis Y in (2.9) whenever
a > pt — 1. The numerical results show that the errors are of the same magnitude, so
we will only present the errors for a = 0.

In Table 1, we observe that the relative errors go quickly to the machine precision
when we have the proper singularity index of the solution, i.e., we take § = o 4+ u —
lo + ). (lo+ w] is the integer part of o + u.) Note that (1 + x)~7f is analytic,
and by Theorem 2.4 we have that (1 + x)~9 *u is infinitely differentiable. Then, by
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TABLE 1
Spectral Petrov—-Galerkin methods, Case 1 with p = 0.2, 0 = 0.2, relative L error: [ =
o+ up— o+ ul (left) and B = p (right).

# Nodes | 050 | 05 Order
4 5.9970e-04 | 8.2398e-02
16 3.1781e-15 | 3.1565e-02 0.69
32 4.6348e-15 1.6522e-02 0.93
64 4.6348e-15 | 6.4508¢e-03 1.36
TABLE 2

Spectral Petrov—-Galerkin methods, Case 11 with p = 0.8,0 = 0.5, relative L>° error: [ =
o+ pu— o+l (left) and B = p (right).

# Nodes | 05 Order | 050 Order
4 6.6170e-02 3.6445e-02
16 5.1218e-06 6.83 7.5350e-04 2.80
32 9.0505e-08 5.82 1.3236e-04 2.51
64 1.6887¢-09 5.74 2.1956e-05 2.59
TABLE 3

Spectral Petrov—Galerkin methods, Case 111, relative L error: = p = 0.2 (left) and 8 = p =
0.8 (right).

# Nodes | o5 | o5
4 2.3844e-04 | 3.7597e-05
16 4.4016e-15 4.2813e-15

Theorem 2.8, we have exponential convergence as observed here. When taking § = p,
we cannot reach the singularity index of the solution: (1+x) *u € Biit’,ﬂ“*e(l ), by
f € H?°t1=¢(I) and Theorem 2.4. Thus, we can only expect algebraic convergence
with rate 20 + 1+ 1 — € (1.6 — €) in L?norm (and expected rate 20 + pu + 1/2 — €
(1.1 — €) in L*-norm) rather than exponential convergence.

In Table 2, we observe that the relative errors decrease algebraically when we take

B=o0+pu—|o+p]. Notethat (1+z)~°f € H>5~¢(I), and by Theorem 2.4, we have
(142)~7*u € B> #~<(I). Then, by Theorem 2.8, we have the order of convergence

wWhy—
5.5+ 1 — € in L%-norm and expect the order of convergence 5 + j — € in L°°-norm

as observed here. When taking 3 = u, we cannot reach the singularity index of the
solution: (1 + x)~#u € B> =) by f € H22t1=<(I) and Theorem 2.4. Thus,

o= h
we can only expect algebUrJaic convergence with rate 20 + p+1/2 —€ (2.3 —€¢ ) in
L*°-norm rather than the order 5 4+ p — e.

In Table 3, f is analytic, and by Theorem 2.4, (1 + ) Pu (3 = p) is infinitely
smooth (analytic, to be precise). By Theorem 2.8, we obtain the exponential conver-
gence.

Ezample 4.2 (spectral collocation methods). Here, we test the spectral colloca-
tion method (2.16) using the formulation (2.19). In (1.1), we take ug = 0.

In all the numerical results presented here, we use 6 = v = 0 in (2.16). We also
tested different cases of 4,7 in the set {—p, 11,0}, and the numerical results are very
similar: with the same number of nodes, we have same levels of accuracy.

In Table 4, we have similar observations as in Table 1 for spectral Petrov—Galerkin
methods: taking f = o + p — |0 + 1] leads to better accuracy. We also observe that
the collocation methods admit a bit worse accuracy than the spectral Petrov—Galerkin
methods, but the errors are at the same magnitudes.
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TABLE 4
Spectral collocation methods, Case 1, relative L error: p=0.2,0 =0.2: B=0+pu— o+ p]
(left) and B = p (right).

# Nodes | 050 | 05 Order
4 1.3557e-03 | 9.6747e-02 -
8 3.0582¢-08 | 5.7640e-02 0.75
16 7.7475e-15 | 3.3236e-02 0.79
32 8.0124e-15 | 1.7078e-02 0.96
64 9.8003e-15 | 6.5880e-03 1.37
TABLE 5

Spectral collocation methods, Case 11 with p = 0.8, 0 = 0.5, relative L error: 8 = o + p —
lo +u) (left) and B = p (right).

# Nodes | ooy Order | oo Order
4 1.2070e-01 - 1.2073e-01 —
8 7.5193e-04 7.33 6.4467e-03 4.23
16 9.0775e-06 6.37 8.8683e-04 2.86
32 1.5566e-07 5.87 1.4345e-04 2.63
64 2.7884e-09 5.80 2.2911e-05 2.65
TABLE 6

Spectral collocation methods, Case 111, relative L error: B =u = 0.2 (left) and B = p = 0.8
(right).

# Nodes 05 | 8
4 4.1401e-03 6.4941e-04
8 1.6201e-07 1.4480e-08
16 8.0030e-15 | 3.2190e-14

In Table 5, we observe that the relative errors decrease with algebraic order when
we take 8 = o + p — |0 + p). Note that (1 +2z) 7 Hu € Bi'ffﬁ_e(l), and then by
Theorem 2.9, we have the order of convergence 5.5 + it — ¢ in L?-norm and expect
54 p — e in L®-norm as observed here. When taking 8 = p, we have only (1 +
x)Hu € Biit‘ffl*e(f). Thus, we can only expect algebraic convergence with rate
20 + pu+1/2 — € in L*°-norm rather than the order 5 + u — e. This is similar to the
case of spectral Petrov—Galerkin methods.

In Table 6, we observe exponential convergence as predicted since f is analytic.
This is similar to the case of spectral Petrov—Galerkin methods. However, the accuracy
of the spectral collocation method is a bit lower than the spectral Petrov—Galerkin

method in this example.

4.2. Half line. Now we test the spectral Petrov—Galerkin method (3.12) using
numerical integration on the right-hand side with Case I : f = 2%¢~3%; Case II :
f=11—z|"e*; Case Ill: f=(1+sin(z))e3*; Case IV: f = (1+z) ®sin(1 + ).

The error is measured in the following sense:

Uref — UN ,—
) g I

||'U'rcf||p1,—ﬁ ’
where the reference solution u,ef is obtained with N = 128 in (3.12).

In Table 7, we observe that the weighted error (4.2) decreases with algebraic
order when we take § = o + u — |0 + u] in the trial basis Z]'(f,; see (3.10). Note that
27 f = 73 is analytic, and by Theorem 3.17, we have the exponential convergence
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TABLE 7
Spectral Petrov—Galerkin on the half line, Case I with ¢ = 0.1 and p = 0.1, weighted L? error:
B=n+o (left); B = u(right).

# Nodes 05 Order | 05 Order
4 3.0172e-01 - 1.9500e-01 -
8 9.4875e-02 1.67 6.1907e-02 1.66
16 9.4692¢-03 3.32 5.4457e-02 0.18
32 9.4752¢-05 6.64 3.0055e-02 0.86
64 9.5099e-09 13.28 1.2215e-02 1.30
80 9.5272e-11  20.63 | 7.8592¢-03 1.98

TABLE 8

Spectral Petrov-Galerkin on the half line, Case 11, weighted L? error: f = u = 0.1 (left) and
B =p=0.8 (right).

# Nodes 05 Order | 05 Order
4 2.5878e-01 1.9678e-01
8 1.6600e-01 0.64 9.7834e-02 1.01
16 1.7915e-02 3.21 8.7095e-03 3.49
32 1.1479e-03 3.96 4.4959e-04 4.28
64 1.6764e-04 2.78 5.1485e-05 3.13
TABLE 9

Spectral Petrov-Galerkin method on the half line, Case 111, weighted L? error: § = p = 0.1
(left) and B = p = 0.8 (right).

# Nodes Jo Order | 05 Order
4 1.7149e-01 — 1.0456e-01 —
8 2.7270e-02 2.65 1.3784e-02 2.92
16 2.6543e-03 3.36 1.0949¢-03 3.65
32 2.9645e-05 6.48 9.7112¢-06 6.82
64 3.5049e-08 9.72 9.0911e-09  10.06
80 1.4998e-10  24.44 | 3.6048e-11  24.78

TABLE 10

Spectral Petrov-Galerkin method on the half line, Case IV, weighted L? error: B = u = 0.1
(left) and B = p = 0.8 (right).

# Nodes 05 Order | 05 Order
4 3.7547e-01 - 2.5650e-01 -
8 1.5999e-01 1.23 8.8239¢-02 1.54
16 3.7340e-02 2.10 1.6400e-02 2.43
32 3.4861e-03 3.42 1.2146e-03 3.76
64 8.5076e-05 5.36 2.3416e-05 5.70
80 1.7657e-05 7.05 4.5020e-06 7.39

as observed here. When taking 8 = u, we can only expect algebraic convergence with
rate (o0 + p+1)/2 — € in the weighted L?-norm, rather than exponential convergence.

In Table 8, f belongs to By, o(A) with r = 5.5 — €. According to Theorem 3.3, the
weighted L? error is expected to be of order (r + u)/2 — e: 2.8 — € when y = 0.1, and
3.15 — € when ¢ = 0.8.

We now test the cases of smooth right-hand side but with a different decay rate
at infinity: f decays exponentially in Table 9 and f decays algebraically in Table 10.
We observe spectral convergence in both tables but with different error behaviors.
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When the solution decays exponentially at infinity (f = (1 + sin(z))e 3% decays
exponentially), the weighted L? errors decay faster than the case in Table 10, where the
solution decays algebraically at infinity (f = (1+2)~°sin(1+z) decays algebraically).
Here, the derivatives of u at infinity (and large value points) are much smaller when
the solution decays faster at infinity. Thus, by Theorem 3.17, the weighted L?-errors
are smaller as the derivatives of u in the weighted L?-norms are smaller, which is the
case for fast decaying w at infinity.

5. Proofs.

5.1. Proof of regularity. To prove Theorem 2.2, we need the following lemma.
Denote WHP as the standard Sobolev space (WH2(I) = H*(I)) and that
(5.1)
L) = {vlv = 1Zf¢, g € LP(1)},  TH(LP(1)) = {v|v = .11, ¢ € LP(I)}.

LEMMA 5.1 (see [34, Theorem 18.3]). For 0 < u <1/p and 1 < p < oo,
(5.2) WP (1) = I (LP(D)) = 1" (LP(1).
When 1/p < p<1/p+1,
(5.3) IV (LP(I)) = gWHP(I), oWHP(I) = WHP(I) N {v|v(—1) = 0}.

Theorem 2.2 follows from Lemma 5.1 and the Sobolev embedding theorem; see,
e.g., [1]. 0

Proof of Proposition 2.3. The conclusion for 0 < p < 1/2 follows readily from
Lemma 5.1 or Lemma 2.5 in [28]. Now we prove the case for 1/2 < p < 1. First, by
Lemma 5.1 and (A.2), it holds thats o H#(I) = I} (L*(I)) C J}(I). Next, we will prove
that J4' (1) C oH"(I) ® {(z + 1)*~'}. For any v € J¥(I) (ie., v, -1Dtv € L*(I)),
we will show that v € oH"(I). We note that _1Z. #v (to be precise, a version of
_1Z17#v) is absolutely continuous, as it can be readily shown that _;Z1~#v € H(I).
Then, by (A.4),

v—(z+ 1)t lim Iy /T (p) = I 1 Dho € IF(L* (1)) = oH" ().
T——

This ends the proof of Proposition 2.3. d

Remark 5.2. Define the space Ji(I) = {v|v,,Dfv € L*(I)} equipped with
the norm ||u] g = (oD u|® + [u*)*/2. Similarly, we have, denoting H*(I) =:
HH(I) N {vlo(1) = 0},

Je) ="H*DHe{l-z)" '}, 1/2<p<l; Je(I)=H"I), 0<p<1/2.

Proof Theorem 2.4. We first prove the conclusion for nonnegative integers r =
k. For any positive real number r, the conclusion can be established by the space
interpolation theory; see, e.g., [1]. Since w®*~Pf € B’ . (I) (r > 0), we have

feL? (I). To assure the consistency condition (2.2), we have to identify the

weB—p
range of parameters «, § — p. By the Cauchy—Schwarz inequality, we obtain

1 * _ e T —a,B—p
it < g [ e [ G

by which we require 8 > 1—pu, such that (2.2) holds (and thus (2.3)). When wohr=Bf e
C(I), it can be readily shown that (2.2) and (2.3) hold.
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Write wO# B f(z) = 320 f, P&#~F(z). By (2.3), the Fubini theorem, and (B.4),
we have

+B8—pu+1):
= I E s 0,8— upozB ) OBE L'(n P BB (Y.
' f n= Of ' [ n=1 7’L+B+1) f " (iv)

By (B.2) and the fact (which can be proved by Stirling’s formula) that

(5.4) lim — LDy <1+ O=nO+y-1) +(9(n‘2)) =1,

n—00 n‘;*VI‘(n +7) nooo 2n

we obtain that there exists constants C7, C5 independent of n such that

(5.5) ClHPa ”5H HPO‘IB “H <CQHP°‘ Hﬁ”w"‘ wps  a—p, B> —1,

we— w, B3 waB n

which we denote by || P&A~#|2
we have

(A ——"

k Pn+B—p+1)z 0 .5
812 I'n+B8+1) bt

~ HPQ #ﬁ”wa B By (23)3 (Bl)a and (55)3

weB—p ™

n=1 we—ntk, B4k

2 (M) @]
2
Zf( o) iy’ \

a+k,B—up+k
Pn k

2
Pa—ﬂ+k,ﬁ+k’
n—k wa—ntk, Btk

8|P”18

Q

wotk,B—ptk

wotk, B—ptk

(5.6) = frn(d )
n=k

where dg:,f—” = % and we have used (5.4). Recall that we have

2

DR AU s o = ([0 D FuP?
n=0

watk,B—pt+k
2

a,B—p patk,S—pt+k
dnk Pn k

(5.7) = z_j Rz |p

y (5.6) and (5.7), we reach the conclusion by the space interpolation theory. O

watk,B—pt+k

2
potk, ﬁ—u+k‘
n—k watk B—utk

5.2. Proof of fractional formula of integration by parts. We need the
following lemmas to prove Theorem 2.5.

LEMMA 5.3 (fractional integration by parts, [34, Corollary of Theorem 2.4]).
Suppose that f = _1IH¢, ¢ € LP(I), and g = I}, v € LY(I), where 1/p+1/q <
14+ up and p,q > 1. Then, for any 0 < p < 1, it holds that

(5.8) (-1DL f,9) = (f,2DYg).
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LEMMA 5.4. Suppose that f = _1IF¢, ¢ € LP(I), and g = ,I1*), ¢ € LI(I),
where 1/p+1/q <1+ p and p,q > 1. Then, for any 0 < p < 1, it holds that

(5.9) (-1D5f,9) = (D" f..D1*9),

where 0 < py, po < p, and py + pe = .
Lemma 5.4 follows readily from Lemma 5.3 and the following composition rule.
LEMMA 5.5 (composition rule, [34, Corollary of Theorem 2.5] ). If v = I} (L'(1))
(see (5.1)) and 0 < p < 1, then for any py, pa > 0 with puy + ps = p,

(510) _1D51_1D52U = _1D5U.

By Lemmas 5.1 and 5.3, we will prove a special case of Theorem 2.5 with po = p.
THEOREM 5.6. Suppose that 0 < u < 1. For f € H*(I) and g € H*(I), it holds
that

(5.11) (-1 D4 f,9) = (f,2DY'g)-

Proof. When 0 < p < 1/2, (5.11) can be readily checked from Lemmas 5.1 and
5.3. When 1/2 < 4 < 1, by Lemma 5.3, (5.11) holds for the following cases:
(1) f— f(=1) € oH¥(I) = I(LA(I)) and g — g(1) € *HA(I) = I (L*(I)) with
p=q=2(1/p+1/g=1<1+p).
(2) f(—1) € I¥(L*(I)) and g — g(1) € "H*(I) = I"(L*(I)) with p =1 and ¢ = 2
I/p+1/¢g=3/2<1+p).
(3) f—f(=1)€oH*I) =1 (L*(I)) and g(1) € I"(L'(I)) withp=2and ¢ =1
(I/p+1/q=3/2 <1+ p).
Then we have

(-1Dhf g) = (L DL[f — f(=D],g — g(1)) + (-1 DL f(=1),9 — g(1))
+ (DL [f = F(=1)],9(1) + (-1 DE[f(=1)],9(1))
= (f = f(=1),2DF[g — g(V)]) + (f(-=1),2D{[g — g(1)))
+(f = f(=1),2D[g(D)]) + (f(=1), D [g(1)])
= (f,.D{9),

where we also use the fact that (_1DE[f(=1)],9(1)) = ([f(—=1)], D} [g(1)]). 0
Proof of Theorem 2.5. By Theorem 5.6 and Lemma 5.5, we have

(5.12) (1D f.g) = (D™ f.g) = (1D 1Dy f.g) = (1D f,. DY g),

where pq, o > 0 and g = p1 + p2. This proves Theorem 2.5. d

5.3. Proofs of error estimates on a finite interval. We need the following
Hardy inequality for optimal error estimates.

LEMMA 5.7. For any ¢ = Y 0" .y ¢nPyP H(ax) € L2, 5 ,(I), N > 1 and
o, > pu—1, and then for any 0 < uo < u, there exists a constant C > 0 independent
of N such that

H*lzgz [WO’Biu¢]||wa—u2,—ﬂ+u1 S CN*/W ”(waavB*“ ) Ml = M - M2~
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Proof. We have by (B.4) and (5.4)

|-z

wa— k2, —B+u
2

WO B n—l—ﬂ M+1) pa p2,B—p1
Z (b” 'n+p—pm+1) "

n=N+1

<CZ¢2

n=N+1

WA K2, =Bty

2
n+6 B 1) a—po,B—p1

Fn+B—m+1) "

we—n2,B—py
oo
<oNm S g [P
n=N-+1

< CON“22 16|20 e,

weB—p

In the last line, we also used the fact (5.5). O

5.3.1. Proof of Theorem 2.8. We need the following estimate of the Liaﬁ—
projection error.

THEOREM 5.8 (projection error, [21, Theorem 2.1} ). For any v € B}, s(I) and
forall0<ry <r,

o,

N v —v <C(N(N+a+8)"7

r1,we B

(5.13) ’

rw*B B>

where C' is a generic positive constant independent of any function v, N, «a, (.

Let p2 = p—p1. Set v = ,I4? [wH2m1=B(z) 1 Dy y]. Tt can be readily checked
that v € Y and ,D}*v = WO =B () DMy as uy € X]%. Then we have, by
(A.4) and Lemma A.1,

9 B o
|1 D N ss s = (P AR LT (D))
= (TR ], DY)

[ | D N s

Wwe—Kr2,n1 =B

and thus the stability (2.20) holds.

To obtain the convergence rate, we estimate ey =: uy — u*, where u* € X f, is
defined by wOAr=#P[w% =By and we can obtain the desired estimate by the triangle
inequality. Denote n = u — u*. Then, by (1.1), (2.10), and Theorem 2.5, we have

(5.14) (L1DMen, o, DE20) = (WOPHES P F — fl,0) + (LiDM g, Do),
Taking v € Y such that ,Df?v = w® #2:m1=F(z)_;Dley, we then have

A D en |2 s s = (AT B= 1 — [1f, 1 Di2w) + (L DEy, , D20),
and thus by Cauchy—Schwarz inequality and the fact that (_;D#tn, ,Di*v) =0,

(5.15) | aDE ey s < || T2 @O - )|

we—Kr2,n1 =B

By (5.15) and Lemma 5.7, we obtain

(5.16) ”*1,Dlw“eN”w°‘*M2wu1*B <CONT#

PP )
m? - |
orf

woesn—p

S C'N H2

woB—K

< ON—THe

watrB—ptr

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/27/15 to 128.148.231.12. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ERROR ESTIMATES OF SPECTRAL METHODS FOR FDEs 2091

We claim that ||_ DM n||jempsm—s < CN 71|97 f||atrs—ntr. In fact, we have
Dy = I (OB [P TH f — f]) since _ DEtu = TH2  Dhy = IF f and
D = T2 (WP %P TR ) by the definition of u* = w0 PP (w0 Fy] and
(2.3). Then the desired claim follows from Lemma 5.7. We then have from the triangle
inequality (using uy —u =17+ ey) that

[-1DE (un = w)l| o —uznn s < CNT7H2 1O f

wotr,B—ptr ’
This ends the proof of Theorem 2.8. d

5.3.2. Proof of Theorem 2.9. For the Gauss—Jacobi interpolation, we have
the following optimal error estimate.

LEMMA 5.9 (interpolation error, [27, Theorem 3.2.1]). Assuming that v €
B’ (I) where r > 1 and 0,y > —1, we have for 6 <p<d+1andy <o <y+1,

(5.17) H(z;;% - U)H < ON= 00|l o, O<I<T.
wre

Now, we prove Theorem 2.9. We take fractional integral _1 742 (0 < po = p—pq <
1) over both sides of (2.3), and then by (A.3), we have
(518) ,1'D51’U,N = ,1'Dg1 [I?\}?ﬁ’U,N] = ,1152 [I?\}’YB_#f]

By (5.18), the numerical scheme (2.16) is stable in the following sense:

(5.19) | APl oo = || T2 231

we—B—n

By (5.19) and Lemma 5.7, we have

H*ngl (U‘N - u)||wo‘7“2176+ul < CN™#

L) ]

woesB—p

Then, by Lemma 5.9, when -1 < <a<d+land -1 <y<F—pu<~v+1, we
obtain (2.22). O

5.4. Proofs of error estimates on the half line. To prove Lemma 3.2, we
need the following formula of integration by parts.

LEMMA 5.10 (see [34, section 5.1]). Suppose that f = ¢IZF¢, ¢ € LP(A) and
that g = ;I v, ¢ € LYA), where 1/p+1/q =14 p and p,q > 1. Then, for any
0 < p <1, 4t holds that

Lemma 3.2 follows readily from Lemma 5.10 and the composition rule that
oD DETH f = oDE, 0 < py < pforz € Aand f = oZH¢, ¢ € LP(A), p > 1.

Actually, this composition rule is a ready corollary of Lemma 5.5.

We need the following Hardy inequality, but we omit the proof since the idea of
the proof is similar to that of Lemma 5.7 for the case of finite interval.

LEMMA 5.11. For ¢ = Y° . ¢nLP7H(z) € Lia,ﬂ_“(A), N>1and f—p>
—1,a >0, and then for any 0 < ps < w, there exists a constant C' independent of N
such that

(5.21) 0ZE2 Ml o -1 < CL@N) 7272 ] -
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LEMMA 5.12 (projection error, 23, Theorem 2.1]). For any v € Aj 5(A), and
any nonnegative integer r, there exists a constant C' independent of N such that

(5.22) HH%% - U\ o SC@N) T e 0 <0<

o, B
LEMMA 5.13 (interpolation error, [22, Theorem 3.5]). Forv € Af, 5(A)NA] 5 1 (A)
and an integer r > 1, there is a constant C > 0 independent of N such that

3% —w

p?
< C(aN) /2@ 000 argers + (L @~ Y2) (10 NYY2 0] s )-

Proof of Theorem 3.17. Taking vy € Py(A) in the scheme (3.11) such that
2DE2 (v p*0) = p* =By Dhiy  we then have

oDk un |20y -5 = (T8 £, 2DE2 (un p™0)) = (6T £, 0DE U ) poos
and thus
(5.23) loD5 un | jo—s < [l0Z5? fll porsiir—5 -

To obtain the convergence rate of the scheme, we estimate exy = uy — u*, where
u* = pOHBH%B[pO”Bu] € Zf,. Then we obtained the desired estimate by the triangle
inequality and the project error n = u* — u.

By the definition of u*, we have that (oD, ,D*2[unp*°]) = 0 for any v €
Py (A). Thus, by (3.1), Lemma 3.2, and the scheme (3.11), we have

(0D4 en, » D2 [on p™ ) = (P HMYT [p"# P f] = p"# P ), un).
Taking v such that ,D!2 (vyp®0) = p*H1=FyDiiey . we then have
H0D51€N|‘Qpa,u1—ﬂ _ (pO,Bfu(H%B—u[pmufﬂf] _ po’”’ﬁf),vN),
and thus by the Cauchy—Schwarz inequality,

(5:24) oD en o —s < [[oZ2 (04 (7[00 f] = 05 )

pek1—h ’
By a similar argument in the proof of Lemma 5.7, we have
oDt el - < 0T (007 # (T T [p8 f] — g7 ) e
< ClanN) /2|y P [ =A ] - [
p P

< C(aN)~ 2 gr (0" =P )|
Similar to the proof in Theorem 2.8, we have
HODlzlllan"‘vNI*B S C(OéN)i(T+M2)/2 ||8;(p07uiﬂf)upa,ﬂ—u+r .

We then reach the conclusion by (5.24), Lemma 5.12, and the triangle inequality. a
Proof of Theorem 3.4. By (3.2) and (3.14), we have

uN —uU = ,1Ig[j%$_ﬂf — f]
By Lemma 5.11, we have
_ o _ a2
(5:25)  lluw —ulloms < C@N)2 |35 (00 f) = e
Then, by Lemma 5.13 for v = 8 — pu, we have (3.18). O
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6. Conclusion and discussion. We have analyzed spectral Petrov—Galerkin/
Galerkin and collocation methods for single-term Riemann-Liouville fractional or-
dinary differential equations. For this type of equation on the finite interval, the
singularity of the solutions is of type (z — a)?, where a is the left endpoint, and 3
is singularity index 0 < 8 < 1; when 8 = 0,1, there is no singularity. This type of
singularity can be well resolved with weighted Jacobi polynomials, i.e., (z —a)? times
some linear combination of Jacobi polynomials. For equations on the half line, we can
resolve the left endpoint boundary in a similar fashion when we know the decay rate
of the solutions at infinity. In this work, we use generalized Laguerre polynomials. We
note that better resolution at infinity may result from better knowledge of the decay
behavior of the solution at infinity. In summary, for equations on both finite intervals
and the half line, we recover the spectral convergence, as both error estimates and
numerical results show.

Our methodology and analysis can be extended in several directions. First, we
can extend to FODEs in a more general form, e.g.,

d

2 (a(w) -1 Dlu) + c(a)u = f,

dx
where a(z) > 0 and c(z) are continuous and homogeneous Dirichlet boundary con-
ditions are imposed. When c(z) = 0, see, e.g., [40], the extension of our analysis is
more or less straightforward. When c(z) # 0, our analysis can be readily applied
when the singular basis (2.9) with negative index is used, where we find that the nu-
merical results are more accurate than those with positive index in (2.9). Second, we
can extend the methodology presented here to high-dimensional problems on smooth
domains as it is known that the singularity of high-dimensional problems may simply
lie along the boundary; see, e.g., [39]. These two directions of research are ongoing.

Appendix A. Properties of fractional integrals and derivatives. We have
used the following properties of Riemann—Liouville derivatives in this work:
e For 0 < pu < 1, we have, see, e.g., [20, (1.23)],

(A1) i DEv =0 v =clz+ 1)

where ¢ is an arbitrary constant.
e (inverse, see, e.g., [34, Theorem 2.4], [20, (1.14)])

(A.2) D Tl =¢ for any ¢ € L(I).

e (inverse, see, e.g., [34, Theorem 2.4]) If there exists an ¢ € L'(I) such that
f=_1I!¢, then
(A3) TP DEf =]

However, if we assume only that f € L(I) and _1Z1 #f is absolute contin-
uous, then

(A.4) I D f = f = (e + 1) lim AT /T ().

LEMMA A.1 (fractional integration by parts I, [34, Corollary of Theorem 3.5]).
If ¢(z) € LP(I) and y(x) € LY(I), p,q > 1, we have

(A.5) (1 Z5 8, %) = (6, 2T1'Y),
where 1/p+1/qg=1+p (p,g>1) or 1/p+1/g <1+ p.
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Appendix B. Some useful relations of Jacobi polynomials. The following
relations hold for Jacobi polynomials, see, e.g., [4, Chapter 2]:

tat+B+1_,
%Pnjll,ﬁ+l(m)’ a.B>—1.

2 2048+ Tn4+a+1)I(n+B+1)
B.2) |PF = ~1.
(B2) (|7 2n+a+pf+1 nl(n+a+p+1) >

(B.1)  9,P™P(x)

By (B.2) and (B.1), we have

®23) P2 s = e o

w4t a+ B+ 1)n H n—1

watl,B+1
The fractional integral of the weighted Jacobi polynomial is

r 1
(B4)  MTH((1+2) P) = (n(j_ ; - - +)1) (1+ @)+ Po=if i (),

where a — 1+ p > —1and f—p+1 > 0; see, e.g., [4, (3.6)]. By the inverse property
(A.2), we then have the fractional derivative of weighted Jacobi polynomials with
08— p,a>—1:

(B3)  APE(1+ 0 P) = g e (1 ) R )
Similarly, we have, for « — u, 8 > —1,
(B6) DI -2 Po(a) = LTI yacupansta(y).

'n+a—p+1)

Acknowledgment. The authors would like to thank Professor Mark Ainsworth
at Brown University for valuable discussions.

REFERENCES

R. A. Apawms, Sobolev Spaces, Academic Press, New York, 1975.
B. K. ALPERT AND V. ROKHLIN, A fast algorithm for the evaluation of Legendre expansions,
SIAM J. Sci. Statist. Comput., 12 (1991), pp. 158-179.
R. ASKEY, Dual equations and classical orthogonal polynomials, J. Math. Anal. Appl., 24
(1968), pp. 677-685.
[4] R. ASkEY, Orthogonal Polynomials and Special Functions, SIAM, Philadelphia, 1975.
R. ASKEY AND J. FITCH, Integral representations for Jacobi polynomials and some applications,
J. Math. Anal. Appl., 26 (1969), pp. 411-437.

D. BaLeanu, A. H. BarAwY, AND T. M. TAHA, A modified generalized Laguerre spectral
method for fractional differential equations on the half line, Abstr. Appl. Anal., 12 (2013),
413529.

[7] J. P. BoyDp, Chebyshev and Fourier Spectral Methods, 2nd ed., Dover, Mineola, New York,

2001.

H. BRUNNER, Collocation Methods for Volterra Integral and Related Functional Differential

Equations, Cambridge University Press, Cambridge, 2004.

H. BRUNNER AND D. SCHOTZAU, hp-discontinuous Galerkin time-stepping for Volterra inte-

grodifferential equations, STAM J. Numer. Anal., 44 (2006), pp. 224-245.

[10] S. CHEN, J. SHEN, AND L.-L. WANG, Generalized Jacobi functions and their applications to
fractional differential equations, Math. Comp., to appear.

[11] Y. CHEN AND T. TaNG, Convergence analysis of the Jacobi spectral-collocation methods for

Volterra integral equations with a weakly singular kernel, Math. Comp., 79 (2010), pp. 147

167.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/27/15 to 128.148.231.12. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

[21]
[22]
23]
[24]

[25]

[26]

[27]

[35]
[36]
[37]

[38]

[39]

[40]

ERROR ESTIMATES OF SPECTRAL METHODS FOR FDEs 2095

L. M. DELVES AND J. L. MOHAMED, Computational Methods for Integral Equations, Cambridge
University Press, Cambridge, 1988.

W. DENG, Finite element method for the space and time fractional Fokker—Planck equation,
SIAM J. Numer. Anal., 47 (2008/09), pp. 204-226.

K. DIETHELM, The Analysis of Fractional Differential Equations, Springer-Verlag, Berlin, 2010.

K. DIETHELM AND A. D. FREED, An efficient algorithm for the evaluation of convolution
integrals, Comput. Math. Appl., 51 (2006), pp. 51-72.

E. H. Dona, A. H. BHRAWY, AND S. S. Ezz-ELDIEN, A Chebyshev spectral method based on
operational matriz for initial and boundary value problems of fractional order, Comput.
Math. Appl., 62 (2011), pp. 2364-2373.

E. H. DoHA, A. H. BHRAWY, AND S. S. Ezz-ELDIEN, Efficient Chebyshev spectral methods for
solving multi-term fractional orders differential equations, Appl. Math. Model., 35 (2011),
pp. 5662-5672.

V. J. ERVIN AND J. P. Roop, Variational solution of fractional advection dispersion equations
on bounded domains in R%, Numer. Methods Partial Differential Equations, 23 (2007),
pp. 256-281.

N. J. ForDp AND A. C. SIMPSON, The numerical solution of fractional differential equations:
Speed versus accuracy, Numer. Algorithms, 26 (2001), pp. 333-346.

R. GORENFLO AND F. MAINARDI, Fractional calculus: Integral and differential equations of
fractional order, in Fractals and Fractional Calculus in Continuum Mechanics, Springer-
Verlag, Berlin, 1997, pp. 223-276.

B.-Y. Guo AND L.-L. WANG, Jacobi approzimations in non-uniformly Jacobi-weighted Sobolev
spaces, J. Approx. Theory, 128 (2004), pp. 1-41.

B.-Y. Guo, L.-L. WANG, AND Z.-Q. WANG, Generalized Laguerre interpolation and pseudospec-
tral method for unbounded domains, SIAM J. Numer. Anal., 43 (2006), pp. 2567—-2589.
B.-Y. Guo AND X.-Y. ZHANG, A new generalized Laguerre spectral approximation and its

applications, J. Comput. Appl. Math., 181 (2005), pp. 342-363.

G. E. KARNIADAKIS AND S. J. SHERWIN, Spectral/hp Element Methods for Computational Fluid
Dynamics, 2nd ed., Oxford University Press, New York, 2005.

M. M. KHADER, T. S. EL DANAF, AND A. S. HENDY, Efficient spectral collocation method
for solving multi-term fractional differential equations based on the generalized Laguerre
polynomials, Fract. Calc. Appl., 3 (2012), pp. 1-14.

C. L1, F. ZeENG, AND F. L1vu, Spectral approximations to the fractional integral and derivative,
Fract. Calc. Appl. Anal., 15 (2012), pp. 383-406.

H. L1, Super Spectral Viscosity Methods for Nonlinear Conservation Laws, Chebyshev Col-
location Methods and Their Applications, Ph.D. thesis, Shanghai University, Shanghai,
2001.

X. L1 anND C. Xu, A space-time spectral method for the time fractional diffusion equation,
SIAM J. Numer. Anal., 47 (2009), pp. 2108-2131.

H. MA AND W. SUN, Optimal error estimates of the Legendre—Petrov—Galerkin method for the
Korteweg—de Vries equation, SIAM J. Numer. Anal., 39 (2001), pp. 1380-1394.

K. Mustaprua, B. ABDALLAH, AND K. M. FURATI, A discontinuous Petrov—Galerkin method
for time-fractional diffusion equations, SIAM J. Numer. Anal., 52 (2014), pp. 2512-2529.

K. MustapHA AND W. MCLEAN, Superconvergence of a discontinuous Galerkin method for
fractional diffusion and wave equations, STAM J. Numer. Anal., 51 (2013), pp. 491-515.

A. NARAYAN AND J. HESTHAVEN, Computation of connection coefficients and measure modifi-
cations for orthogonal polynomials, BIT, 52 (2012), pp. 457-483.

I. PODLUBNY, Fractional Differential Equations, Academic Press, New York, 1999.

S. G. SAMKO, A. A. KiLBAS, AND O. I. MARICHEV, Fractional Integrals and Derivatives: Theory
and Applications, Gordon and Breach, Yverdon, Switzerland, 1993.

J. SHEN, A new dual-Petrov—Galerkin method for third and higher odd-order differential equa-
tions: Application to the KdV equation, SIAM J. Numer. Anal., 41 (2003), pp. 1595-1619.

J. SHEN AND L.-L. WANG, Some recent advances on spectral methods for unbounded domains,
Commun. Comput. Phys., 5 (2009), pp. 195-241.

T.-T. SHEN, Z.-Q. ZHANG, AND H.-P. MA, Optimal error estimates of the Legendre tau method
for second-order differential equations, J. Sci. Comput., 42 (2010), pp. 198-215.

W. Y. TiAN, W. DENG, AND Y. WU, Polynomial spectral collocation method for space fractional
advection-diffusion equation, Numer. Methods Partial Differential Equations, 30 (2014),
pp. 514-535.

G. VAINIKKO, Multidimensional Weakly Singular Integral Equations, Lecture Notes in Math.
1549, Springer-Verlag, Berlin, 1993.

H. WaNG AND D. YaNG, Wellposedness of wvariable-coefficient conservative fractional elliptic
differential equations, STAM J. Numer. Anal., 51 (2013), pp. 1088-1107.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/27/15 to 128.148.231.12. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

2096 7. ZHANG, F. ZENG, AND G. EM KARNIADAKIS

[41] M. ZAYERNOURI, M. AINSWORTH, AND G. E. KARNIADAKIS, A unified Petrov—-Galerkin spectral
method for fractional PDEs, Comput. Methods Appl. Mech. Engrg., 283 (2015), pp. 1545—
1569.

[42] M. ZAYERNOURI, W. CAO, Z. ZHANG, AND G. E. KARNIADAKIS, Spectral and discontinuous
spectral element methods for fractional delay equations, STAM J. Sci. Comput., 36 (2014),
pp. B904-B929.

[43] M. ZAYERNOURI AND G. E. KARNIADAKIS, Ezponentially accurate spectral and spectral element
methods for fractional ODEs, J. Comput. Phys., 257 (2014), pp. 460-480.

[44] M. ZAYERNOURI AND G. E. KARNIADAKIS, Fractional spectral collocation method, SIAM J. Sci.
Comput., 36 (2014), pp. A40-A62.

[45] F. ZEng, F. Liu, C. L1, K. BURRAGE, I. TURNER, AND V. ANH, A Crank—Nicolson ADI spectral
method for a two-dimensional Riesz space fractional nonlinear reaction-diffusion equation,
SIAM J. Numer. Anal., 52 (2014), pp. 2599-2622.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


