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Abstract. Using Wiener chaos expansion (WCE), we develop numerical algorithms for solving
second-order linear parabolic stochastic partial differential equations (SPDEs). We propose a deter-
ministic WCE-based algorithm for computing moments of the SPDE solutions without any use of the
Monte Carlo technique. We also compare the proposed deterministic algorithm with two other nu-
merical methods based on the Monte Carlo technique and demonstrate that the new method is more
efficient for highly accurate solutions. Numerical tests verify that the scheme is of mean-square order

O( ΔN/2√
(N+1)!

) for diffusion and for diffusion-reaction SPDEs with constant or variable coefficients,

where Δ is the time step, and N is the Wiener chaos order.
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1. Introduction. In this paper we develop a new numerical method, based on
nonlinear filtering ideas and spectral expansions, for advection-diffusion-reaction equa-
tions perturbed by random fluctuations, which form a broad class of second-order
linear parabolic stochastic differential equations (SPDEs). The standard approach to
constructing SPDE solvers starts with a space discretization of an SPDE, for which
spectral methods (see, e.g., [4, 10, 14]), finite element methods (see, e.g., [1, 8, 32])
or spatial finite differences (see, e.g., [1, 11, 30, 33]) can be used. The result of such
a space discretization is a large system of ordinary stochastic differential equations
(SDEs) which requires time discretization to complete a numerical algorithm. In
[5, 6] an SPDE is first discretized in time and then a finite element or finite difference
method can be applied to this semidiscretization. Other numerical approaches include
those making use of splitting techniques [2, 17, 12], quantization [9], or an approach
based on the averaging-over-characteristic formula [26, 27]. In [22, 19] numerical algo-
rithms based on the Wiener chaos expansion (WCE) were introduced for solving the
nonlinear filtering problem for hidden Markov models. Since then the WCE-based
numerical methods have been successfully developed in a number of directions (see,
e.g., [13, 31]).

In computing moments of SPDE solutions, the existing approaches to solving
SPDEs are usually complemented by the Monte Carlo technique. Consequently, in
these approaches numerical approximations of SPDE moments have two errors: nu-
merical integration error and Monte Carlo (statistical) error. To reach a high accuracy,
we have to run a very large number of independent simulations of the SPDE to reduce
the Monte Carlo error. Instead, here we exploit WCE numerical methods to construct
a deterministic algorithm for computing moments of the SPDE solutions without any
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use of the Monte Carlo technique.
The rest of the paper is organized as follows. In section 2 we introduce the

linear SPDE considered in the paper and recall the definition of its Wiener chaos
solution. In section 3 we revisit the method employed in [19] and apply it to a more
general linear SPDE than the one treated in [19]. Based on this, the algorithm for
computing moments of the SPDE solutions is introduced in section 4. To demonstrate
the effectiveness of the proposed algorithm, we perform a number of numerical tests.
In section 5 we test the algorithm on two one-dimensional SPDEs and confirm its
theoretical order of convergence. In section 6 we apply this algorithm to the passive
scalar equation in the periodic case in two dimensions. In both section 5 and section 6
we also compare the WCE-based algorithm with algorithms exploiting the Monte
Carlo technique and demonstrate that while the proposed WCE-based algorithm is
slower than Monte Carlo-type methods in getting results of low accuracy, in reaching
higher accuracy the WCE-based algorithm can be more efficient. A summary and
discussion on possible extensions are given in section 7.

2. WCE of the SPDE solution. Let (Ω,F , P ) be a complete probability space,
Ft, 0 ≤ t ≤ T be a filtration satisfying the usual hypotheses, and (w(t),Ft) =
({wk (t) , k ≥ 1} ,Ft) be a system of one-dimensional independent standard Wiener
processes. Let D be an open domain in R

d. Consider the following SPDE written in
the form of Itô:

(2.1)

du(t, x) = Lu(t, x) + f(x) +
∑
k≥1

[Mku(t, x) + gk(x)] dwk(t), (t, x) ∈ (0, T ]×D,

u(0, x)= u0(x), x ∈ D,
where

(2.2)

Lu(t, x) =
d∑

i,j=1

aij (x)DiDju(t, x) +

d∑
i=1

bi(x)Diu(t, x) + c (x) u(t, x),

Mku(t, x) =

d∑
i=1

bki (x)Diu(t, x) + hk (x)u(t, x),

and Di := ∂xi . We assume that D is either bounded with a regular boundary or that
D = R

d. In the former case we will consider periodic boundary conditions and in the
latter the Cauchy problem. We also assume that the coefficients of operators L and
M are uniformly bounded and L− 1

2

∑
k≥1 MkMk is nonnegative definite. When the

coefficients of L andM are sufficiently smooth, existence and uniqueness results for
the solution of (2.1)–(2.2) are available (see, e.g., [28]) and under weaker assumptions
(see, e.g., [23, 21]).

Now let us recall (see details in [23, 20, 21]) the definition of a Wiener chaos
solution to the linear SPDE (2.1)–(2.2). Denote by J the set of multi-indices α =
(αk,l)k,l≥1 of finite length |α| =∑∞

i,k=1 αk,l, i.e.,

J = {α = (αk,l, k, l ≥ 1), αk,l ∈ {0, 1, 2, . . .}, |α| <∞} .
Here k denotes the number of Wiener processes and l the number of Gaussian random
variables approximating each Wiener process, as will be shown shortly. We represent
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A916 ZHANG, ROZOVSKII, TRETYAKOV, AND KARNIADAKIS

the solution of (2.1)–(2.2) as

(2.3) u(t, x) =
∑
α∈J

1√
α!
ϕα(t, x)ξα,

where {ξα} is a complete orthonormal system (CONS) in L2(Ω,Ft, P ), α! =
∏

k,l

(αk,l!), and ϕα satisfies the following system of equations (the propagator):

∂ϕα(s, x)

∂s
= Lϕα(s, x) + f(x)1{|α|=0}(2.4)

+
∑
k,l

αk,lml(s)
[Mkϕα−(l,k)(s, x) + gk(x)1{|α|=1}

]
, 0 < s ≤ t, x ∈ D,

ϕα(0, x) = u0(x)1{|α|=0}, x ∈ D,
where α−(l, k) is the multi-index with components

(2.5)
(
α−(l, k)

)
i,j

=

{
max(0, αi,j − 1) if i = l and j = k,
αi,j otherwise.

The random variables ξα in (2.3) are constructed according to the Cameron–Martin
theorem [3]:

(2.6) ξα :=
∏
α

(
Hαk,l

(ξk,l)√
αk,l!

)
, α ∈ J ,

where {ml} = {ml(s)}l≥1 is a CONS in L2([0, t]), ξk,l =
∫ t

0 ml(s) dwk(s), and Hn is
the nth Hermite polynomial:

(2.7) Hn(x) = (−1)nex2/2 d
n

dxn
e−x2/2.

The representation (2.3)–(2.7) is called a WCE of the SPDE solution. It is clear
that a truncation of the WCE (2.3) presents a possibility for constructing numerical
methods for SPDEs. This is considered in the next section.

3. Multistage WCE method. In addition to the multi-index length |α| =∑∞
i,k=1 αk,l, we define the order of multi-index

α : d(α) = max {l ≥ 1 : αk,l > 0 for some k ≥ 1}
and the truncated set of multi-indices

JN,n = {α ∈ J : |α| ≤ N, d(α) ≤ n} .
Here N is the highest Hermite polynomial order and n is the maximum number of
Gaussian random variables for each Wiener process. Using (2.3), we introduce the
truncated Wiener chaos solution

(3.1) uN,n(t, x) =
∑

α∈JN,n

1√
α!
ϕα(t, x)ξα.

We choose the basis {ml(s)}l≥1 as

(3.2) m1(s) =
1√
t
, ml(s) =

√
2

t
cos

(
π(l − 1)s

t

)
, l ≥ 2, 0 ≤ s ≤ t.
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See a discussion on selection of basis in [19].
The truncated expansion (3.1) together with (2.4), (2.6), and (3.2) gives us a

constructive approximation of the solution to (2.1), where implementation requires
that we numerically solve the propagator (2.4).

It is proved in [19, Theorem 2.2] that when bki (t, x) = 0, c = 0, g = 0 (reaction-
diffusion equation), and the number of noises is finite there is a constant C > 0 such
that for any t ∈ (0, T ]

(3.3) E ‖uN,n(t, ·)− u(t, ·)‖2L2 ≤ CeCt

(
(Ct)N+1

(N + 1)!
+
t3

n

)
.

Our preliminary analysis shows that in the general case of (2.1), the error estimate
(3.3) is expected to be

(3.4) E ‖uN,n(t, ·)− u(t, ·)‖2L2 ≤ CeCt

(
(Ct)N+1

(N + 1)!
+
t2

n

)
.

A rigorous proof of such a result will appear elsewhere.
It follows from the error estimates (3.3) and (3.4) that the error of the approxi-

mation uN,n(t, ·) grows exponentially in time t, which severely limits its practical use.
To overcome this difficulty, it was proposed in [19] to introduce a time discretization
with step Δ > 0 and view (3.1), (2.4), (2.6), (3.2) as the one-step approximation of
the SPDE solution based on which an effective numerical method applicable to longer
time intervals was constructed.

To this end, let us introduce the multistep basis for the WCE and its correspond-
ing propagator. Let 0 = t0 < t1 < · · · < tK = T be a uniform partition of the time

interval [0, T ] with time step size Δ; see Figure 3.1. Let {m(i)
k } = {m(i)

k (s)}k≥1 be
the following CONS in L2([ti−1, ti]):

m
(i)
l = ml(s− ti−1), ti−1 ≤ s ≤ ti,(3.5)

ml(s) =
1√
Δ
, ml(s) =

√
2

Δ
cos

(
π(l − 1)s

Δ

)
, l ≥ 2, 0 ≤ s ≤ Δ,

ml(s) = 0, l ≥ 1, s /∈ [0,Δ].

Define the random variables ξ
(i)
α , i = 1, . . . ,K, as

(3.6) ξ(i)α :=

(i)∏
α

(
Hαk,l

(ξ
(i)
k,l)√

αk,l!

)
, α ∈ J ,

where ξ
(i)
k,l =

∫ ti
ti−1

m
(i)
l (s) dwk(s), and Hn are Hermite polynomials (2.7).

Let

(3.7) uΔ,N,n(0, x) = u0(x),

and by induction for i = 1, . . . ,K let

(3.8) uΔ,N,n(ti, x) =
∑

α∈JN,n

1√
α!
ϕ(i)
α (Δ, x)ξ(i)α ,
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A918 ZHANG, ROZOVSKII, TRETYAKOV, AND KARNIADAKIS

· · ·0 Δ 2Δ · · · · · · iΔ · · · · · · T = KΔ

offline︸ ︷︷ ︸ online

δt

Fig. 3.1. Illustration of the idea of multistage WCE. The dotted line denotes the “offline”
computation, where we solve the propagator up to time Δ. The dashed line implies that one solves
only the solution on certain time levels instead of on the entire time interval.

where ϕ
(i)
α (Δ, x) solves the system

∂ϕ
(i)
α (s, x)

∂s
= Lϕ(i)

α (s, x) + f(x)1{|α|=0}(3.9)

+
∑
k,l

αk,lm
(i)
l (s)

[
Mkϕ

(i)
α−(l,k)(s, x) + gk(x)1{|α|=1}

]
, s ∈ (0,Δ],

ϕ(i)
α (0, x) = uΔ,N,n(ti−1, x)1{|α|=0}.

Thus, (3.7)–(3.9) together with (3.5) and (3.6) gives us a recursive method (called
the RWCE method) for solving the SPDE (2.1), where implementation requires us to
numerically solve the propagator (3.9) at every time step.

Based on the one-step error (3.3), the following global error estimate for the
RWCE method is proved in [19, Theorem 2.4] (the case of bki (t, x) = 0, c = 0, g = 0,
and a finite number of noises):

(3.10) E ‖uΔ,N,n(ti, ·)− u(ti, ·)‖2L2 ≤ CeCT

(
(CΔ)N

(N + 1)!
+

Δ2

n

)
, i = 1, . . . ,K,

for some C > 0 independent of Δ, N, and n; i.e., this method is of global mean-square

order O( ΔN/2√
(N+1)!

+ Δ√
n
). Moreover, based on (3.4), one can prove that in the general

case of (2.1) (advection-diffusion-reaction equations) the error estimate for the RWCE
method will have the form

(3.11) E ‖uΔ,N,n(ti, ·)− u(ti, ·)‖2L2 ≤ CeCT

(
(CΔ)N

(N + 1)!
+

Δ

n

)
, i = 1, . . . ,K;

i.e., this method is of mean-square order O( ΔN/2√
(N+1)!

+
√

Δ
n ).

As we already mentioned, the RWCE method requires us to solve the propagator
(3.9) at every time step, which is computationally rather expensive. To reduce the
cost, we introduce a modification of this method following [19]. The idea is to expand
the initial condition u0(x) in a basis {em}, present uΔ,N,n(ti−1, x) as uΔ,N,n(ti−1, x) =∑

m cmem(x), and note that ϕα(Δ, x;uΔ,N,n(ti−1, ·)) =
∑

m cmϕα(Δ, x; em), where
ϕα(s, x;φ) is the solution of the propagator (3.9) with the initial condition
φ(x).

The idea is illustrated in Figure 3.1 with the help of a sketch. We can first compute
the propagator (3.12) (see below) on (0,Δ] and obtain a problem-dependent basis
qα,l,m (3.13). This step is called “offline” as in [19]. Thus, one recursively computes
the solution “online” by (3.14) and (3.15) only at time iΔ (i = 2, . . . ,K) using the
obtained basis qα,l,m. Specifically, we proceed as follows. Let {em} = {em(x)}m≥1 be

a CONS in L2(D) with boundary conditions satisfied and (·, ·) be the inner product
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in that space. Let ϕα(s, x;φ) solve the following propagator:

∂ϕα(s, x;φ)

∂s
= Lϕα(s, x;φ) + f(x)1{|α|=0}(3.12)

+
∑
k,l

αk,lml(s)
[Mkϕα−(l,k)(s, x;φ) + gk(x)1{|α|=1}

]
, s ∈ (0,Δ],

ϕ(i)
α (0, x) = φ(x)1{|α|=0},

where ml(s) are as in (3.2). Define

(3.13) qα,l,m = (ϕα(Δ, ·; el), em), l,m ≥ 1,

and then find by induction the coefficients

ψm(0;N,n) := (u0, em),(3.14)

ψm(i;N,n) :=
∑

α∈JN,n

∑
l

1√
α!
ψl(i− 1;N,n)qα,l,mξ

(i)
α , i = 1, . . . ,K.

It is proved in [19, Theorem 2.5] that

(3.15) uΔ,N,n(ti, x) =
∑
m

ψm(i;N,n)em(x), i = 0, . . . ,K, P -a.s.

We refer to the numerical method (3.15), (3.12)–(3.14) together with (3.5)–(3.6) as
the multistage WCE method for the SPDE (2.1).

In practice, if (2.1) has an infinite number of Wiener processes, we truncate them
to a finite number r ≥ 1 of noises. We introduce the correspondingly truncated set
JN,n,r so that

JN,n,r = {α ∈ J : |α| ≤ N, dr(α) ≤ n} ,

where dr(α) = max {l ≥ 1 : αk,l > 0 for some 1 ≤ k ≤ r} .
Algorithm 1. Choose a truncation of the number of noises r ≥ 1 and the

algorithm’s parameters: a CONS {em(x)}m≥1 and its truncation {em(x)}Mm=1; a time
step Δ; N and n which together with r determine the size of the multi-index set
JN,n,r.

Step 1. For each m = 1, . . . ,M, solve the propagator (3.12) for α ∈ JN,n,r on the
time interval [0,Δ] with the initial condition em(x) and denote the obtained solution
as ϕα(Δ, x; em), α ∈ JN,n,r, m = 1, . . . ,M. Note in this step that we need to also
choose a time step size δt to solve the equations in the propagator numerically.

Step 2. Evaluate ψm(0;N,n,M) = (u0, em), m = 1, . . . ,M, where u0(x) is the
initial condition for (2.1), and qα,l,m = (ϕα(Δ, ·; el), em(·)), l,m = 1, . . . ,M.

Step 3. On the ith time step (at time t = iΔ), generate the Gaussian random

variables ξ
(i)
α , α ∈ JN,n,r, according to (3.6), compute the coefficients

ψm(i;N,n,M) =
∑

α∈JN,n,r

M∑
l=1

1√
α!
ψl(i− 1;N,n,M)qα,l,mξ

(i)
α , m = 1, . . . ,M,
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A920 ZHANG, ROZOVSKII, TRETYAKOV, AND KARNIADAKIS

and obtain the approximate solution of (2.1)

uMΔ,N,n(ti, x) =

M∑
m=1

ψm(i;N,n,M)em(x).

Algorithm 1 coincides with the algorithm proposed in [19] for (2.1) in the case
of bki (t, x) = 0, c = 0, g = 0, and a finite number of noises but generalizes it to a
wider class of linear SPDEs of the form (2.1). In particular, the algorithm from [19]
was applied to the nonlinear filtering problem for hidden Markov models in the case
of independent noises in signal and observation, while Algorithm 1 is also applicable
when noises in signal and observation are dependent.

Algorithm 1 allows us to simulate mean-square approximations of the solution to
the SPDE (2.1). It can also be used together with the Monte Carlo technique for
computing expectations of functionals of the solution to (2.1). In the next section we
propose an algorithm based on Algorithm 1, which allows us to compute moments of
the solution to (2.1) without using the Monte Carlo technique.

Remark 3.1. We note that the cost of simulation of the random field u(ti, x) by

Algorithm 1 over K time steps is proportional to KM2 (N+nr)!
N !(nr)! .

4. Algorithm for computing moments. Implementation of Algorithm 1 re-

quires the generation of the random variables ξ
(i)
α (see (3.6)). Then, for computing

moments of the solution of the SPDE problem (2.1), we also need to make use of the
Monte Carlo technique. As is well known, Monte Carlo methods have a low rate of
convergence. In this section we present a deterministic algorithm (Algorithm 2) for
computing moments, i.e., an algorithm which does not require any random numbers
and does not have a statistical error. In sections 5 and 6 we compare Algorithm 2
with some Monte Carlo-type methods and demonstrate that Algorithm 2 can be more
computationally efficient when higher accuracy is required.

First, it is not difficult to see that the mean solution Eu(t, x) is equal to the
solution ϕ(0)(t, x) of the propagator (3.12) with α = (0):

Eu(t, x) = ϕ(0)(t, x).

Thus evaluating the mean Eu(t, x) is reduced to numerical solution of the linear
deterministic PDE for ϕ(0)(t, x).

We limit ourselves here to presenting an algorithm for computing the second
moment of the solution, Eu2(t, x). Other moments of the solution u(t, x) can be
considered analogously.

According to Algorithm 1, we approximate the solution u(ti, x) of (2.1) by u
M
Δ,N,n

(ti, x) as follows:

ψm(0;N,n,M) = (u0, em), m = 1, . . . ,M,

ψm(ti;N,n,M) =
∑

α∈JN,n,r

M∑
l=1

1√
α!
ψl(ti−1;N,n,M)qα,l,m ξ(i)α , m = 1, . . . ,M,

uMΔ,N,n(ti, x) =

M∑
m=1

ψm(ti;N,n,M)em(x), i = 1, . . . ,K,

where qα,l,m are from (3.13) and ξ
(i)
α are from (3.6). Then, we can evaluate the
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covariance matrices

Qlm(0;N,n,M) := ψl(0;N,n,M)ψm(0;N,n,M), l,m = 1, . . . ,M,(4.1)

Qlm(ti;N,n,M) := E[ψl(ti;N,n,M)ψm(ti;N,n,M)]

=

M∑
j,k=1

Qjk(ti−1;N,n,M)
∑

α∈JN,n,r

1

α!
qα,j,lqα,k,m,

l,m = 1, . . . ,M, i = 1, . . . ,K,

and, consequently, the second moment of the approximate solution

(4.2) E[uMΔ,N,n(ti, x)]
2 =

M∑
l,m=1

Qlm(ti;N,n,M)el(x)em(x), i = 1, . . . ,K.

We note that implementation of (4.1)–(4.2) does not require generation of the random

variables ξ
(i)
α . Hence we have constructed a deterministic algorithm for computing the

second moments of the solution to the SPDE (2.1), which we formulate below.
Algorithm 2. Choose a truncation of the number of noises r ≥ 1 in (2.1) and

the algorithm’s parameters: a CONS {em(x)}m≥1 and its truncation {em(x)}Mm=1; a
time step Δ; N and n which together with r determine the size of the multi-index set
JN,n,r.

Step 1. For each m = 1, . . . ,M, solve the propagator (3.12) for α ∈ JN,n,r on the
time interval [0,Δ] with the initial condition φ(x) = em(x) and denote the obtained
solution as ϕα(Δ, x; em), α ∈ JN,n,r, m = 1, . . . ,M. Also, choose a time step size δt
to solve the equations in the propagator numerically.

Step 2. Evaluate ψm(0;N,n,M) = (u0, em), m = 1, . . . ,M, where u0(x) is the
initial condition for (2.1), and qα,l,m = (ϕα(Δ, ·; el), em(·)), l,m = 1, . . . ,M.

Step 3. Recursively compute the covariance matrices Qlm(ti;N,n,M) according
to (4.1), and obtain the second moment E[uMΔ,N,n(ti, x)]

2 of the approximate solution
to (2.1) by (4.2).

We again emphasize that Algorithm 2 for computing moments does not have a
statistical error.

Let us discuss the error of Algorithm 2. One can show (see, e.g., [19]) that due to

the orthogonality of the random variables ξ
(i)
α in the sense that Eξ

(i)
α ξ

(j)
β = 0 unless

i = j and α = β, the following equality holds:

(4.3) Eu2(t, x)− Eu2N,n(t, x) = E[u(t, x)− uN,n(t, x)]
2.

Hence the error estimates for approximation of the second moment E[u(ti, x)]
2 by

E[uΔ,N,n(ti, x)]
2 is equal to the errors given in (3.10) and (3.11).

We do not discuss here errors arising from noise truncation and from truncation
of the basis {em(x)}m≥1.

Remark 4.1. It is not difficult to show that the computational costs of Steps 1

and 2 of Algorithm 2 are proportional to M2 (N+nr)!
N !(nr)! . In general the computational

cost of Step 3 over K time steps is proportional to KM4 (N+nr)!
N !(nr)! . Taking this into ac-

count together with the error estimates (3.10) and (3.11), it is usually computationally
beneficial to choose n = 1 and N = 2 or 1. The main computational cost of Algo-
rithm 2 is due to the total number of basis functions M (in physical space) required
for reaching a satisfactory accuracy. As is well known, for a fixed accuracy the number
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A922 ZHANG, ROZOVSKII, TRETYAKOV, AND KARNIADAKIS

M of basis functions {em}Mm=1 is proportional to Cd, where C depends on a choice of
the basis and on the problem. If the variance of u2(t, xi) is relatively large and the
problem considered does not require a very large number of basis functions M , then
one expects Algorithm 2 to be computationally more efficient in evaluating second
moments than the combination of Algorithm 1 with the Monte Carlo technique.

Algorithm 2’s efficiency can often be improved by choosing an appropriate basis
{em} so that the majority of functions qα,l,m are identically zero or negligible and
hence can be dropped from computing the covariance matrix {Qlm(ti;N,M)}Ml,m=1,
significantly decreasing the computational cost of Step 3. For instance, for the periodic
passive scalar equation considered in section 6 we choose the Fourier basis {em}. In
this case, the number of zero qα,l,m is proportional just to M (the total number of
qα,l,m is proportional toM2) and, consequently, the computational cost of Step 3 (and
hence of the whole Algorithm 2) becomes proportional to M2 instead of the original
M4. Moreover, computation of the covariance matrix according to (4.1) can be done
in parallel. Clearly, the use of reduced-order methods with offline/online strategies
[29] can greatly reduce the value ofM and hence will make the proposed method very
efficient.

Remark 4.2. It is more expensive to compute higher-order moments by a de-
terministic algorithm analogous to Algorithm 2. Since second moments give us such
important, from the physical point of view, characteristics as energy and correlation
functions, Algorithm 2 can be a competitive alternative to Monte Carlo-type methods
in practical situations.

5. Numerical tests in one dimension. We start (section 5.1) with a descrip-
tion of two one-dimensional test problems used in the numerical tests. Then, for
clarity of exposition, we illustrate application of Algorithm 2 to these problems (sec-
tion 5.2). We present results of numerical tests of Algorithm 2 in section 5.3 and
its comparison with some Monte Carlo-type algorithms in section 5.4. In the next
section (section 6) we also perform numerical tests with a two-dimensional passive
scalar equation.

5.1. Test problems. We consider the following two model problems. The first
one is the stochastic advection-diffusion equation with periodic boundary conditions
written in the Stratonovich form as

du(t, x) = εuxx(t, x)dt + σux(t, x) ◦ dw(t), t > 0, x ∈ (0, 2π),(5.1)

u(0, x) = sin(x)

or in the Itô form as

du(t, x) = auxx(t, x) dt+ σux(t, x) dw(t), u(0, x) = sin(x).

Here w(t) is a standard one-dimensional Wiener process, σ > 0, ε ≥ 0 are constants,
and a = ε+ σ2/2. The solution of (5.1) is

(5.2) u(t, x) = e−εt sin(x+ σw(t)),

and its first and second moments are

Eu(t, x) = e−at sin(x), Eu2(t, x) = e−2εt

(
1

2
− 1

2
e−2σ2t cos(2x)

)
.

We note that for ε = 0 (5.1) becomes degenerate.
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The second model problem is the following Itô reaction-diffusion equation with
periodic boundary conditions:

du(t, x) = auxx(t, x) dt+ σu(t, x) dw(t), t > 0, x ∈ (0, 2π),(5.3)

u(0, x) = sin(x),

where σ > 0 and a ≥ 0 are constants. Its solution is

(5.4) u(t, x) = exp

(
−
(
a+

σ2

2

)
t+ σw(t)

)
sin(x),

and its first and second moments are

Eu(t, x) = e−at sin(x), Eu2(t, x) = exp
(−(2a− σ2)t

)
sin2(x).

In sections 5.3 and 5.4 we will test Algorithm 2 by evaluating the second moments
Eu2(t, x) of the solutions to (5.1) and (5.3).

5.2. Application of WCE algorithms to the model problem. The prob-
lems (5.1) and (5.3) are simpler than the general linear SPDE (2.1) we have considered
in the paper, and, consequently, Algorithm 2 applied to them takes a simpler form
(see Algorithm 3 below).

We note that when an SPDE has a single Wiener process only, the multi-index
α takes the form α = (α1, α2, . . . ), where αi are nonnegative integers. For instance,
if |α| = 0 (i.e., α = (0, 0, . . . )), then the corresponding ξα = 1 (cf. (2.6)). If |α| = 1,
then the multi-index α = (0, . . . , 0, 1, 0, . . . ) with αi = 1 and the other αk = 0, and

the corresponding ξα = H1(ξi)= ξi =
∫ t

0 mi(s) dw(s). If |α| = 2, then the multi-index
is either of the type α = (0, . . . , 0, 1, 0, . . . , 0, 1, 0, . . . ) with αi = αj = 1 and the

other αk = 0, and consequently ξα = H1(ξi)H1(ξj) =
∫ t

0
mi(s) dw(s)

∫ t

0
mj(s) dw(s);

or α = (0, . . . , 0, 2, 0, . . . ) with αi = 2 and the other αk = 0, and consequently

ξα = H2(ξi)/
√
2 = 1√

2
[(
∫ t

0
mi(s) dw(s))

2 − 1]; and so on.

The model problems (5.1) and (5.3) have a single Wiener process, and they possess
the following interesting feature. We observe that their solutions (5.2) and (5.4) have
the form u(t, x) = f(t, x, w(t)), where f(t, x, y) is a smooth function. Consequently,
the solutions are expandable in the basis consisting just of ξα = Hk(w(t)/

√
t)/
√
k! =

Hk(ξ1)/
√
k!, α = (k, 0, . . . , 0), k = 0, 1, . . . ; i.e., we have

(5.5) u(t, x) =
∑
α∈J

ϕα(t, x)√
α!

ξα =

∞∑
N=0

∑
α∈JN,1

ϕα(t, x)√
α!

ξα =

∞∑
k=0

ϕk(t, x)√
k!

ηk,

where ηk = ξα with α = (k, 0, . . . , 0), k = 0, 1, . . . . Hence

(5.6) uN,1(t, x) = :uN(t, x) =

N∑
k=0

ϕk(t, x)√
k!

ηk,

which corresponds to setting n = 1 in (3.1). It is not difficult to show (see also the
discussion on error estimates after Algorithm 2 in section 4) that applying Algorithm 2
to the model problems (5.1) and (5.3) is more accurate than in general cases of (2.1)
(cf. (3.10) and (3.11) and also (4.3)):

(5.7)
∥∥Eu2(t, ·)− Eu2Δ,N(t, ·)∥∥

L2 ≤ C
(CΔ)N

(N + 1)!
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for all sufficiently small Δ > 0 and a constant C > 0 independent of Δ and N (as
before, here we neglected errors arising from truncation of the basis {em}).

For the problems (5.1) and (5.3), the propagator (3.12) takes the form (recall that
here the multi-index α degenerates to α = (k, 0, . . . , 0), k = 0, 1, . . . )

∂tϕ0 = a∂2xxϕ0, ϕ0(0, x;φ) = φ(x),(5.8)

∂tϕk = a∂2xxϕk +
1√
Δ
σk∂xϕk−1, ϕk(0, x; 0) = 0, k > 0,

and

∂tϕ0 = a∂2xxϕ0, ϕ0(0, x;φ) = φ(x),(5.9)

∂tϕk = a∂2xxϕk +
1√
Δ
σkϕk−1, ϕk(0, x; 0) = 0, k > 0,

respectively. We solve these propagators numerically using the Fourier collocation
method with M nodes in physical space and the Crank–Nicolson time discretization
with step δt in time. Denote by Lm(x), m = 1, . . . ,M, the mth Lagrangian trigono-
metric polynomials using M Fourier collocation nodes; i.e., Lm(x) are Mth-order
trigonometric polynomials satisfying Lm(xl) = δm,l and xl =

2π
M (l− 1), l = 1, . . . ,M .

Now, for completeness, we formulate the realization of Algorithm 2 in the case of the
model problems.

Algorithm 3. For given values of the model parameters a and σ, choose the
algorithm parameters: a number of Fourier collocation nodes M , a time step δt for
solving the propagator (5.8) (or (5.9)), a time step Δ, and the number of Hermite
polynomials N.

Step 1. Solve the propagator (5.8) (or (5.9)) on the time interval [0,Δ] with the
initial condition φ(x) = Lk(x) using the Fourier collocation method with M nodes
in physical space and the Crank–Nicolson scheme with step δt in time, and denote
the obtained numerical approximation of ϕk(Δ, xl;Lm) as ϕM,δt

k (Δ, xl;Lm), l,m =
1, . . . ,M , k = 1, . . . , N.

Step 2. Recursively compute the covariance matrices

Qlm(ti;N,M) := E[uM,δt
Δ,N (ti, xl)u

M,δt
Δ,N (ti, xm)] at ti = iΔ, i = 0, . . . ,K,

of the approximate solution to (5.1) (or (5.3)):

Qlm(0;N,M) = u0(xl)u0(xm), l,m = 1, . . . ,M,

Qlm(ti;N,M) =
N∑

k=1

M∑
q=1

M∑
r=1

1

k!
Qqr(ti−1;N,M)ϕM,δt

k

(Δ, xl;Lq)ϕ
M,δt
k (Δ, xm;Lr),

l,m = 1, . . . ,M, i = 1, . . . ,K,

where u0(x) is the initial condition of (5.1) (or (5.3)). In particular, we obtain the
second moment of the approximate solution to (5.1) (or (5.3)):

E[uM,δt
Δ,N (ti, xj)]

2 = Qjj(ti;N,M), j = 1, . . . ,M, i = 1, . . . ,K.D
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We note that Algorithm 3 has four errors: (1) an error due to time discretization
of the SPDE, which is controlled by Δ; (2) the truncation error of the one-step WCE,
which is controlled by N ; (3) an error due to the truncation of the spatial basis {em},
which is controlled byM ; and (4) the numerical integration error in solving the propa-
gator. The last one, in its turn, consists of the error due to space discretization, which
is controlled by M, and of the error due to time discretization, which is controlled by
δt.

Remark 5.1. To approximate the solution of (5.1) (or (5.3)), one can use the
truncated WCE uN(t, x) from (5.6) and, in particular, evaluate the second moment
Eu2(t, x) as

(5.10) Eu2(t, x) ≈ Eu2N (t, x) =

N∑
k=0

ϕ2
k(t, x)

k!
≈

N∑
k=0

[
ϕM,δt
k (t, x)

]2
k!

,

where ϕ0(t, x) = ϕ0(t, x;u0(x)) and ϕk(t, x) = ϕk(t, x; 0), k > 0, are solutions of

the propagator (5.8) (or (5.9)) and ϕM,δt
k (t, x) are their numerical approximations

obtained, e.g., using the Fourier collocation method with M nodes in physical space
and the Crank–Nicolson scheme with step δt in time. The approximation (5.10) can
be viewed as a one-step approximation corresponding to Algorithm 3, i.e., the first
step of Algorithm 3 with Δ = t, and its error is estimated as

∥∥Eu2(t, ·)− Eu2N(t, ·)∥∥
L2 ≤ CeCt (Ct)

N+1

(N + 1)!
.

We see that this error grows exponentially with t, which was confirmed by our nu-
merical tests with (5.1) (not presented here). To reach a satisfactory accuracy of the
approximation (5.10) for a fixed t, one has to take a sufficiently large N , which is
computationally expensive (see also Remark 4.1) even in the case of moderate values
of t. In contrast, we demonstrate (see next section) that the error of Algorithm 3
grows linearly with time and it is relatively small even for N = 1.

5.3. Numerical results. In this section we present some results of our numer-
ical tests of Algorithm 3 on the two model problems (5.1) and (5.3).

In approximating the propagators (5.8) and (5.9) we choose a sufficiently large
number of Fourier collocation nodes M and a sufficiently small time step δt so that
errors of numerical solutions to the propagators have a negligible influence on the
overall accuracy of Algorithm 3 in our simulations. In all the numerical tests it was
sufficient to take M = 20; this choice of M was tested by running control tests with
M = 80.

We measure numerical errors using the norms

ρ2(t) =

(
2π

M

M∑
m=1

(
E
[
uM,δt
Δ,N (t, xm)

]2
− Eu2(t, xm)

)2
)1/2

and

ρ∞(t) = max
1≤m≤M

∣∣∣∣E [uM,δt
Δ,N (t, xm)

]2
− Eu2(t, xm)

∣∣∣∣ .
The results of our tests on the model problem (5.1) in the degenerate case (i.e.,

ε = 0) and in the nondegenerate case (i.e., ε > 0) are presented in Tables 5.1 and 5.2,
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respectively. Table 5.3 corresponds to the tests with the second model problem (5.3).
Numerical tests with values of the parameters other than those used for Tables 5.1–5.3
were also performed, and they gave similar results.

Analyzing the results in Tables 5.1, 5.2, and 5.3, we observe the convergence
order of ΔN for a fixed N in all the tests, which confirms our theoretical prediction
(5.7). We also run other cases (not presented here) to confirm the conclusion from
section 5.2 that the number n of random variables ξk used per step does not influence
the accuracy of Algorithm 2 in the case of the model problems (5.1) and (5.3).

In Figure 5.1 we demonstrate dependence of the relative numerical error

ρr2(t) =
ρ2(t)

‖Eu2(t, ·)‖L2

on integration time. These results were obtained in the degenerate case of the problem
(5.1), but similar behavior of errors was observed in our tests with other parameters
as well. One can conclude from Figure 5.1 that (after an initial fast growth) the error

Table 5.1

Model (5.1)—performance of Algorithm 3. The parameters of the model (5.1) are σ = 1, ε = 0,
and the time is t = 10. In Algorithm 3 we take M = 20.

N Δ δt ρ2(10) ρ∞(10)

1 0.1 1× 10−3 4.69× 10−1 1.87× 10−1

0.01 1× 10−4 6.07× 10−2 2.42× 10−2

0.001 1× 10−5 6.25× 10−3 2.49× 10−3

2 0.1 1× 10−3 1.92× 10−2 7.67× 10−3

0.01 1× 10−4 2.07× 10−4 8.27× 10−5

0.001 1× 10−5 2.09× 10−6 8.33× 10−7

3 0.1 1× 10−3 4.82× 10−4 1.99× 10−4

0.01 1× 10−4 5.16× 10−7 2.06× 10−7

0.001 1× 10−5 3.37× 10−10 1.81× 10−10

4 0.1 1× 10−3 9.36× 10−6 3.73× 10−6

0.01 1× 10−5 9.35× 10−10 4.17× 10−10

Table 5.2

Model (5.1)—performance of Algorithm 3. The parameters of the model (5.1) are σ = 1,
ε = 0.01, and the time is t = 10. In Algorithm 3 we take M = 20.

N Δ δt ρ2(10) ρ∞(10)

1 0.1 1× 10−3 3.84× 10−1 1.53× 10−1

0.01 1× 10−4 4.97× 10−2 1.98× 10−2

0.001 1× 10−4 5.11× 10−3 2.04× 10−3

2 0.1 1× 10−3 1.58× 10−2 6.28× 10−3

0.01 1× 10−4 1.70× 10−4 6.77× 10−5

0.001 1× 10−4 1.72× 10−6 6.88× 10−7

3 0.1 1× 10−3 3.95× 10−4 1.57× 10−4

0.01 1× 10−4 4.22× 10−7 1.68× 10−7

0.001 1× 10−5 3.65× 10−10 2.01× 10−10

4 0.1 1× 10−3 7.67× 10−6 3.06× 10−6

0.01 1× 10−5 8.39× 10−10 3.90× 10−10
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Table 5.3

Model (5.3)—performance of Algorithm 3. The parameters of the model (5.3) are σ = 1,
a = 0.5, and the time is t = 10. In Algorithm 3 we take M = 20.

N Δ δt ρ2(10) ρ∞(10)

1 0.1 1× 10−3 5.75× 10−1 3.74× 10−1

0.01 1× 10−4 7.44× 10−2 4.85× 10−2

0.001 1× 10−4 7.65× 10−3 4.98× 10−3

2 0.1 1× 10−3 2.36× 10−2 1.53× 10−2

0.01 1× 10−4 2.54× 10−4 1.65× 10−4

0.001 1× 10−4 2.58× 10−6 1.68× 10−6

3 0.1 1× 10−3 5.90× 10−4 3.85× 10−4

0.01 1× 10−4 6.32× 10−7 4.12× 10−7

0 1 2 3 4 5 6 7 8 9 10
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

t

 

 

N=1, Δ=0.1
N=2, Δ=0.1
N=1, Δ=0.01
N=2, Δ=0.01

Fig. 5.1. Dependence of the relative numerical error ρr2(t) on integration time. Model (5.1) is
simulated by Algorithm 3 with M = 20 and δt = Δ/100 and various Δ and N . The parameters of
(5.1) are σ = 1 and ε = 0.

grows linearly with integration time. This is a remarkable feature of the proposed
WCE-based algorithm since it implies that the algorithm can be used for long time
integration of SPDEs.

5.4. Comparison of the WCE algorithm and Monte Carlo-type algo-
rithms. As discussed in the introduction, there are other approaches to solving
SPDEs, which are usually complemented by the Monte Carlo technique when one
is interested in computing moments of SPDE solutions. In this section, using the
problem (5.1), we compare the performances of Algorithm 3 and two Monte Carlo-
type algorithms, one of which is based on the method of characteristics [26] and
another on the Fourier transform of the linear SPDE with subsequent simulation of
SDEs and application of the Monte Carlo technique.

The solution of (5.1) with ε = 0 (the degenerate case) can be represented using
the method of characteristics [28]:

(5.11) u(t, x) = sin(Xt,x(0)),
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A928 ZHANG, ROZOVSKII, TRETYAKOV, AND KARNIADAKIS

where Xt,x(s), 0 ≤ s ≤ t, is the solution of the system of backward characteristics

(5.12) dXt,x(s) = σ
←−
dw(s), Xt,x(t) = x.

The notation
←−
dw(s) means backward Itô integral (see, e.g., [28]). It follows from

(5.12) that Xt,x(0) has the same probability distribution as x + σ
√
tζ, where ζ is a

standard Gaussian random variable (i.e., ζ ∼ N (0, 1)). Since we are interested only
in computing statistical moments, it is assumed, without loss of generality, that

(5.13) Xt,x(0) = x+ σ
√
tζ.

Then we can estimate the second moment m2(t, x) := Eu2(t, x) as

(5.14) m2(t, x)
.
= m̂2(t, x) =

1

L

L∑
l=1

sin2(x+ σ
√
tζ(l)),

where ζ(l), l = 1, . . . , L, are independent and identically distributed (i.i.d.) standard
Gaussian random variables. The estimate m̂2 for m2 is unbiased, and, hence, the
numerical procedure for finding m2 based on (5.14) has only the Monte Carlo (i.e.,
statistical) error which, as usual, can be quantified via half of the length of the 95%
confidence interval:

ρMC(t, x) = 2

√
Var(sin2(x+ σ

√
tζ))

√
L

.

Table 5.4 gives the statistical error for m̂2(t, x) from (5.14) (recall that there is
no space or time discretization error in this algorithm), which is computed as

(5.15) 2 ·max
j

√
1
L

∑L
l=1 sin

4(xj + σ
√
tζ(l))− [m̂2(t, xj)]

2

√
L

,

where the set of xj is the same as the one used for producing the results of Table 5.5
by Algorithm 3 and ζ(l) are as in (5.14). All the tests were run using MATLAB
R2007b on a Macintosh desktop computer with Intel Xeon CPU E5462 (quad-core,
2.80 GHz). Every effort was made to program and execute the different algorithms as
much as possible in an identical way. The cost of simulation due to (5.14) is directly
proportional to L. The slower time increase for smaller L in Table 5.4 is due to
inclusion of the initialization time of the computer program in the time measurement.

Table 5.4

Model (5.1)—performance of the method (5.14). The parameters of the model (5.1) are σ = 1,
ε = 0, and the time is t = 10. The statistical error is computed according to (5.15).

L Statistical error CPU time (sec.)

102 8.87× 10−2 6× 10−3

104 7.40× 10−3 6.7× 10−2

106 7.09× 10−4 7.4× 100

108 7.07× 10−5 7.4× 102

1010 7.07× 10−6 7.3× 104
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Table 5.5

Model (5.1)—performance of Algorithm 3. The parameters of the model (5.1) are σ = 1, ε = 0,
and the time is t = 10. The parameters of Algorithm 3 are Δ = 0.1, M = 20, δt = 0.001.

N ρ∞(10) CPU time (sec.)

1 1.87× 10−1 5.7× 100

2 7.67× 10−3 8.1× 100

3 1.99× 10−4 1.1× 101

4 3.73× 10−6 1.3× 101

In Table 5.5 we repeat some of the results already presented in Table 5.1, which
are now also accompanied by CPU time for comparison.

Comparing the results in Tables 5.4 and 5.5, we conclude that when one sets a
relatively large error tolerance level the estimate m̂2(t, x) from (5.14) is computation-
ally more efficient than Algorithm 3 but that Algorithm 3 has lower costs in reaching
a higher accuracy (errors of order equal to or smaller than 10−6). We note that vari-
ance reduction techniques (see, e.g., [25, 26] and the references therein) can be used
in order to reduce the Monte Carlo error. But the aim here is to give a comparison of
computational costs for the WCE-based algorithm and direct Monte Carlo methods
having in mind that for complex stochastic problems it is usually rather difficult to
reduce variance efficiently.

Let us now use the problem (5.1) with ε = 0 for comparison of Algorithm 3
with another approach exploiting the Monte Carlo technique. One can represent the
solution of this periodic problem via the Fourier transform

(5.16) u(t, x) =
∑
k∈Z

eikxuk(t)

with uk(t), t ≥ 0, k ∈ Z, satisfying the system of SDEs
(5.17)

duk(t) = −k2 1
2
σ2uk(t)dt+ikσuk(t)dw(t), Reuk(0) = 0, Imuk(0) =

1

2
(δ1k − δ−1k) .

Noting that here uk(t) ≡ 0 for all |k| = 1 and rewriting (5.16)–(5.17) in the trigono-
metric form, we get

(5.18) u(t, x) = uc(t) cosx+ us(t) sinx,

where

duc(t) = −1

2
σ2uc(t)dt+ σus(t)dw(t), uc(0) = 0,(5.19)

dus(t) = −1

2
σ2us(t)dt− σuc(t)dw(t), us(0) = 1.

The system (5.19) is a Hamiltonian system with multiplicative noise (see, e.g., [24,
25]). It is known [24, 25] that symplectic integrators have advantages in compari-
son with usual numerical methods in long time simulations of stochastic Hamiltonian
systems. An example of a symplectic method is the midpoint scheme, which in appli-
cation to (5.19) takes the form

ūc(tk+1) = ūc(tk) +
σ

2
(ūs(tk) + ūs(tk+1))

√
Δtζk+1, uc(0) = 0,(5.20)

ūs(tk+1) = ūs(tk)− σ

2
(ūc(tk) + ūc(tk+1))

√
Δtζk+1, us(0) = 1,
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where ζk are i.i.d. standard Gaussian random variables and Δt > 0 is a time step.
The scheme (5.20) converges with the mean-square order 1/2 and weak order 1 [25].
It is implicit, but (5.20) can be resolved analytically since we are dealing with the
linear system here. One can recognize that (5.19) is a Kubo oscillator. A number of
numerical tests with symplectic and nonsymplectic integrators are done on a Kubo
oscillator in [24, 25].

Using (5.18) and (5.20), we evaluate the second moment of the solution to (5.1)
with ε = 0 as

m2(tk, x) := Eu2(tk, x)
.
= E [ūc(tk) cosx+ ūs(t) sinx]

2
(5.21)

.
= m̂2(tk, x) =

1

L

L∑
l=1

[
ūc,(l)(tk) cosx+ ūs,(l)(tk) sinx

]2
,

where ūc,(l)(tk), ū
s,(l)(tk) are independent realizations of the random variables ūc(tk),

ūs(tk).
The estimate m̂2(tk, x) from (5.21) has two errors: the time discretization error

due to the approximation of (5.19) by (5.20) and the Monte Carlo error. The errors
presented in Table 5.6 are computed as maxj [m̂2(tk, xj)−Eu2(tk, xj)] and are given
together with the 95% confidence interval.

Table 5.6

Model (5.1)—performance of the method (5.21). The parameters of the model (5.1) are σ = 1,
ε = 0, and the time is t = 10.

Δt L Error CPU time (sec.)

0.1 104 8.06× 10−3 ± 7.09× 10−3 4.72× 10−1

0.01 104 6.55× 10−4 ± 7.08× 10−4 3.90× 102

0.001 106 8.81× 10−5 ± 7.07× 10−5 3.81× 105

Comparing the results in Tables 5.6 and 5.5, we come to the same conclusion as
in our first comparison test that Algorithm 3 is computationally more efficient than
the Monte Carlo-based algorithms in reaching a higher accuracy.

6. Numerical tests with passive scalar equation. A prominent example of
the stochastic advection-diffusion equation (2.1)–(2.2) is a passive scalar equation,
which is motivated by the study of the turbulent transport problem (see [7, 16, 18]
and the references therein). Here we perform numerical tests on the two-dimensional
(d = 2) passive scalar equation with periodic boundary conditions:

du (t) +

∞∑
k=1

d∑
i=1

σi
k(x)Diu ◦ dwk(t) = 0,(6.1)

u(t, x1 + �, x2) = u(t, x1, x2 + �) = u(t, x), t > 0, x ∈ (0, �)2,

u(0, x) = u0(x), x ∈ (0, �)2,

where ◦ indicates the Stratonovich version of stochastic integration, � > 0, the initial
condition u0(x) is a periodic function with the period (0, �)2, and σi

k(x) are divergence-
free periodic functions with the period (0, �)2:

(6.2) div σk = 0.
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In (6.1) we take a combination of such σk(x) so that the corresponding spatial covari-
ance C is symmetric and stationary: C(x − y) = ∑∞

k=1 λkσk(x)σ
	
k (y), where λk are

some nonnegative numbers. Namely, we consider

(6.3) C(x − y) =
∞∑
k=1

λkC(x − y;nk,mk),

where nk,mk is a sequence of positive integers, and

C(x − y;n,m) = cos(2π
(
n[x1 − y1] +m[x2 − y2]) /�) [ m2 −nm

−nm n2

]
,

which can be decomposed as

C(x− y;n,m) = cos(2π[nx1 +mx2]/�)

[ −m
n

]
cos(2π

[
ny1 +my2

]
/�)
[ −m n

]
+ sin(2π

[
nx1 +mx2

]
/�)

[ −m
n

]
sin(2π[ny1 +my2]/�)

[ −m n
]
.

Hence, {σk(x)}k≥1 in (6.1) is an appropriate combination of vector functions of the
form

cos(2π[nx1 +mx2]/�)

[ −m
n

]
and sin(2π

[
nx1 +mx2

]
/�)

[ −m
n

]
.

We rewrite (6.1) in the Itô form

du(t) +
1

2

d∑
i,j=1

Cij(0)DiDjudt+

∞∑
k=1

d∑
i=1

σi
k(x)Diudwk(t) = 0,(6.4)

u(t, x1 + �, x2) = u(t, x1, x2 + �) = u(t, x), t > 0, x ∈ (0, �)2,

u(0, x) = u0(x), x ∈ (0, �)2.

Below we present results of numerical tests of Algorithm 2 applied to (6.4) and
its comparison with the Monte Carlo-type algorithm based on the method of charac-
teristics from [26]. In the tests we simulated the L2-norm of the second moment of
the SPDE solution

(6.5) ||Eu2(T, ·)||L2 =

[∫
[0,�]2

[
Eu2(T, x)

]2
dx

]1/2
.

We considered the particular case of (6.1), (6.3) with � = 2π, the initial condition

(6.6) u0(x) = sin(2x1) sin(x2),

and two noise terms

σ1(x) = cos(x1 + x2)

[ −1
1

]
, σ2(x) = sin(x1 + x2)

[ −1
1

]
,(6.7)

σk(x) = 0 for k > 2.
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This example satisfies the so-called commutativity condition (see [25, 15]), and
we expect that the error estimate (3.10) will hold in this case, which is confirmed in
the tests (a rigorous numerical analysis will be considered elsewhere).

In Algorithm 2 we solve the propagator (3.12) corresponding to the SPDE (6.4)
using fourth-order explicit Runge–Kutta with step δt in time and the Fourier spectral
method with M modes in physical space. We noted in Remark 4.1 that in general
the computational cost of Algorithm 2 is proportional to M4 but with an appropriate
choice of basis functions; this cost can be considerably reduced. Indeed, the Fourier
basis is natural for the problem (6.4) and the use of this basis reduces the compu-
tational cost to being proportional to M2. This significant reduction is based on the
following observation. Since we consider a finite number of noises with periodic σk(x)
and ϕα(Δ, x; el) to be the solution of the propagator (3.12) with the initial condition
equal to a single basis function el(x), ϕα(Δ, x; el) is expandable in a finite number
of periodic functions ek(x) and this number does not depend on M. Hence for fixed
α and l the number of nonzero qα,l,m = (ϕα(Δ, ·; el), em(·)) is finite. Therefore, the
overall number of nonzero qα,l,m is proportional to M instead of M2. This was tested
and confirmed in our tests. We use the above fact in our computer realization of Al-
gorithm 2 and reduce the computational cost of obtaining a single entry of the matrix
Ql,m from the order of O(M2) to order O(1). Hence, computational costs of Step 3
(and hence all of Algorithm 2) become proportional toM2 instead of the originalM4.

We do not have an exact solution of the problem (6.1), and hence we need a
reference solution. To this end, the L2-norm of the second moment of the SPDE
solution at T = 1 was computed by Algorithm 2 with parameters N = 2, n = 1,
M = 900 (i.e., 30 basis functions in each space direction), δt = 1 × 10−5, and Δ =
1×10−4, which is equal to 1.57976 (5 d.p.). This result was also verified by the Monte
Carlo-type method described below with Δt = 1 × 10−3, Ms = 10, and L = 8× 107,
which gave 1.579777± 7.6× 10−5, where ± reflects the Monte Carlo error only.

For Algorithm 2, we measure the error of computing the L2-norm of the second
moment of the SPDE solution as follows:

ρ(T ) = ||Eu2ref (T, ·)||l2 −
∥∥∥∥E [uM,δt

Δ,N (T, ·)
]2∥∥∥∥

l2
,

where ||v(·)||l2 = �
Ms

(
∑Ms

i,j=1 v
2(x1i , x

2
j ))

1/2, x1i = x2i = (i − 1)�/Ms, i = 1, . . . ,Ms,

and Eu2ref (T, ·) is the reference solution computed as explained above. The results
demonstrating second-order convergence (see (3.10) and the discussion after Algo-
rithm 2) are given in Table 6.1. We note that we also did some control tests with
δt = 1 × 10−5 and M = 1600 which showed that the errors presented in this table
are not essentially influenced by the errors caused by the choice of δt = 1× 10−4 and
cut-off of the basis at M = 900.

Table 6.1

Passive scalar equation (6.4)—performance of Algorithm 2. The parameters of Algorithm 2 are
N = 2, n = 1, M = 900, δt = 1× 10−4.

Δ ρ(1)

0.05 0.1539
0.02 0.0326
0.01 0.0089
0.005 0.0023
0.0025 0.0006
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Let us now describe the Monte Carlo-type algorithm based on the method of char-
acteristics (see further details in [26]) with which here we compare the performance of
Algorithm 2. The solution u(t, x) of (6.1) has the following (conditional) probabilistic
representation (see [28, 18]):

(6.8) u(t, x) = u0(Xt,x(0)) a.s.,

where Xt,x(s), 0 ≤ s ≤ t, is the solution of the system of (backward) characteristics

(6.9) −dX =
∑
k

σk(X)
←−−
dwk(s), X(t) = x.

Due to (6.2) and (see [18])

(6.10)
∑
k

∂σk
∂x

σk = 0,

the phase flow of (6.9) preserves phase volume (see, e.g., [25, eq. (5.5), p. 247]). We
also recall that the Itô and Stratonovich forms of (6.9) coincide. As is known [25],
it is beneficial to approximate (6.9) using phase volume preserving schemes, e.g., by
the midpoint method [25, Chap. 4], which for (6.9) takes the following form (here we
exploited that the Itô and Stratonovich forms of (6.9) coincide): for an integer m ≥ 1,

Xm = x,(6.11)

Xl = Xl+1 +
∑
k

σk

(
Xl +Xl+1

2

) (
ζΔt
k

)
l

√
Δt, l = n− 1, . . . , 0,

where
(
ζΔt
k

)
l
are, e.g., i.i.d. random variables with the law

(6.12) ζΔt
k =

⎧⎨
⎩

ξk, |ξk| ≤ AΔt,
AΔt, ξk > AΔt,
−AΔt, ξk < −AΔt,

ξk are independent N (0, 1)-distributed random variables, and AΔt =
√
2c| lnΔt|,

c ≥ 1. Its weak order is equal to one. This scheme requires solving the two-dimensional
nonlinear equation at each step. To solve it, we used the fixed-point method with the
level of tolerance 10−13, and in our example two fixed-point iterations were sufficient
to reach this accuracy. Using X̄t,x(0) = X0 obtained by (6.11) with Δt = T/m, we
simulate the L2-norm of the second moment of the SPDE solution as follows:

||Eu2(T, ·)||L2 =

[∫
[0,�]2

[
Eu2(T, x)

]2
dx

]1/2
≈ ||Eu2(T, ·)||l2(6.13)

=
�

Ms

⎡
⎣ Ms∑
i,j=1

[
Eu20(XT,x1

i ,x
2
j
(0))
]2⎤⎦1/2

≈ �

Ms

⎡
⎣ Ms∑
i,j=1

[
Eu20(X̄T,x1

i ,x
2
j
(0))
]2⎤⎦1/2

≈ �

Ms

⎡
⎣ Ms∑
i,j=1

[
1

L

L∑
l=1

u20(X̄
(l)

T,x1
i ,x

2
j
(0))

]2⎤⎦1/2
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where x1i = x2i = (i − 1)�/Ms, i = 1, . . . ,Ms; X̄
(l)

t,x1
i ,x

2
j
(0) are independent realizations

of the random variables X̄t,x1
i ,x

2
j
(0). The approximation in (6.13) has three errors:

(i) the error of discretization of the integral of the space domain [0, �]2, which is
negligible in our example even for Ms = 10; (ii) the error of numerical integration
due to replacement of Xt,x1

i ,x
2
j
(0) by X̄t,x1

i ,x
2
j
(0); (iii) the Monte Carlo error, which is

measured analogously to how it was done in section 5.4. We note that it is possible
to reduce the variance of the estimator on the right-hand side of (6.13), but we do
not consider it here. It is interesting that the midpoint scheme used to simulate
X̄t,x1

i ,x
2
j
(0) gave very accurate results even with relatively large time steps.

We compare Algorithm 2 and the Monte Carlo algorithm (6.13) by simulating the
example (6.1), (6.6), (6.7) at T = 1. In these comparison tests, MATLAB R2010b
was used for each test on a single core of two Intel Xeon 5540 (2.53 GHz) quad-core
Nehalem processors. From Tables 6.2 and 6.3, we can draw the same conclusion as in
one dimension that for lower accuracy the Monte Carlo algorithm (6.13) outperforms
Algorithm 2 but that Algorithm 2 is more efficient for obtaining higher accuracy.

Table 6.2

Passive scalar equation (6.4)—performance of Algorithm 2. The parameters of Algorithm 2 are
N = 2, n = 1, M = 900, δt = 1× 10−4.

Δ ρ(1) CPU time

1× 10−2 8.89× 10−3 3.7× 104 (sec.)

1× 10−3 1.20× 10−4 3.2× 105(sec.)

5× 10−4 3.73× 10−5 1.8× 102(hours)

Table 6.3

Passive scalar equation (6.4)—performance of the algorithm (6.11). The parameter is M = 100.

Δt L Error CPU time

2× 10−1 2.5× 104 4.68× 10−3 ± 4.38× 10−3 1.2× 101 (sec.)

1× 10−2 4× 107 1.46× 10−4 ± 1.08× 10−4 3.5× 105 (sec.)

1× 10−3 4× 108 ∼ ×10−5 ± 3.03× 10−5 9.7× 103 (hours)1

7. Summary. We have developed a multistage WCE method for advection-
diffusion-reaction equations with multiplicative noise, which form a wide class of lin-
ear parabolic SPDEs. We complemented this method by a deterministic algorithm for
computing second moments of the SPDE solutions without any use of the Monte Carlo
technique. Our numerical tests demonstrated that the proposed WCE-based deter-
ministic algorithm can be more efficient than Monte Carlo-type methods in obtaining
results of higher accuracy, scaling as ΔN , where Δ is the time step of the “online”
integration and N is the order of Wiener chaos. We have also found that for obtain-
ing results of lower accuracy, Monte Carlo-type methods outperform the deterministic
algorithm for computing moments even in the one-dimensional case. The proposed
WCE-based algorithm is conceptually different from Monte Carlo-type methods, and
thus it can be used for independent verification of results obtained by Monte Carlo
solvers. The efficiency of the algorithm can be greatly improved if it is combined with

1This is an estimated time according to the tests with smaller Δt, L and with M = 100.
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reduced-order methods so that only a handful of modes will be required to represent
the solution accurately in physical space, i.e., a case with small M .

Further work is required to extend the theoretical analysis of [19] to the stochastic
advection-diffusion-reaction equations we have considered here as well as to weak con-
vergence for WCE-based algorithms. The numerical experiments in section 6 with the
periodic passive scalar equation were motivated by a nonviscous transport equation
with Kraichnan’s velocity, which corresponds to an SPDE with a less regular solution
than the one we simulated in section 6. Though we obtained promising results in our
numerical tests, simulation of the passive scalar equation with Kraichnan’s velocity
requires special consideration. These aspects will be addressed in a future publication.
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