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We study the convergence properties of the recently developed Dynamically Orthogonal
(DO) field equations [1] in comparison with the Polynomial Chaos (PC) method. To this
end, we consider a series of one-dimensional prototype SPDEs, whose solution can be
expressed analytically, and which are associated with both linear (advection equation)
and nonlinear (Burgers equation) problems with excitations that lead to unimodal and
strongly bi-modal distributions. We also propose a hybrid approach to tackle the singular
limit of the DO equations for the case of deterministic initial conditions. The results reveal
that the DO method converges exponentially fast with respect to the number of modes (for
the problems considered) giving same levels of computational accuracy comparable with
the PC method but (in many cases) with substantially smaller computational cost com-
pared to stochastic collocation, especially when the involved parametric space is high-
dimensional.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

Recently, there has been a growing interest in quantifying parametric uncertainty in mathematical physics problems
through the probabilistic framework. Such problems are often described by stochastic partial differential equations (SPDEs),
and they arise in fluid mechanics, solid mechanics, wave propagation through random media [2–4], random vibrations [5–7],
etc. The source of stochasticity in all the above cases includes uncertainty in physical parameters, initial and/or boundary
conditions, random excitations, etc. All these stochastic elements may be modeled as random processes or random variables.
Several methods have been developed to study SPDEs, including the Monte Carlo (MC) method and its variants and, more
recently, Polynomial Chaos (PC) and its variants. One of the often neglected issue in developing new numerical methods
is the study of the convergence properties of the method, which is especially important for stochastic solutions that lack reg-
ularity and they are typically high-dimensional.

The Polynomial Chaos (PC) method was developed in [8] in the context of the Wiener–Hermite polynomial chaos expan-
sion. The stochastic processes are represented by a series of Hermite polynomials in terms of random variables. A Galerkin
projection of the governing equations to the low-dimensional subspace spanned by Hermite polynomials yields a set of
deterministic equations. PC has been applied to many problems including structural mechanics [9–11], fluid mechanics
[12–16], etc. The generalized polynomial chaos developed by [14,17] employ non-Hermite polynomials to improve efficiency
for a wider class of nonlinear problems. A computationally efficient version of PC is the probabilistic collocation method
(PCM; also referred to as stochastic collocation), which exhibits fast convergence rates with increasing order of the
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expansions, provided that solutions are sufficiently smooth in the parametric space [18–20]. In particular, the multi-element
PCM (ME–PCM) is very effective for problems with parametric discontinuities [20].

A new approach, called Dynamically Orthogonal (DO) method, was developed in [1]; the idea is to represent the solution
in a more general expansion, i.e.,
uðx; t; xÞ ¼ �uðx; tÞ þ
XN

i¼1

Yiðt;xÞuiðx; tÞ;
where Yiðt;xÞ are stochastic processes, uiðx; tÞ orthonormal fields and �uðx; tÞ is the mean. The time dependence on both the
stochastic coefficients and the basis fields makes the above representation very flexible for the representation of strongly
transient, non-stationary responses. However, this same property makes the representation redundant and the derivation
of well-posed equations for all the quantities involved is not a straightforward problem. In [1] it was illustrated how this
redundancy can be overcome by adopting a natural constraint: the dynamical orthogonality condition. It was shown that using
this condition a set of evolution equations for the Yiðt;xÞ;uiðx; tÞ and �uðx; tÞ can be derived. These derived field equations are
consistent with existing methods such as proper orthogonal decomposition method (POD) and PC.

From a computational point of view the evolution of uncertainty using the DO framework is performed by solving a set of
ðN þ 1Þ deterministic PDEs together with N (ordinary) stochastic differential equations (SDE). The system of PDEs describes
the evolution of the mean field and the basis elements that define the stochastic subspace where uncertainty ‘lives’. The SDE
on the other hand defines how the stochasticity will be evolved within the reduced-order stochastic subspace. In the limit of
very small uncertainty the DO equations reach a singular limit where the modes evolve independently from the statistics
within the subspace. This limit may create important numerical problems since it involves the calculation of ratios of very
small moment quantities. From a practical point of view the above situation can be very important especially in problems
involving deterministic initial conditions. In such a case (deterministic initial state) another issue rises and this is the initial-
ization of the stochastic subspace (since any initial choice of modes is allowable).

To tackle this issue we develop a hybrid method to overcome this singularity by combining the PC method with the DO
method. Initially, the SPDEs are solved by the PC (e.g. via PCM or ME–PCM), and as the stochasticity develops we switch over
to the DO method. This hybrid approach also gives us a set of modes, which are used to initiate the stochastic subspace. We
consider three one-dimensional SPDEs which are associated with linear (advection equation) and nonlinear (Burgers and dif-
fusion equation). For the advection equation the solution can be expressed analytically. For Burgers equation we consider
two other cases: one has the analytical solution with excitation functions that lead to unimodal and bi-modal distributions
while the other has random forcing. For the diffusion equation we consider the unsteady heat equation with uncertain inputs
in heat conductivity that is multi-dimensional in parametric space. In particular, we examine the convergence of the new
hybrid method and compare its accuracy and the efficiency with the PCM, which is the golden standard in uncertainty quan-
tification at the present time.

The remaining part of the paper is organized as follows. In Section 2 we briefly review the DO representation and the cor-
responding evolution equations. Subsequently, we present the hybrid method of PC and DO. In the following sections, the
hybrid method is applied to two SPDEs. In Section 3, a stochastic advection equation is considered; the exact formulas for
the stochastic coefficients and deterministic basis are given and comparison with PCM is presented. In Section 4, two Burgers
equations are considered. First, the Burgers solution is constructed given the stochastic coefficients and basis and the corre-
sponding exact PDF is derived. Second, the Burgers equation is considered for testing the hybrid method and convergence
with respect to the number of modes. In Section 5, the nonlinear diffusion equation is considered; it is multi-dimensional
in parametric space with no exact solution and the convergence with respect to the number of modes is presented. We con-
clude the paper with a brief summary in Section 6.

2. An overview of the DO equations and a new hybrid DO-PC approach

We consider the following SPDE:
@u
@t
¼Lðuðt; x;xÞÞ; x 2 D; x 2 X ð1aÞ

uðt0; x;xÞ ¼ u0ðx;xÞ; x 2 D; x 2 X ð1bÞ
B½uðt; x;xÞ� ¼ hðt; x;xÞ; x 2 @D; x 2 X; ð1cÞ
where L is a differential operator and B is a linear differential operator. D is a bounded domain in Rd where d ¼ 1;2, or 3.

2.1. Definitions

Let ðX;F; PÞ be a probability space, where X is the sample space, F is the r-algebra of subsets of X, and P is a probability
measure. For a random field uðx; t; xÞ, x 2 X, the expectation operator of u is defined as
�uðx; tÞ ¼ E½uðx; t; xÞ� ¼
Z

X
uðx; t;xÞdPðxÞ:
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The set of all continuous and square integrable random fields, i.e.,
R

D E½uðx; t;xÞT uðx; t;xÞ�dx <1, where uðx; t;xÞT is the
transpose of u, for all t 2 T and the bi-linear form of the covariance operator
Cuð�;t;xÞvð�;s;xÞðx; yÞ ¼ E½ðuðx; t;xÞ � �uðx; tÞÞ0ðvðx; s;xÞ � �vðx; sÞÞ�; x; y 2 D;
form a Hilbert space that will be denoted by H [2,21]. For uðx; t;xÞ;vðx; t;xÞ 2H, the spatial inner product is defined as
huð�; t;xÞ;vð�; t;xÞi ¼
Z

D
uðx; t;xÞTvðx; t; xÞdx:
We define the projection operator US of a field uðx; tÞ; x 2 D to an m-dimensional linear subspace S spanned by the orthogonal
basis S ¼ fwiðx; t;xÞgm

i¼1; x 2 D as follows:
US½uðx; t;xÞ� ¼
Xm

i¼1

hwið�; t; xÞ;uð�; t;xÞiwiðx; t; xÞ
2.2. DO representation

The DO equations are briefly described in the following subsections; see [1] for more details. Using a time-dependent gen-
eralization of the Karhunen–Loeve (KL) expansion [1], we have that every random field uðx; t;xÞ 2H at a given time t can be
approximated by a finite series of the form
uðx; t; xÞ ¼ �uðx; tÞ þ
XN

i¼1

Yiðt;xÞuiðx; tÞ; ð2Þ
where uiðx; tÞ are the eigenfunctions, and Yiðt;xÞ are zero-mean stochastic processes whose variance E½Y2ðt;xÞ� is equal to
the corresponding eigenvalue kiðtÞ of the eigenvalue problem of the Karhunen–Loeve decomposition:
Z

D
Cuð�;tÞuð�;tÞðx; yÞuiðx; tÞdx ¼ kiðtÞuiðy; tÞ; y 2 D: ð3Þ
We define the linear subspace VS ¼ spanfuiðx; tÞgN
i¼1 as the linear space spanned by the N deterministic eigenfields associated

with the N largest eigenvalues. Note that both the stochastic coefficients Yiðt;xÞ and the orthogonal basis uiðx; tÞ are time-
dependent (and they are evolving according to the system dynamics) unlike other methods such as the standard PC where
the stochastic coefficients are time-independent. In [22], a similar expansion with time evolving PC basis is presented but the
time-depended basis is obtained according to the PDF of the solution; in DO it is obtained through an evolution equation as
we explain next.

2.3. DO field equations

All quantities �uðx; tÞ;uiðx; tÞ;Yiðt;xÞ; i ¼ 1; . . . ;N in the representation (2) are time-dependent and hence there exists
some redundancy in the representation. Therefore, additional constraints need to be imposed in order to formulate a well
posed problem for the unknown quantities. As first proposed in [1], a natural constraint to overcome redundancy is that
the evolution of the basis fuiðx; tÞgN

i¼1 be normal to the space VS; this can be expressed through the following condition:
dVS

dt
? VS ()

@uiðx; tÞ
@t

;ujðx; tÞ
� �

¼ 0 i; j ¼ 1; . . . ;N: ð4Þ
This condition is referred to as the dynamically orthogonal (DO) condition. Note that the DO condition preserves orthonormal-
ity of the basis fuiðx; tÞgN

i¼1 since
@

@t
huið�; tÞ;ujð�; tÞi ¼

@uið�; tÞ
@t

; ujð�; tÞ
� �

þ uið�; tÞ;
@ujð�; tÞ
@t

� �
¼ 0; i; j ¼ 1; . . . ;N:
It is proved in [1] that the DO condition leads to a set of independent and explicit evolution equations for all the unknown
quantities. Next, we state the DO evolution equations without proof:

Theorem 1. Under the assumptions of the DO representation, the original SPDE (1a,1b,1c) is reduced to the following system of
equations
@�uðt; xÞ
@t

¼ E½L½uð�; t;xÞ��; ð5aÞ

dYiðt;xÞ
dt

¼<L½uð�; t; xÞ� � E½L½uð�; t; xÞ��;uið�; tÞ >; i ¼ 1; . . . ;N ð5bÞ

XN

i¼1

CYiðtÞYjðtÞ
@uiðt; xÞ
@t

¼
Y
V?s

E½L½uð�; t;xÞ�Yj�; j ¼ 1; . . . ;N; ð5cÞ
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where the projection in the orthogonal complement of the linear subspace is defined asQ
V?S

FðxÞ ¼ FðxÞ �
Q

VS
FðxÞ ¼ FðxÞ �

PN
k¼1hFð�Þ;ukð�; tÞiukð�; tÞ and the covariance of the stochastic coefficients is

CYiðtÞYjðtÞ ¼ E½Yiðt;xÞYjðt;xÞ�. The associated boundary conditions have the form
B½�uðn; t;xÞ�jn2@D ¼ E½hðn; t; xÞ�;
B½uiðn; tÞ�jn2@D ¼ E½Yjðt; xÞhðn; t;xÞ�C�1

YiðtÞYjðtÞ;
and the initial conditions for the DO components are given by
�uðx; t0Þ ¼ E½u0ðx;xÞ�;
Yiðt0;xÞ ¼ hu0ð�;xÞ � �uðx; t0Þ;v ið�Þi;
uiðx; t0Þ ¼ v iðxÞ;
for all i ¼ 1; . . . ;n, where v iðxÞ are the eigenfields of the covariance operator Cuð�;t0Þuð�;t0Þ defined by the following eigenvalue problem
for t ¼ t0:
Z

D
Cuð�;t0Þuð�;t0Þðx; yÞv iðxÞdx ¼ kiðtÞv iðyÞ; y 2 D: ð6Þ
Remark 1. The DO evolution Eqs. (5a)–(5c) are derived by using the DO conditions and DO representation. It is shown in [1]
that by imposing suitable restrictions on the DO representation the equations for methods such as Polynomial Chaos or
Proper Orthogonal Decomposition (POD) can be recovered from the DO evolution equations. For example, PC can be recov-
ered by setting Yiðt;xÞ ¼ WiðnðxÞÞ, where WiðnÞ is an orthogonal polynomial in terms of n.
Remark 2. From the DO representation, the moments can be readily computed. For example, the first moment, i.e., the
mean, appears in the DO representation as �uðx; tÞ while the second moment is directly computed as follows:
Var½u� ¼ E½ðu� �uÞ2� ¼ E
XN

i¼1

uiYi

 !2
2
4

3
5 ¼XN

i;j¼1

uiðx; tÞE½YiYj�ujðx; tÞ:
As the DO representation at any fixed time t can be seen as Karhunen–Loeve decomposition, there is a relationship be-
tween the eigenpairs for the covariance matrix of Yiðt;xÞ; i ¼ 1; . . . ;N and the eigenpairs for the covariance operator of
uðx; t;xÞ. For the covariance matrix C whose ði; jÞ element is Cij ¼ CYiðtÞYjðtÞ, we have a set of eigenvalues and eigenvectors that
satisfies the following eigenvalue problem
CðtÞ/kðtÞ ¼ qk/kðtÞ; k ¼ 1; . . . ;N; ð7Þ
where /kðtÞ ¼ ð/k1ðtÞ; . . . ;/kNðtÞÞ
T . Similarly, for the covariance operator for uðx; t;xÞ, there exists a set of eigenvalues and

eigenfields for Cuðx; yÞ through the Karhunen–Loeve decomposition such that
Z
D

Cuðx; yÞvkðx; tÞdx ¼ kkvkðy; tÞ; ð8Þ
where Cuðx; yÞ ¼ E½ðuðx; t;xÞ � �uðx; tÞÞðuðy; t;xÞ � �uðy; tÞÞ�. In order to relate the eigenvalues and eigenvectors for Yi with
those for uðx; t;xÞ, we substitute the DO representation of u into Cuðx; yÞ and compare Eqs. (7) and (8) to obtain the following
relations:
kk ¼ qk; vkðx; tÞ ¼ /klðtÞulðx; tÞ:
This shows that the stochastic coefficients Yi together with the modes ui provide the necessary information to describe both
the shape and magnitude of the uncertainty that characterizes a stochastic field but also the principal directions in H over
which this stochasticity is distributed.

2.4. Hybrid method: combining PC with DO

In Theorem 1, it is assumed that the initial condition for the SPDE is random from which the corresponding initial con-
ditions for DO components are derived. However, in practice in many cases the initial condition for the SPDE is deterministic
while the randomness comes from other sources such as random coefficients or random forcing. Then Yi; i ¼ 1; . . . ;N at the
initial time becomes zero, which makes the covariance matrix for Yi singular. Although the singular limit for the DO equa-
tions exist, the transition to finite covariance creates numerical issues. Most importantly, in such a case it is not clear what is
the optimal choice to initiate the stochastic subspace. For such problems we propose a hybrid approach of Polynomial Chaos
(PC) and DO methods in order to avoid the aforementioned problems. Specifically, for PC we employ the probabilistic collo-
cation method (PCM) or multi-element PCM (ME–PCM), which was found to effectively deal with problems exhibiting low
regularity in parametric space as well as for long-term integration [23]. We first use PCM or ME–PCM from the initial time t0
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up to some time, say ts, provided that the stochasticity is sufficiently developed, and then switch over to the DO method at ts

and employ the KL decomposition to initialize �u; fYig and fuig.
First, we construct the covariance matrix Cuð�;tsÞðx; yÞ
Cuð�;tsÞðx; yÞ ¼ E uðx; tsÞ � �uðx; tsÞð Þ uðy; tsÞ � �uðy; tsÞð Þ½ �;
where u and �u at t ¼ ts are known from PC computations. Then, we compute the eigenpairs for Cuð�;tsÞðx; yÞ by solving
Z
D

Cuð�;tsÞðx; yÞ/ðxÞdx ¼ k/ðyÞ:
By setting
uiðx; tsÞ ¼
/iðxÞ
k/ik

and Yiðts;xÞ ¼ huðx; ts; xÞ � �uðx; tÞ;uii;
we initialize the DO components at t ¼ ts and we are ready to solve the DO evolution equations. This procedure is sum-
marized in Algorithm 1.

Algorithm 1. Hybrid approach of PC and DO method

1: Run PCM or ME–PCM up to t ¼ ts from t ¼ 0.
2: At t ¼ ts, use the KL decomposition for the solution:
uðx; ts;xÞ ¼ �uðx; tsÞ þ
XN

i¼1

Yiðts;xÞ/iðx; tsÞ:
From the KL decomposition, we can initialize �uðx; tsÞ; fYiðts;xÞg and fuiðx; tsÞg for DO method.
3: Switch over to the DO method up to time t ¼ tf .

We will illustrate how the DO evolution equations are used for solving two SPDEs: (i) advection equation in this section and
(ii) Burgers equation in the next section. Both are assumed to have deterministic initial conditions to illustrate the advan-
tages of the proposed hybrid approach.
3. Numerical example I: advection equation

Consider the following stochastic advection equation [24]
@u
@t
þ Vðt;xÞ @u

@x
¼ 0; 8ðt; xÞ 2 ½0; T� � D ¼ ½0;2p� ð9aÞ

uð0; xÞ ¼ gðxÞ ¼ sinðxÞ; 8x 2 D ð9bÞ
The randomness comes from the advection velocity Vðt;xÞ, which is considered to be either time-independent or time-
dependent. For the time-independent case it is assumed to be a Gaussian random variance Vðt;xÞ ¼ VðxÞ ¼ n � Nð0;r2Þ,
while for the time-dependent case a stochastic process whose covariance kernel is given as CV ðt1; t2Þ ¼ r exp � jt1�t2 j

L

� �
, with

L being the correlation length. It is known in [24] that the stochastic advection Eq. (9) has exact solutions for the mean and
variance.

The random transport velocity is decomposed through the truncated Karhunen–Loeve representation
Vðt;xÞ ¼ E½V �ðtÞ þ
XM

i¼1

ffiffiffiffi
ki

p
/iðtÞZi; ð10Þ
where fZigM
i¼1 are uncorrelated random variables with zero mean and unit variance, and f/iðtÞ; kigM

i¼1 is the eigenpair corre-
sponding to the covariance kernel CV ðt1; t2Þ, i.e. satisfying
Z

D
CV ðt1; t2Þ/iðt2Þdt2 ¼ ki/iðt1Þ; ð11Þ
where the exponential covariance kernel has a closed form for the eigenfunctions [24]:
/iðtÞ ¼
w cosðwtÞ=c þ sinðwtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þw2=c2ÞT=2þ ðw2=c2 � 1Þ sinð2wTÞ=ð4wÞ þ ð1� cosð2wTÞÞ=ð2cÞ
p ; ð12Þ
where c ¼ 1=L and w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c=ki � c2

p
. The theorem of Cameron and Martin [25] guarantees that the truncated decomposition

converges to V as M goes to infinity; further, we assume that E½V �ðtÞ ¼ 0.
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Using the DO representation, we obtain the form of the evolution operator L
LðuÞ ¼ �Vðt; xÞ @�u
@x
ðx; tÞ þ

XN

i¼1

Yiðt;xÞ
@ui

@x
ðx; tÞ

 !
:

3.1. Exact formulas of DO components

In this subsection, we derive the exact formulas of DO components ui and Yi; i ¼ 1; . . . ;N for the stochastic advection
equation. First we consider a time-independent case, i.e., Vðt;xÞ ¼ VðxÞ ¼ nðxÞ. The exact solution for Eq. (9) is
uðx; t;xÞ ¼ gðx� VðxÞtÞ ¼ sinðx� ntÞ and hence
uðx; t; xÞ ¼ sinðxÞ cosðntÞ � cosðxÞ sinðntÞ: ð13Þ
In the DO representation, the solution is expressed as uðx; t;xÞ ¼ E½u�ðx; tÞ þ
PN

i¼1uiðx; tÞYiðt;xÞ and comparing this with Eq.
(13) yields � �� �
XN

i¼1

uiðx; tÞYiðt;xÞ ¼ � cosðxÞ sinðntÞ þ sinðxÞ cosðntÞ � exp �r2t2

2
;

where the last term is the mean of the solution. Hence we have a finite number of modes, i.e., N ¼ 2, and the exact formulas
for ui and Yi are as follows:
u1ðx; tÞ ¼
cosðxÞffiffiffiffi

p
p ; u2ðx; tÞ ¼

sinðxÞffiffiffiffi
p
p

Y1ðt; xÞ ¼ �
ffiffiffiffi
p
p

sinðntÞ; Y2ðt;xÞ ¼ �
ffiffiffiffi
p
p

cosðntÞ � exp �r2t2

2

� �� �
:

Note that the DO basis is scaled to be an orthonormal basis while the DO components are the same up to the sign, i.e.,P
iuiYi ¼

P
ið�uiÞð�YiÞ.

In a similar way we can derive the exact formulas of DO components when Vðt;xÞ is time-dependent with covariance ker-
nel being CV ðt1; t2Þ ¼ r2 exp � jt1�t2 j

L

� �
. We have again N ¼ 2 and the exact formulas for ui and Yi are:
u1ðx; tÞ ¼
cosðxÞffiffiffiffi

p
p ; u2ðx; tÞ ¼

sinðxÞffiffiffiffi
p
p

Y1ðt; xÞ ¼ �
ffiffiffiffi
p
p

sin
Z t

0
Vðs;xÞds

� �
; Y2ðt;xÞ ¼ �

ffiffiffiffi
p
p

cos
Z t

0
Vðs;xÞds

� �
� exp � a2ðtÞr2

2

� �� �
;

so the time-dependent modes are given by semi-analytical forms.

3.2. Numerical solution of the evolution equations

The DO evolution Eqs. (5a)–(5c) involve the numerical integration in physical space as well as in random space. We define
the collocation points and weights for the physical space by ðxk;wkÞNs

k¼1 and the random space by ðnj; cjÞ
Nr
j¼1. We choose Fourier

collocation points for xk; k ¼ 1; . . . ;Ns, and sparse grids based on Gauss–Hermite in one dimension for nj; j ¼ 1; . . . ;Nr . For
the time discretization, we use explicit methods for all DO evolution Eqs. 5a, 5b, 5c. Two inner products are involved in
DO equations, given in discrete form below:

� Inner product in the physical space
hhðxÞ; gðxÞi ¼
Z

D
hðxÞgðxÞdx �

XNs

k¼1

hðxkÞgðxkÞwk:
� Inner product in the random space, i.e., expectation operator
E½hðxÞ; gðxÞ� ¼
Z

X
hðxÞgðxÞqðxÞdx �

XNr

j¼1

hðnjÞgðnjÞcj:
Substituting these equations into the DO Eqs. (5b) yields

dYiðt;xÞ

dt
¼ hL½uð�; t;xÞ� � E½L½uð�; t;xÞ��; uið�; tÞi ¼

XNs

k¼1

Lðt; xkÞ � E½LðuÞ�ðt; xkÞð Þuiðt; xkÞwk

¼
XNs

k¼1

�Vðt;xÞ @
�u
@x
ðt; xkÞ �

XN

j¼1

Vðt;xÞYjðt;xÞ � E½VYj�ðtÞ
	 
 @uj

@x
ðt; xkÞ

 !
uiðt; xkÞwk

¼ �BiVðt;xÞ � Vðt;xÞ
XN

j¼1

Yjðt;xÞAji þ
XN

j¼1

E½VYj�Aji; i ¼ 1; . . . ;N
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where
Bi ¼
XNs

k¼1

@�u
@x
ðt; xkÞuiðt; xkÞwk and Aji ¼

XNs

k¼1

@uj

@x
ðt; xkÞuiðt; xkÞwk:
Note that for each i the above stochastic differential equation is a vector equation of size Nr because we solve the equation at
the collocation points nj; j ¼ 1; . . . ;Nr . Therefore, there are N � Nr equations for Yi.

The equation for the mean �u becomes
@�uðt; xÞ
@t

¼ Ex½L½uð�; t; xÞ�� ¼ �
XN

i¼1

E½VYi�ðtÞ
@ui

@x
ðt; xÞ
since E½V �ðtÞ ¼ 0. Note that we solve this equation at the collocation points xk; k ¼ 1; . . . ;Ns and E½VYi� is independent of the
physical space.

The third equation for the modes uiðt; xÞ; i ¼ 1; . . . ;N becomes
XN

i¼1

Cij
@ui

@t
ðt; xÞ ¼

Y
V?s

½Ex½L½uð�; t;xÞ�Yj� ¼ Ex½L½uð�; t; xÞ�Yj� �
XN

k¼1

hEx½L½uð�; t; xÞ�Yj�ðt; xÞ;ukðt; xÞiukðt; xÞ
where
Cij ¼ CYiðtÞYjðtÞ ¼ E½Yiðt;xÞYjðt;xÞ� ¼
XNr

k¼1

Yiðt; nkÞYjðt; nkÞck:
The term E½L½uð�; t;xÞ�Yj�ðt; xÞ can be computed as follows:
Dkj ¼ E½L½uð�; t;xÞ�Yj�ðt; xkÞ ¼ �E½VYj�ðtÞ
@�u
@x
ðt; xkÞ �

XN

i¼1

E½VYiYj�ðtÞ
@ui

@x
ðt; xkÞ
3.3. Numerical results for time-independent VðxÞ

We consider the case where Vðt;xÞ is a Gaussian random variable with mean 0 and variance r2. We present two different
methods to solve the DO evolution Eqs. 5a, 5b, 5c. In the first we assume that Yið0;xÞ ¼ 0 and uiðx;0Þ are orthogonal poly-
nomials while in the second we use the hybrid method proposed in Section 2.4. The parameters are as follows
�t ¼ 0:001; tf ¼ 5; N ¼ 2; Ns ¼ 128; Nr ¼ 32; r ¼ 0:1, where tf is the final time. Fourier collocation in the physical space
and Hermite collocation in the parametric (or random) space are used to discretize the space. (The number of collocation
points in the physical space is denoted by Ns while the number in the random space Nr .) We use the third-order Adams–
Bashforth (AB3) as a time-integrator to minimize the error due to the time discretization. Indeed, Fig. 1 shows that AB3 is
much better than the Euler method with errors approaching machine accuracy. Although this is expected, we want to obtain
the absolute errors of time integration so that we will only consider the errors in parametric space later. Also, this temporal
accuracy will be very important when we switch from PC to the DO method. The relative L2 error for the mean is defined as
jEðunumÞ � EðuexactÞjL2

=jEðuexactÞjL2
where unum is the numerical solution and uexact is the exact solution.

The exact solution, which is used as reference, for the mean and the variance has the closed form [24]:
E½u�ðt; xÞ ¼ sinðxÞ exp �r2t2

2

� �
; E½u2�ðt; xÞ ¼ 1

2
1� cosð2xÞ expð�2r2t2Þ
� �

; Var½u2�ðt; xÞ ¼ E½u2� � E½u�2;
where uðx; tÞ ¼ gðx� ntÞ ¼ sinðx� ntÞ.

3.3.1. DO method with initial basis being orthogonal polynomials
Since the initial condition is deterministic, the stochastic coefficients Yið0;xÞ; i ¼ 1; . . . ;N are zero. To illustrate how the

solution evolves in time through the DO evolution equations, we choose initially the linear subspace VS spanned by orthog-
onal polynomials with the stochastic coefficients Yi being zero. The orthogonal polynomials on ½0;2p� can be constructed
using Gram–Schmidt orthogonalization.

Fig. 2 shows how the basis for VS evolves in time through the DO evolution Eq. (5c). As mentioned, orthogonal polyno-
mials on ½0;2p� are chosen as a basis for the initial condition for ui; i ¼ 1; . . . ;N and they are evolving and converge to the
Fourier basis of period one. Once they become the Fourier basis, the linear subspace VS does not change but remains invari-
ant in time. The mean and variance are shown in Fig. 3 and they agree well with the exact solution at tf ¼ 5. This shows that
the DO method can recover (‘‘on-the-fly’’) the optimal basis as it is integrated in time.

3.3.2. Hybrid DO method
The number of DO modes N should be chosen in such a way that the KL decomposition of the solution with N terms

approximates well the solution uðx; t;xÞ. The switching time from PC to DO is chosen as ts ¼ 0:001. In other words, for this



Fig. 1. Vðt; wÞ ¼ VðwÞ ¼ n � Nð0;r2Þ with r ¼ 0:1. The mean of the solution using AB3 has eight orders of magnitude better accuracy than the Euler
method.
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simple linear problem only one time step for the probabilistic collocation method may be used to switch over to DO method.
The basis from KL decomposition at ts ¼ �t is, in fact, the Fourier basis so it does not change in time, i.e. the linear subspace
does not evolve but remains invariant in time. Fig. 4 shows the mean and variance at t ¼ 5 with the hybrid method with
ts ¼ 0:001.

We now examine the error of the mean and variance and compare them with those from PCM. Both have the same
parameters such as Dt;Ns and Nr for numerical discretization. As shown in Fig. 5, DO have as good an accuracy as PCM does
for the mean and variance. However, DO are faster than PCM as will be demonstrated in the next subsection. While the error
of ui stays constant in time, the error of Yi increases in time, hence it accounts for the increase of the error of the variance
since the covariance matrix of the stochastic coefficients is involved in the variance.

Since we know the exact formulas for DO components, we can compute the error of DO component computed numeri-
cally in Section 3.2, and they are shown in Fig. 6.

3.4. Numerical results for time-dependent Vðt;xÞ

We consider the case where Vðt; xÞ is described by the exponential covariance in time, i.e. CV ðt1; t2Þ ¼ r expð� jt1�t2 j
L Þ and L

is the correlation length that characterizes the stochastic process. The exact solution is uðx; t;xÞ ¼ sin x�
R t

0 Vðs;xÞds
� �

and
its mean and variance are as follows:
Fig. 2.
via the
Vðt; wÞ ¼ VðwÞ ¼ n � Nð0;r2Þwith r ¼ 0:1. Left: u1, Right: u2. Initially u1 and u2 are polynomials of first and second-degree, respectively. They evolve
DO evolution equation and change into the Fourier basis. Once they become the Fourier basis, they are invariant.



Fig. 3. Vðt; wÞ ¼ VðwÞ ¼ n � Nð0;r2Þ with r ¼ 0:1. Mean (left) and variance (right) of the advection equation at tf ¼ 5 with the initial condition for ui being
orthogonal polynomials. The parameters are r ¼ 0:1;Ns ¼ 128 and Nr ¼ 32.

Fig. 4. Vðt; wÞ ¼ VðwÞ ¼ n � Nð0;r2Þwith r ¼ 0:1. Mean (left) and variance (right) of the advection equation at tf ¼ 5 from hybrid method. They agree well
with the exact solution. The parameters are r ¼ 0:1;Ns ¼ 128 and Nr ¼ 32.

Fig. 5. Vðt; wÞ ¼ VðwÞ ¼ n � Nð0;r2Þ with r ¼ 0:1. Errors in the mean and variance using DO and PCM are identical.

M. Choi et al. / Journal of Computational Physics 245 (2013) 281–301 289



Fig. 6.
accoun
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E½u�ðx; tÞ ¼ sinðx� VtÞ expð�a2r2=2Þ ð14Þ

V ½u�ðx; tÞ ¼ 1� cosð2ðx� VtÞÞ expð�2r2a2Þ
2

� E½u�2; ð15Þ
where a ¼ aðtÞ depends on the type of the process Vðt;xÞ we model, i.e.,
a2 ¼
t2; if fully correlated;
2Lðt � Lð1� expð�t=LÞÞÞ; partially correlated;
tDt; mutually independent

8><
>:
The parameters are
Dt ¼ 10�3; L ¼ 5; r ¼ 0:1; tf ¼ 5; Ns ¼ 128:
We use KL decomposition to discretize Vðt;xÞ and the dimension of random space is determined by how many terms in the
KL decomposition we keep. Table 1 shows the dimension of the parametric space with respect to the percentage of energy
above which we keep the terms. We solve the stochastic advection equation using three methods; one is the hybrid DO
method and the other PCM. As we increase the dimensionality of the parametric space by adding more terms in the KL
decomposition of Vðt;xÞ, the error of the mean and variance decreases as shown in Fig. 7. Note that, like the time-indepen-
dent case, DO and PCM has the same order of magnitude of the error when they use the same parameters for numerical dis-
cretization. However, DO are much faster than PCM, especially for high-dimensional parametric space as shown in Fig. 8.

4. Numerical example II: Burgers equation

In this section, we consider the Burgers equation. First, assuming that the basis and stochastic coefficients are known ex-
actly, we obtain the proper forcing in the Burgers equation from which we illustrate convergence. Second, we consider the
Burgers equation with random forcing and demonstrate convergence with respect to the number of DO modes.

4.1. Case A: exact DO components

We first consider the basis to be periodic in space and time, given by the expression
un x; tð Þ ¼ 1ffiffiffiffi
p
p cos nx� cntð Þ; x 2 0;2p½ �; n ¼ 1;2; . . . ; cn 2 R:
Then, we have the dynamic orthogonality condition, i.e.,
@un

@t
;um

� �
¼ 0 and un;umh i ¼ dnm:
For the stochastic coefficients, we consider
Yi t;xð Þ ¼ Ri 1� e�t=Ti
	 


cos kit þui xð Þð Þ þ ni xð Þ; ð16Þ
Vðt; wÞ ¼ VðwÞ ¼ n � Nð0;r2Þ with r ¼ 0:1. The error of DO components ui (left) and Yi (right), i ¼ 1;2. The error for Yi increases in time, and it
ts for the increase of the error of the variance.



Table 1
Dimension (or number of terms in the KL decomposition) of the parametric space with respect to energy.

Energy (%) Dimension (M)

95 5
99 18
99.9 68

Fig. 7. Relative L2 error for the mean (left) and variance (right). The reference solution for the mean and variance is from the exact formula. As we increase
the dimension of the random space i.e. we approximate Vðt; xÞ better with more terms, the relative L2 error decreases.

Fig. 8. Computational time to solve the advection problem using DO and PCM. DO is much faster than PCM, especially in high dimensions.
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where niðxÞ is a Gaussian random variable with mean zero and variance q2
i R2

i , and uiðxÞ is a uniform distribution in ½0;2p�,
Ti and ki are timescales, and Ri are given positive quantities defining the magnitude of the stochastic coefficient.

By construction we can check that Ex Yi t;xð Þ½ � ¼ 0, and moreover, for i – j; Ex Yi t;xð ÞYj t;xð Þ
� �

¼ 0 while, for
i ¼ j; Ex Yi t;xð ÞYj s;xð Þ

� �
¼ R2

i q2
i þ 1

2 1� e�t=Ti
	 


1� e�s=Ti
	 


cos ki t � sð Þ½ �
� �

.
For t ¼ 0, we have Yi t;xð Þjt¼0 ¼ niðxÞ, i.e., the stochastic coefficients are normally distributed while, for large t, we have

that
Yi t;xð Þ ¼ Ri cos kit þui xð Þð Þ þ ni xð Þ
since 1� e�t=Ti � 1.
Based on this form with mean zero field, we have the random field
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u x; t; xð Þ ¼
XN

n¼1

1ffiffiffiffi
p
p Rn 1� e�t=Tn

	 

cos knt þun xð Þð Þ þ nn xð Þ

	 

cos nx� cntð Þ ð17Þ
and the Burgers equation
@u
@t
þ @u
@x

u� m
@2u
@x2 ¼ F x; t;xð Þ; ð18Þ
where the corresponding forcing is given by
F x; t; xð Þ ¼
XN

n¼1

Rnffiffiffiffi
p
p 1

Tn
e�t=Tn cos knt þun xð Þð Þ � kn 1� e�t=Tn

	 

sin knt þun xð Þð Þ

� �
cos nx� cntð Þ

þ
XN

n¼1

cnffiffiffiffi
p
p Yn t;xð Þ sin nx� cntð Þ �

XN

n¼1

XN

m¼1

m
p

Yn t;xð ÞYm t;xð Þ cos nx� cntð Þ sin mx� cmtð Þ

þ m
XN

n¼1

n2ffiffiffiffi
p
p Yn t; xð Þ cos nx� cntð Þ:
4.1.1. PDF of Yi and the solution
We can derive the exact formula of the probability density function (PDF) of the stochastic coefficients in Eq. (16) and

hence the solution uðx; t;xÞ. For simplicity, we consider N ¼ 1 but it can be extended easily to the case with many dimen-
sions. We need the following two lemmas [26].

Lemma 2. Let X; Z be two R-valued independent random variables and let Y ¼ X þ Z. If X and Y has a density fX and fZ,
respectively, then the PDF of Y is the convolution of fX and fZ:
fYðyÞ ¼
Z

fXðz� yÞfZðzÞdz ¼
Z

fXðxÞfZðy� xÞdx: ð19Þ
Lemma 3. Let S 2 Bn be partitioned into disjoint subsets S0; S1; . . . ; Sm such that [m
i¼0Si ¼ S, and such that mnðS0Þ ¼ 0 where mn is

a Lebesgue measure on ðRn;BnÞ, and that for each i ¼ 1; . . . ; g : Si ! Rn is injective and continuously differentiable with non-van-
ishing Jacobian. Let Y ¼ gðXÞ, where X is an Rn-valued random variable with values in S and with density fX . Then, Y has a density
given by
fYðyÞ ¼
Xm

i¼1

fXðg�1
i ðyÞÞjdetJg�1

i
ðyÞj ð20Þ
where g�1
i denotes the inverse map g�1

i : gðSiÞ ! Si and Jg�1
i

is its corresponding Jacobian matrix.
Let H ¼ u;X ¼ n � Nð0;r2Þ; Z ¼ aðtÞ cosðkt þHÞ ¼ gðHÞ and Y ¼ X þ Z with r ¼ Rq and aðtÞ ¼ Rð1� expð�t=TÞÞ. First, we

compute the PDF of Z using Lemma 3. We can decompose S ¼ ½0;2p� ¼ S1 [ S2, where S1 ¼ ½0;p� and S2 ¼ ½p;2p�. Since H is a
uniform distribution on S1 [ S2 and gðhÞ is identical on S1 and S2 (up to sign), we only need to consider the domain S1 to com-
pute the PDF of Z. The phase does not affect the PDF of Z and hence, in this case kt can be omitted to compute PDF of Z, i.e., fZ =
faðtÞ cosðHÞ. Note that
fHðhÞ ¼
1
p
; for h 2 S1

g�1ðzÞ ¼ arccosðzÞ; Jg�1 ðzÞ ¼ �
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� z2
p for z 2 ½0;p�;
which gives us
fZðzÞ ¼
1

ap
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðz=RÞ2

q :
Now we use Lemma 2 to derive the exact PDF of Y:
fYðyÞ ¼
Z a

�a
fXðy�wÞfZðwÞdw ¼

Z a

�a

1ffiffiffiffiffiffiffiffiffiffiffiffi
2pr2
p exp �ðy�wÞ2

2r2

 !
1

ap
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðw=aÞ2

q dw

¼
Z 1

�1

1ffiffiffiffiffiffiffiffiffiffiffiffi
2pr2
p exp �ðy� awÞ2

2r2

 !
1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�w2
p dw ¼ 1

pr
ffiffiffiffiffiffiffi
2p
p

Z p

0
exp �ðy� a cosðxÞÞ2

2r2

 !
dx ð21Þ
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where the third and fourth equality follows from the change of variables. The integration in Eq. (21) can be computed with
high accuracy using Gaussian quadrature points since the integrand is smooth.

We can derive the exact PDF of the solution uðx; t;xÞ at x and time t by using Lemma 3 applied to fYðyÞ because u is the
multiplication of Y1 by u1ðx; tÞ that is a constant at fixed x and t. Hence, for a fixed x and t, the exact PDF of the solution is as
follows:
fuðxÞ ¼
1
A

fY
1
A
x

� �
; ð22Þ
where A ¼ 1ffiffiffi
p
p cosðx� c1tÞ. This result can be also verified numerically.

4.1.2. Computational results
The stochastic coefficients Y1 depends on a number of parameters which determine the PDF. Here we study two different

cases as shown in Table 2.
Initially Y1 is a Gaussian random variable with mean zero and variance q2R2 but as time goes on, a uniform distri-

bution is introduced through the trigonometric function in Eq. (16) and hence, the PDF of Y1 changes depending on the
parameters. For case I and II, the PDF at time t ¼ 0 and t ¼ 1 is shown in Fig. 9. For case I, the PDF follows the form of
Gaussian PDF in time while, for case II, the PDF becomes bimodal so that it has two peaks whose value is far away from
zero.

We solve the corresponding Burgers equation using the DO method and estimate the PDF of the stochastic coefficients
and the solution at different times and compare them with exact PDF from Eqs. (21) and (22). The parameters for numerical
discretization are as follows:
Dt ¼ 0:001; tf ¼ 1; N ¼ 1; Ns ¼ 128; Nr ¼ 16;
where Nr is the number of collocation points in one-dimension, and a tensor product representation is employed for the
numerical discretization in the parametric space as the dimension of the parametric space, in this case 2 since we have
two random variables for Y1, is low.

Fig. 10 shows the PDF of the stochastic coefficient and the solution at three different times t ¼ 0:1; 0:3, and 1:0. The PDF of
the stochastic coefficient maintains the Gaussian form in time with the variance being widened. Fig. 11 shows the PDF of the
stochastic coefficient and the solution at three different times t ¼ 0:1;0:2, and 1:0. The PDF of Y becomes non-Gaussian and
has two peaks whose distance is increasing in time. The plots demonstrate that the DO method is able to capture both Gauss-
ian and non-Gaussian behavior well.

DO and PCM are employed to compute the Burgers equation for comparison, and the L2 errors of the mean and variance
are shown in Fig. 12. The same parameters are used for both DO and PCM and the errors are almost identical. Next, we com-
pare the computational efficiency. In the advection equation where the dimension of the parametric space is high, we
showed that DO is much faster than PCM in Fig. 8. The computational times with respect to the number of points in the para-
metric space are shown in Fig. 13; DO is faster than PCM for this problem that has a low dimensional parametric space while
the accuracy for both DO and PCM remains the same.

4.2. Case B: random forcing

Consider the following stochastic Burgers equation with random forcing
@u
@t
þ u

@u
@x
¼ m

@2u
@x2 þ

1þ n
2

sinð2ptÞ; 8ðt; xÞ 2 ½0; T� � D ¼ ½0;2p�

uð0; xÞ ¼ gðxÞ; 8x 2 D;
ð23Þ
where n � U½�1;1� and the initial condition gðxÞ is given as
gðxÞ ¼ 0:5 expðcosðxÞÞ � 1:5ð Þ sinðxþ 2p � 0:37Þ: ð24Þ
We take m ¼ 0:05. Note that the period of the forcing is one. Using the DO representation, we obtain the form of the evolution
operator L and some necessary forms:
Table 2
Two different cases of parameters for Y1.

Case I Case II

T 0.1 0.1
k 1 1
R 0.1 0.1
q 1 0.1



Fig. 9. Case I (left) and case II (right). The PDF at t ¼ 0 for both cases is Gaussian but as time goes on, the PDF for case II is bimodal while the PDF for case I
remains Gaussian with larger variance.

Fig. 10. Case I. The PDF of the solution at x ¼ p (left) and the stochastic coefficient (right). The PDF maintains the Gaussian form at time t ¼ 1, and DO is able
to capture the PDF of the solution as well as the stochastic coefficients well.

Fig. 11. Case II. The PDF of the solution at x ¼ p (left) and the stochastic coefficient (right). The PDF evolves from Gaussian to non-Gaussian form, and DO is
able to capture this behavior well.
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Fig. 12. L2 error of the mean and variance for case I (left) and case II (right). For both, DO and PCM exhibit the same accuracy.

Fig. 13. Computational time for PCM and DO. All parameters are the same for both PCM and DO. The number of the collocation points in one direction is
denoted by Nr . Hence the total number of collocation points are N2

r since the dimension is 2 and tensor product is used. DO is faster than PCM while the
accuracy for both methods is the same.
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L½uðx; t;xÞ� ¼ �uux þ muxx þ
1þ n

2
sinð2ptÞ ¼ ��u�ux � Yi

@

@x
ðui�uÞ � YiYjui

@uj

@x
þ m �uxx þ Yi

@2ui

@x2

 !
þ 1þ n

2
sinð2ptÞ

E½LðuÞ� ¼ ��u�ux � Cijui
@uj

@x
þ m�uxx þ 0:5 sinð2ptÞ

E½LðuÞYj� ¼ � Cijui�ux þ Ckj
@uk

@x
�uþ Cikjui

@uk

@x

� �
þ mCij

@2ui

@x2 þ E
n
2

Yj

 �
sinð2ptÞ;
where Cijk ¼ E½YiYjYk�. Note that E½LðuÞYj� involves the third moment of the stochastic coefficients and hence the PDE for ui is
more complicated than the one in the advection equation in the previous section. Since the initial condition is deterministic
as in the advection equation, the Yi; i ¼ 1; . . . ;N at the initial time become zero, which makes the covariance matrix for Yi

singular. Hence, we use the hybrid method to avoid the singularity due to the deterministic initial condition.
4.2.1. Computational results: hybrid method
Unlike the advection problem where only one time step is enough to switch from PC to DO, we need to march for more

time steps to allow the stochasticity of the system to develop fully. We have performed some sensitivity studies to see how
to choose the switching time from PC to DO but a more systematic future study is required. We can choose the number of
modes at the switching time based on the eigenvalues of Cuð�;tsÞðx; yÞ. One criterion is to choose the number of modes such
that the sum of corresponding eigenvalues makes up to more than a threshold, say 99% of the total.
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The eigenvalues of KL decomposition of the solution at ten different times are shown in Fig. 14. Note that the eigenvalues
of KL decomposition are the same as those of the covariance matrix C whose ði; jÞ index is E½YiYj�. We choose the switching
time to be ts ¼ 1:0 and the number of DO modes to be 6 based on Fig. 14. Note that the number of modes should be increased
to capture the same percentage of the energy as the system evolves in time.

The parameters are as follows:
Fig. 14.
eigenva
Dt ¼ 0:001; ts ¼ 1; tf ¼ 5; Ns ¼ 128; Nr ¼ 64; N ¼ 6:
We choose N ¼ 6 because, at ts ¼ 1, the sixth mode is the largest eigenmode whose eigenvalue is larger than the threshold
value. Fourier collocation in the physical space and Legendre–Gauss collocation in the parametric space are used for discret-
ization. The third-order Adams–Bashforth (AB3) is used as a time integrator to minimize the error due to the time
discretization.

The mean and variance at t ¼ 5 using the hybrid method are shown in Fig. 15; good agreement with the exact solution is
achieved. The L2 error for the mean and variance are shown in Fig. 16.

If the number of modes N is chosen to be smaller than 6, then the KL decomposition with N at the switching time ts ¼ 1
approximates poorly the solution, and hence DO with less number of modes yields larger truncation error. Fig. 17 shows the
exponential convergence obtained with respect to the number of modes at time t ¼ 5. There is saturation when the number
of modes is increased from five to six. This is because the evolution equations for the stochastic coefficients Yi, in particular
the fifth and sixth are stiff. The stiffly stable scheme will be required to overcome saturation. This example is the first dem-
onstration of the fast convergence of the DO method for a nonlinear SPDE.

The hybrid DO method is sensitive to the number of modes N and switching time ts as shown in Fig. 18. The switching
time determines the maximum number of possible modes because the DO components are chosen from KL decomposition of
the solution at ts. Hence we choose the number of modes to be the largest eigenmode at a given ts. Choosing the switching
time is problem-dependent; for the advection equation (linear), we need just one time step to switch over to DO while for
the Burgers equation (nonlinear), we need many more time steps for DO to have a good accuracy.

A high-order time discretization for both PCM and DO in the hybrid method is used to minimize the error due to temporal
discretization. Fig. 19 shows the relative L2 error for the mean using different time discretization methods for PCM; one is the
fourth-order Runge–Kutta (RK4) and the other the third-order Adams–Bashforth (AB3) which is used as a time discretization
for the DO method. A large jump at the switching time ts ¼ 1 is observed when the order for the time discretization method
is reduced from the fourth-order to the third-order. In this paper, we consider the third-order AB method for DO as well as
PCM for the Burgers equation. Hence, compatibility in the temporal accuracy between PCM and DO is required to avoid large
error due to switching methods.

5. Numerical example III: nonlinear diffusion equation

In this section, we consider the nonlinear diffusion equation which is 1-D in physical space but multi-D in parametric
space:
@uðt; xÞ
@t

¼ @

@x
aðx; xÞ @uðt; xÞ

@x

� �
þ 1; x 2 ð0;1Þ; ð25Þ

uðt;0Þ ¼ uðt;1Þ ¼ 0; ð26Þ
The eigenvalues of the covariance matrix C whose ði; jÞ index is E½YiYj� at different switch times ts . Left: eigenvalues for ts ¼ 0:5j; j ¼ 1; . . . ;5, Right:
lues for ts ¼ 0:5j; j ¼ 6; . . . ;10. The parameters used are m ¼ 0:05;Ns ¼ 128;Nr ¼ 64 and Dt ¼ 0:001.



Fig. 15. Mean (left) and variance (right) of the solution at t ¼ 5 for the Burgers equation. The switching time ts is 1 and the number of DO modes is 6. The
mean and variance from the probabilistic collocation method with Nr ¼ 512 using the fourth-order Runge–Kutta method are considered to be the exact
solution.

Fig. 16. Relative L2 error for the mean (left) and variance (right) of the solution for the Burgers equation with random forcing. The switching time ts is 1 and
the number of DO modes is 6. Since the period of the random forcing is one, the L2 error of the mean also shows periodicity with the same period.

Fig. 17. Relative L2 error for the mean and variance at t ¼ 5. Exponential convergence is observed as the number of modes increases.
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Fig. 18. Relative L2 error for the mean (left) and variance (right) of the solution for the Burgers equation. The mean error for ts ¼ 0:5 and N ¼ 3 are as good
as one for other parameters up to t ¼ 1:7 and starts to deviate. ts ¼ 1 and N ¼ 6 are shown to be the best among the three cases.

Fig. 19. Relative L2 error of the mean for the Burgers equation. Two time discretization methods for PCM are used; black and blue line uses the fourth-order
RK and the third-order AB method, respectively. Other parameters for both methods are set to be the same. When the order of the time discretization
method is reduced at the switching time, the error increases dramatically.
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where the stochastic diffusion coefficients aðx;xÞ is given by the KL expansion
aðx; xÞ ¼ �aþ ra

XM

i¼1

ffiffiffiffi
ki

p
/iðxÞniðxÞ: ð27Þ
fkigM
i¼1 and f/iðxÞg

M
i¼1 are, respectively, M largest eigenvalues and corresponding eigenfunctions of the Gaussian covariance

kernel
Caaðx1; x2Þ ¼ exp �ðx1 � x2Þ2

l2
c

 !
; ð28Þ
where lc is the correlation length of aðx;xÞ that dictates the decay of the spectrum of Caa. The random variables fniðxÞgM
i¼1 are

assumed to be independent and uniformly distributed on ½�1;1�. The coefficient ra controls the variability of aðx;xÞ, and we
consider two cases: (i) lc ¼ 1;M ¼ 4 and (ii) lc ¼ 1=5;M ¼ 14 with �a ¼ 0:1;ra ¼ 0:03. The dimension of random space is
determined by how many terms we keep in the KL decomposition of Eq. (27). Using the DO representation, we obtain the
form of the evolution operator L:
L½u� ¼ @

@x
aðx;xÞ @

�u
@x

� �
þ
X

i

Yi
@

@x
aðx;xÞ @ui

@x

� �
þ 1:
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A spectral element method was employed for physical space [27] and PCM for parametric space [20] to solve the correspond-
ing DO equations. In particular, we use sparse grids method with Clenshaw–Curtis abscissas because the dimension of ran-
dom space is modestly high. The reference solution is obtained by PCM with level 5 sparse grids for M ¼ 14 and level 6 sparse
grids for M ¼ 4.

The parameters are
Fig. 20.
for lc ¼
differen
�t ¼ 10�4; ts ¼ 0:5; tf ¼ 30: ð29Þ
We use the forward Euler as a time-integrator with small time step. For DO representation we test different number of
modes; for M ¼ 4, N = 1, 2, 3, 4 and for M ¼ 14, N = 2, 4, 6 based on the eigenspectrum of the KL decomposition of the solu-
tion. The mean and variance at t ¼ 30 using the hybrid method are shown in Fig. 20 for lc ¼ 1 and lc ¼ 1=5. Good agreement
for higher modes with the exact solution is achieved. Fig. 21 shows the exponential convergence obtained with respect to the
number of modes at time t ¼ 30.
6. Summary

We have developed a hybrid DO-PC method to tackle the singular limit of the DO equations for deterministic initial con-
ditions. In particular, we have presented an efficient approach to deal with the singularity of the stochastic coefficients and
the initialization of the DO stochastic subspace. This scheme is based on the solutions of the SPDE in the very initial regime
using the Polynomial Chaos method up to the switching time when the stochasticity is developed (obtaining non-Gaussian
characteristics) and then switch over to DO method as in Algorithm 1.

We first compared the performance of the two methodologies, i.e. PC and DO methods in analytical examples involving
linear and nonlinear problems. In particular, we derived exact formulas of the stochastic coefficients and basis elements for
the advection equation and also derived the probability density function of the stochastic coefficients and basis for the
Top: lc ¼ 1, bottom: lc ¼ 1=5. Mean (left) and variance (right) of the solution at t ¼ 30 for the nonlinear diffusion equation. DO solutions with N ¼ 2
1 and with N ¼ 2;6 for lc ¼ 1=5 are plotted and they show good agreement with the exact solution except that the variance with N ¼ 2 for lc ¼ 1=5 is
t from that of the exact solution.



Fig. 21. Relative L2 error for the mean and variance at t ¼ 30 for lc ¼ 1 (left) and lc ¼ 1=5 (right). Exponential convergence is observed as the number of
modes increases.
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Burgers equation. Then, we applied the proposed framework with the source of randomness being in the coefficients of the
SPDE.

In the advection equation, even when the basis is initiated arbitrarily, the DO evolution equations are capable of following
the system satisfactorily in a way that the basis evolves to become the Fourier basis and remains the same thereafter. Clearly,
initiating the basis elements as orthogonal polynomials gives larger L2 error compared with the hybrid method but the for-
mer example illustrates (i) the effectiveness of the DO method, which tracks the system accurately enough, hence converging
to the correct subspace, and (ii) the advantage of using the hybrid approach to initialize problems involving deterministic
initial conditions. For the Burgers equation, the hybrid method shows very good agreement with the exact solution with
the error being less than 10�6. This is also the case when the excitation is such that the steady state dynamics involve
strongly non-Gaussian statistics with bimodal densities. For the nonlinear diffusion equation, the hybrid method shows very
good agreement with the exact solution and converges exponentially with respect to the number of modes.

For both advection and Burgers equation, the L2 error shows that DO is as accurate as PCM. However, DO is more efficient
than PCM in terms of computational time, in particular in high-dimensional parametric spaces. In addition, it allows for the
expression of higher-order statistics through the probability density function of the stochastic coefficients. This suggests that
DO can be a good and cost-effective alternative to PCM.

Further investigations will include a detailed study of adaptive strategies, i.e., adding or removing modes, ‘‘on-the-fly’’
and a multiscale approach to account for some of the energy of high modes that is neglected. Fig. 14 shows the eigenvalues
of the solution for the Burgers equation at different times; it is clear that as the system evolves in time, we need more eigen-
values to capture the same percentage of the energy; this can be done adaptively. In addition to this adaptive incorporation
of new energetic modes, we can add new ‘‘sub-grid-like’’ terms in the DO representation to account for the action of trun-
cated modes. This is similar to the idea of the multiscale method [28]. Another issue is the reformulation of the DO equations
by imposing bi-orthogonality of the basis and stochastic coefficients, i.e. replacing the DO condition (4) with
huiðx; tÞ;ujðx; tÞi ¼ kidij and EðYiYjÞ ¼ dij [29]. This leads to a modified system of evolution equations, which, however, is equiv-
alent (via a dynamical transformation) to the DO evolution equations. These issues are currently investigated in some more
depth and results will be reported in future publication.
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