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TIME-SPLITTING SCHEMES FOR FRACTIONAL DIFFERENTIAL
EQUATIONS I: SMOOTH SOLUTIONS∗

WANRONG CAO† , ZHONGQIANG ZHANG‡ , AND GEORGE EM KARNIADAKIS§

Abstract. We propose three time-splitting schemes for nonlinear time-fractional differential
equations with smooth solutions, where the order of the fractional derivative is 0 < α < 1. While
one of the schemes is of order α, the other two schemes are of order 1 + α and 2 − α and thus they
can be combined to provide flexible numerical methods with convergence order no less than 3/2.
We prove the convergence and stability of the proposed schemes. Numerical examples illustrate the
flexibility and the efficiency of these time-splitting schemes and show that they work for multirate
and stiff time-fractional differential systems effectively.
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1. Introduction. We aim at constructing efficient splitting methods for time-
fractional differential equations with smooth solutions. The motivation of this work is
to solve stiff systems of fractional differential equations and also nonlinear fractional
differential equations. Though there are some explicit methods for stiff ordinary
differential equations and stochastic differential equations [21, 24], most of the nu-
merical methods for fractional stiff systems and nonlinear problems are implicit, see
[4, 17, 19, 35] for trapezoidal rule, [13] for fractional Adams–Moulton methods, and
[23, 39] for fractional backward differentiation formula. All these methods should
be accompanied by efficient nonlinear iterative solvers. To solve nonlinear problems
at reasonable computational costs, various numerical methods have been proposed:
predictor-corrector methods (see [6, 7, 8, 9, 17, 25, 37, 43]), implicit-explicit (IMEX)
schemes (also known as semi-implicit schemes, linearly implicit schemes) (see [38]),
and some linearization of the implicit trapezoidal rule [41].

For stiff systems, especially for multiscale problems, splitting methods (also known
as operator splitting methods, split-up methods, or fractional-step methods (see [20,
22, 32])) are more preferable as we can split these problems into simpler subsystems
so that we can solve each subsystem with optimal numerical schemes. For example,
one common splitting strategy for stiff/nonlinear problems is to split the problems
into nonstiff/nonlinear parts and stiff/linear parts, and subsequently solve the non-
stiff/nonlinear parts with explicit methods and the rest with implicit methods. In
this case, splitting methods are very similar to IMEX methods. However, splitting
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methods are more flexible as they allow substepping of different subsystems; see [1] for
integer-order equations, where the fast varying scales are solved with smaller steps.
See also Example 4.3 for a splitting scheme with substepping for a stiff time-fractional
differential equation.

Splitting methods themselves are in some sense preprocessing methods and require
further time discretization. All the aforementioned numerical methods can be applied
in time as well as many other discretization methods, such as Euler methods [15, 27,
34], Runge-Kutta methods [3, 28]), the fractional Adam–Bashforth method [16], and
exponential integrator methods [18], etc. As in the context of numerical methods of
differential equations of integer order, the splitting methods can be used in physical
space as well; see [2, 5, 36, 40, 42, 44]. However, in this paper, we only consider
time-splitting methods for time-fractional differential equations.

Though splitting methods are standard and powerful in solving differential equa-
tions of integer order, it is not straightforward to apply these methods to fractional
differential equations because of the nonlocal nature of fractional differential equa-
tions. Consider the following scalar fractional differential equation

(CDα
0 u)(t) = λu(t) + σu(t), λ, σ ∈ C, 0 < t ≤ T,(1.1)

where u(0) = u0 and (CDα
0 u)(t), 0 < α < 1, is the Caputo derivative defined by

(1.2) (CDα
a g)(t) = (I1−α

a g′)(t), (Iαa g)(t) =
1

Γ(α)

∫ t

a

g(τ)

(t− τ)1−α
dτ, t > a.

Suppose that we split this equation as we do for integer-order differential equations,
e.g., for one step, 0 ≤ t ≤ h,

(CDα
0
¯̄u)(t) = λ¯̄u(t), ¯̄u(0) = u0,

(CDα
0 ũ)(t) = σũ(t), ũ(0) = ¯̄u(h).

The splitting error is O(h2α), i.e.,

u(h)− ũ(h) = u0

[ ∞∑
k=0

(λ+ σ)khkα

Γ(1 + kα)
−

∞∑
k=0

(λhα)k

Γ(1 + kα)

∞∑
k=0

(σhα)k

Γ(1 + kα)

]

= u0

[
2λσ

Γ(1 + 2α)
− λσ

(Γ(1 + α))2

]
h2α +O(h3α), 0 < α < 1.(1.3)

Thus, when α is close to zero, the obtained splitting scheme has low convergence order
even in one step. The slow convergence can be explained as follows. When we split
the fractional differential equation as above, we oversimplify the strongly nonlocal
interactions of ũ and ¯̄u by considering the initial condition, i.e., only locally at t = h,
while the solution at the time h to the integral equation (1.1) has a strongly nonlocal
dependence on the solution at time 0 ≤ t < h.

The main contribution of this paper is to provide a convergent splitting strategy
for time-fractional differential equations and subsequently develop some fully discrete
time-splitting schemes. The first proposed splitting scheme is based on an integral
formulation of the considered equations using a modified trazoidal rule and the con-
vergence order is 1 + α. The second splitting scheme is also based on an integral
formulation and the convergence order is α. Since, for small α, the convergence or-
ders of the first two schemes are either close to 1 or 0, we are motivated to develop
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another splitting scheme of order 2 − α. This third splitting scheme is based on the
so-called L1 discretization of fractional derivatives employed in [27, 34]. Thus, we can
achieve a convergence order 3/2 for every 0 < α < 1 if we choose the first and the
third splitting schemes properly.

Compared to fully implicit schemes, the proposed time-splitting schemes do not
require any nonlinear iterative solvers like fixed-point iteration or Newton iteration
methods. The two main time-splitting schemes (the first and the third) we propose
are A(απ2 )-stable and have better stability than explicit methods. We numerically
compare our splitting methods with the classical predictor-corrector method from [8]
and we find that the splitting methods outperform the classical predictor-corrector
scheme when stiff time-fractional differential equations systems and nonlinear time-
fractional differential equations are considered.

In this work, we assume that either the solutions to the underlying equations
have at least bounded first two derivatives or smooth forcing terms; see Remark 2.3
for discussions on regularity. However, these assumptions may not hold for some
time-fractional differential equations; see, for example, [23, 39] and Remark 2.9 in
section 2. We focus here on how to develop splitting schemes and the splitting errors.
In subsequent work, we will develop splitting schemes without these assumptions.

The rest of the paper is organized as follows. We present splitting strategies
for time-fractional differential equations and formulate fully discrete time-splitting
schemes in section 2. We also provide convergence rates of the proposed splitting
schemes, the proofs of which can be found in section 5. In section 3, we discuss the
linear stability of the proposed schemes. In section 4 we present numerical examples
to illustrate the computational flexibility and verify our error estimates. We conclude
in section 6 and discuss our future work.

2. Time-splitting methods for time-fractional differential equations.
We consider the following nonlinear time-fractional differential system

(CDα
0 u)(t) = Au(t) + f(t, u(t)), t ∈ (0, T ], u(0) = u0,(2.1)

where 0 < α < 1, A is an m×m real-valued matrix, f : [0, T ]×Rm → Rm. In the rest
of the paper, we suppose that f is continuous and satisfies the Lipschitz condition
with respect to its second argument on a suitable domain G:

|f(t, u1)− f(t, u2)| ≤ K|u1 − u2| ∀u1, u2 ∈ G,(2.2)

where K is a positive constant only dependent on the domain G and | · | denotes the
Euclidean norm.

In the following text, we will use the following notation extensively:

(C[s]D
α
a g)(t) =

1

Γ(1− α)

∫ t

a

g′(τ)dτ
(s− τ)α

,

( [s]I
α
a g)(t) =

1

Γ(α)

∫ t

a

g(τ)

(s− τ)1−α
dτ,

( [s]I
α
a f)(t, u(t)) =

1

Γ(α)

∫ t

a

f(τ, u(τ))

(s− τ)1−α
dτ.(2.3)

2.1. Time-splitting based on an integral formulation. To derive splitting
schemes, we rewrite (2.1) in integral form:

u(t) = u(0) +A (Iα0 u)(t) + (Iα0 f)(t, u(t)), 0 ≤ t ≤ T,(2.4)
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where we applied the operator (Iα0 ·)(t) on both sides of (2.1), used the identity
(Iαa

CDα
au)(t) = u(t)− u(a) [33], and

(Iα0 f)(t, u(t)) :=
1

Γ(α)

∫ t

0

f(τ, u(τ))

(t− τ)1−α
dτ.

We will use a uniform partition of time interval [0, T ], i.e., tn = nh, 0 ≤ n ≤ N
with h = T/N .

Based on the additivity of fractional integrals over intervals (see [7]), we rewrite
(2.4) over (tn−1, tn] (n ≥ 1) as

(2.5) u(t) = u(t0) + Iαtn−1
Au(t) + ( [t]I

α
t0Au)(tn−1) + (Iαt0f)(t, u(t)).

To derive a splitting method, we assume that the solution over the time interval
[0, tn−1] is known and we denote it by ũ(t), 0 ≤ t ≤ tn−1. We also define

(2.6) ¯̄u(t) = ũ(tn−1) + ( [t]I
α
t0Aũ)(tn−1) + (Iαtn−1

A¯̄u)(t), tn−1 < t ≤ tn.

Introduce the notation for “initial value” of ¯̄u at tn−1 as

(2.7) ũc(tn−1) = ũ(tn−1) + ( [t]I
α
t0Aũ)(tn−1).

Then (2.6) reads

(2.8) ¯̄u(t) = ũc(tn−1) + (Iαtn−1
A¯̄u)(t), tn−1 < t ≤ tn.

With (2.5) and (2.6), we have

(2.9) ũ(t) = ¯̄uc(tn) + (Iαt0f)(t, ũ(t)), tn−1 < t ≤ tn,

where we denote

(2.10) ¯̄uc(tn) = ¯̄u(t) − ũ(tn−1) + u(t0)−
(
Iαtn−1

A(¯̄u− ũ)
)
(t).

From here, we can repeat the above procedure to obtain the solution ũ(t) for t ∈
(tn, tn+1]. It can be readily checked that (2.8)–(2.10) have unique solutions as long
as (2.4) has a unique solution.

We note that there is no splitting error in the above formulation, which can be
readily checked that (2.7)–(2.10) can lead to exactly (2.5). Correspondingly, conver-
gence orders of numerical schemes based on (2.7)–(2.10) depend on the convergence
orders of numerical schemes applied in each subequation in (2.7)–(2.10). In splitting
methods, different numerical schemes can be used in different subequations of (2.7)–
(2.10) while the IMEX methods do not have this flexibility. We note that various
time discretization schemes can be used, for example, those introduced in section 1.

Taking t = tn, it follows from (2.7)–(2.10) that

¯̄u(tn) = ũc(tn−1) + (Iαtn−1
A¯̄u)(tn),(2.11)

ũc(tn−1) = ũ(tn−1) + ( [tn]I
α
t0Aũ)(tn−1), ũ0 = u0,(2.12)

ũ(tn) = ¯̄uc(tn) + (Iαt0f)(tn, ũ(tn)),(2.13)

¯̄uc(tn) = ¯̄u(tn)− ũ(tn−1) + u(t0)−
(
Iαtn−1

A(¯̄u − ũ)
)
(tn).(2.14)

Now we derive fully discrete time-splitting schemes with further discretization of
(2.11)–(2.14). To ensure stability, we approximate the fractional integral in (2.11) and
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(2.14) implicitly. Applying the weighted right-rectangle rule (see [10, Appendix C)]
in (2.14) leads to

¯̄uc(tn) ≈ ¯̄u(tn)− ũ(tn−1) + u(t0)− 1

Γ(α)

∫ tn

tn−1

A(¯̄u(tn)− ũ(tn))

(tn − τ)1−α
dτ

= ¯̄u(tn)− ũ(tn−1) + u(t0)− Ahα

Γ(1 + α)
(¯̄u(tn)− ũ(tn)).

Substituting the above formula into (2.13), using ¯̄un and ũn in place of ¯̄u(tn) and
ũ(tn), respectively, we obtain that

(2.15) Cα
h ũn = Cα

h
¯̄un + u0 − ũn−1 + (Iαt0f)(tn, ũ(tn)).

We further denote all known information in (2.15) by ¯̄ucn and get

Cα
h ũn = ¯̄ucn + (Iαtn−1

f)(tn, ũ(tn)),(2.16)

¯̄ucn = Cα
h
¯̄un + u0 − ũn−1 + ( [tn]I

α
t0f)(tn−1, ũ(tn−1)),(2.17)

where Cα
h = I − A hα

Γ(1+α) . Subsequently, we employ a weighted trapezoidal rule

to approximate the integral in (2.12), and a weighted midpoint rule with ũ(tj− 1
2
) ≈

1
2 (ũ(tj−1)+ũ(tj)) to approximate the integral in (2.17). Similarly, we use the weighted
right-rectangle rule for the integral in (2.11), and the weighted left-rectangle rule for
the integral in (2.16); see [26]. We then obtain the following time-splitting scheme
(TS-I):

¯̄un = ũcn−1 +
Ahα

Γ(1 + α)
¯̄un, n = 1, 2, . . . , N,(2.18)

ũcn−1 = ũn−1 +
Ahα

2Γ(1 + α)

n−1∑
j=1

wα
n,j(ũj−1 + ũj), ũ0 = u0,(2.19)

Cα
h ũn = ¯̄ucn +

hα

Γ(1 + α)
f(tn−1, ũn−1), n = 1, 2, . . . , N,(2.20)

¯̄ucn = Cα
h
¯̄un + u0 − ũn−1 +

hα

Γ(1 + α)

n−1∑
j=1

wα
n,jf

(
tj− 1

2
,
ũj−1 + ũj

2

)
,(2.21)

where

(2.22) wα
n,j =

α

hα

∫ tj

tj−1

1

(tn − τ)1−α
dτ = (n− j + 1)α − (n− j)α.

To obtain (2.19), we used the following approximation,

( [tn]I
α
t0Aũ)(tn−1) =

1

Γ(α)

∫ tn−1

t0

Aũ(τ)

(tn − τ)1−α
dτ =

1

Γ(α)

n−1∑
j=1

∫ tj

tj−1

Aũ(τ)

(tn − τ)1−α
dτ

≈ A

Γ(α)

n−1∑
j=1

∫ tj

tj−1

ũj + ũj+1

2

1

(tn − τ)1−α
dτ

=
Ahα

2Γ(1 + α)

n−1∑
j=1

wα
n,j(ũj−1 + ũj).



TIME-SPLITTING SCHEMES FOR FRACTIONAL DIFFERENTIAL A1757

The fractional integral ( [tn]I
α
t0f)(tn−1, ũ(tn−1)) in (2.17) has been approximated sim-

ilarly to obtain (2.21).
Remark 2.1. In the TS-I scheme and other numerical schemes we develop in the

following, only ũn, 1 ≤ n ≤ N , is a numerical solution to (2.1), but ¯̄un, 1 ≤ n ≤ N , is
not a numerical solution to (2.1). See also Remark 2.5 where we show that ¯̄u is not
close to the exact solution for a similar splitting scheme.

For the time-splitting scheme TS-I, we have the following convergence theorem.
Theorem 2.2 (convergence rate of the TS-I scheme). Let u(t) be the solution of

(2.1) and ũn, 0 ≤ n ≤ N , be the solution of the time-splitting method (2.18)–(2.21).
Suppose h = T/N and Ahα �= Γ(1 + α)I.

• If u ∈ C2[0, T ] and f(t, u) satisfies the Lipschitz condition (2.2), then there
exists a constant C > 0 independent of h such that

(2.23) |u(tn)− ũn| ≤ C
(
1 + |u′(0)| t−α

n

)
h1+α, 1 ≤ n ≤ N.

• If f ∈ C2(G), then there exists a constant C > 0 independent of h such that

(2.24) |u(tn)− ũn| ≤ C
(
1 + tα−1

n

)
h1+α, 1 ≤ n ≤ N.

Remark 2.3 (regularity assumption). Equation (2.1) can have a smooth solution;
see [9, 34, 39], etc. In fact, the assumption of u(t) ∈ C2[0, T ] can be verified when f
is only a function of t and f ∈ C2[0, T ] with f(0) = f ′(0) = 0 and u0 = 0; see [34].
This can be readily checked since the solution u can be written as

u(t) = u0Eα,1[At
α] +

∫ t

0

(t− τ)α−1Eα,α[A(t− τ)α]f(τ)dτ,

where Eα,β [z] :=
∑∞

k=0
zk

Γ(αk+β) is the Mittag–Leffler-type function.

If f ∈ C2(G), the solution of (2.1) is not in C2[0, T ] but is of the form

(2.25) u(t) = ψ(t) +

ν̂∑
ν=1

cνt
να,

where ψ ∈ C1[0, T ] and ν̂ := [1/α]− 1; see [9, 11, 28].
Remark 2.4 (implementation). In practice, time-fractional differential equations

may be of the form

(CDα
0 u)(t) = g(t, u(t)), t ∈ (0, T ], u(0) = u0

instead of in the form (2.1). If a splitting scheme is used, one can decompose g(t, u(t))
as Au(t) + f(t, u(t)) so that A is stiff while f(t, u(t)) is less stiff; see, e.g., Examples
4.1 and 4.3 where the g(t, u(t)) are linear. To ensure the stability of the splitting
schemes, one should follow the stability conditions in section 3, where linear stability
for scalar equations is considered.

The term −(Iαtn−1
A(¯̄u − ũ))(t) is crucial to keep the convergence order of the

splitting schemes. If this correction term is missing, we can only have a scheme of
convergence order α, no matter what higher-order discretization methods are used.
In other words, the splitting error is of order α. For example, if we apply the (1+α)-
order time discretization as in the splitting scheme (2.18)–(2.21) but drop the term
−(Iαtn−1

A(¯̄u− ũ))(tn), then we obtain the following time-splitting scheme (TS-II): for
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n = 1, 2, . . . , N ,

¯̄un = ũcn−1 +
Ahα

Γ(1 + α)
¯̄un,(2.26)

ũcn−1 = ũn−1 +
Ahα

2Γ(1 + α)

n−1∑
j=1

wα
n,j(ũj−1 + ũj), ũ0 = u0,(2.27)

ũn = ¯̄ucn +
hα

Γ(1 + α)
f(tn−1, ũn−1),(2.28)

¯̄ucn = ¯̄un + u0 − ũn−1 +
hα

Γ(1 + α)

n−1∑
j=1

wα
n,jf

(
tj− 1

2
,
ũj−1 + ũj

2

)
,(2.29)

where wα
n,j is from (2.22).

Remark 2.5 (splitting error). Consider the splitting method (2.7)–(2.10) without
the term −(Iαtn−1

A(¯̄u − ũ))(t) in (2.10), which we present as follows:

¯̄v(t) = ṽcn−1 + (Iαtn−1
A¯̄v)(t), tn−1 < t ≤ tn,

ṽcn−1 = ṽ(tn−1) + ( [t]I
α
t0Aṽ)(tn−1),

ṽ(t) = ¯̄vcn + (Iαt0f)(t, ṽ(t)), tn−1 < t ≤ tn,

¯̄vcn = ¯̄v(tn)− ṽ(tn−1) + v(t0).

This splitting method leads to the following integral representation

ṽ(t) = v(t0) + (Iαt0f)(t, ṽ(t)) + ( [tn]I
α
t0Aṽ)(tn−1) + (Iαtn−1

A¯̄v)(tn).(2.30)

From (2.5) and (2.30), we have, denoting e(t) = ṽ(t)− u(t),

e(tn) = (Iαt0f)(tn, ṽ(tn))− (Iαt0f)(tn, u(tn))

+ ( [tn]I
α
t0Aṽ)(tn−1) + (Iαtn−1

A¯̄v)(tn)− (Iαt0Au)(tn).

Since f satisfies the Lipschitz condition (2.2), we get

|e(tn)| ≤ K(Iαt0 |e|)(tn) + ‖A‖( [tn]Iαt0 |e|)(tn−1) + (Iαtn−1
A|¯̄v − u|)(tn)

≤ (K + ‖A‖)(Iαt0 |e|)(tn) + (Iαtn−1
A|¯̄v − u|)(tn).(2.31)

We assume that ṽ(t) = u(t) when t ≤ tn−1 and then have

¯̄v(t) = ṽ(tn−1) + ( [t]I
α
t0Aṽ)(tn−1) + (Iαtn−1

A¯̄v)(t)

= u(tn−1) + ( [t]I
α
t0Au)(tn−1) + (Iαtn−1

A¯̄v)(t).

From (2.5), we can write

u(t) = u(t0) + (Iαt0Au)(t) + (Iαt0f)(t, u(t))

= u(tn−1)− (Iαt0Au)(tn−1)− (Iαt0f)(tn−1, u(tn−1)) + (Iαt0Au)(t) + (Iαt0f)(t, u(t)).

Thus we have ¯̄v − u is of O(1) since

¯̄v − u = ( [t]I
α
t0Au)(tn−1) + (Iαtn−1

A¯̄v)(t) + (Iαt0Au)(tn−1)− (Iαt0Au)(t)

+ (Iαt0f)(tn−1, u(tn−1))− (Iαt0f)(t, u(t))

= (Iαtn−1
A(¯̄v − u))(t) + (Iαt0Au)(tn−1) + (Iαt0f)(tn−1, u(tn−1))− (Iαt0f)(t, u(t)).
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Hence we have (Iαtn−1
A|¯̄v−u|)(tn) ≤ Chα. Then by the Gronwall-type inequality (see

Lemma 6.19 in [10]), we have from (2.31) that |e(tn)| ≤ ChαEα,1[(K + ‖A‖)tα].
We present the following convergence theorem for the TS-II scheme while we omit

the proof as it is similar to that of Theorem 2.2.
Theorem 2.6 (convergence order of the TS-II scheme). Let u(t) be the solution

of (2.1) and ũn, 0 ≤ n ≤ N , be the solution of the time-splitting method (2.26)–(2.29).
Suppose that either u ∈ C1[0, T ] and f(t, u) satisfies the Lipschitz condition (2.2), or
f ∈ C2(G). Then for h = T/N , there exists a constant C > 0 independent of h such
that

(2.32) max
1≤n≤N

|u(tn)− ũn| ≤ Chα.

2.2. A time-splitting scheme based on differential formulation. When
α > 0 is close to zero, the schemes in the previous subsection are of low order and
close to 1 or 0. To obtain higher-order schemes when α is close to zero, we develop
the following splitting scheme of convergence order 2− α.

Instead of using the integral formulation (2.4), we use the differential formulation
to derive our new splitting method. First, by the definitions of (1.2) and (2.3), we
write (2.1) for t ∈ (tn−1, tn], where n ≥ 1 is an integer,

(2.33) (CDα
tn−1

u)(t) +
(
C
[t]D

α
t0u
)
(tn−1) = Au(t) + f(t, u(t)).

Applying the operator (Iαtn−1
·)(t) on both sides of (2.33), we have

u(t)− u(tn−1) = − 1

Γ(α)

∫ t

tn−1

(
C
[τ ]D

α
t0u
)
(tn−1)

(t− τ)1−α
dτ + (Iαtn−1

Au)(t) + (Iαtn−1
f)(t, u(t)).

(2.34)

To derive a splitting method, we assume that the solution over the time interval
[0, tn−1] is known and we denote it by ũ. Denote ¯̄u such that

¯̄u(t) = ũ(tn−1)− 1

Γ(α)

∫ t

tn−1

(
C
[τ ]D

α
t0 ũ
)
(tn−1)

(t− τ)1−α
dτ + (Iαtn−1

A¯̄u)(t),(2.35)

where t ∈ (tn−1, tn]. We introduce “the initial value” of ¯̄u at tn−1 as

(2.36) ¯̄u(tn−1) = ũ(tn−1).

By (2.34) and (2.35), it follows that

ũ(t) = ¯̄u(t) +
(
Iαtn−1

A(ũ− ¯̄u)
)
(t) + (Iαtn−1

f)(t, ũ(t)).(2.37)

We introduce ũ(t+n−1) = ¯̄u(t) as an initial condition to (2.37). Operating the Caputo
derivative on both sides of (2.35) and (2.37), we have

(CDα
tn−1

¯̄u)(t) = −(C[t]D
α
t0 ũ
)
(tn−1) +A¯̄u(t),(2.38)

¯̄u(tn−1) = ũ(tn−1), ũ(t0) = u0,

(CDα
tn−1

ũ)(t) = A (ũ(t)− ¯̄u(t)) + f(t, ũ(t)),(2.39)

ũ(t+n−1) = ¯̄u(t).
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Hence, we obtain the solution ũ(t) for tn−1 ≤ t ≤ tn, and by repeating the above
process we can derive the solution over (tn, tn+1]. Here (2.38) and (2.39) have unique
solutions when (2.1) has a unique solution as (2.38) is linear and (2.39) has the same
form as (2.1).

We now consider time discretization of (2.38)–(2.39) over tn−1 < t ≤ tn. Taking
t = tn and using the L1-discretization proposed in [34] for the fractional derivative in
(2.39), we get

Ĉα
h ũn − ũcn−1

h
(I1−α

tn−1
1)(tn) = −A¯̄un + f(tn, ũn),

ũcn−1 = ¯̄un,

where Ĉα
h = I − hαΓ(2− α)A and ũn ≈ ũ(tn), ¯̄un ≈ ¯̄u(tn). We again take t = tn and

use the L1-discretization to approximate fractional derivatives in (2.38) and have

¯̄un − ũn−1

h
(I1−α

tn−1
1)(tn) = −

n−1∑
k=1

ũk − ũk−1

h
( [tn]I

1−α
tk−1

1)(tk) +A¯̄un.

Summing up all the discretizations for the different subequations, we have the follow-
ing scheme:

¯̄un − ¯̄ucn−1

Γ(2− α)hα
= A¯̄un, ¯̄ucn−1 = ũn−1 −

n−1∑
k=1

w1−α
n,k (ũk − ũk−1),(2.40)

Ĉα
h ũn − ũcn−1

Γ(2− α)hα
= f(tn, ũn), ũcn−1 = Ĉα

h
¯̄un,(2.41)

where w1−α
n,k+1 is defined by (2.22). The time-splitting scheme (2.40)–(2.41) is fully

implicit. To avoid nonlinear iterative solvers, we approximate the nonlinear term
f(t, u) by f(t, u(t)) ≈ f(t, u(s))+fu(t, u(s))(u(t)−u(s)) (fu is the first-order derivative
with respect to u) when t− s is small, and obtain the following time-splitting scheme
(TS-III) with order 2− α:

¯̄un − ¯̄ucn−1

Γ(2− α)hα
= A¯̄un, ¯̄ucn−1 = ũn−1 −

n−1∑
k=1

w1−α
n,k (ũk − ũk−1),(2.42)

C̃α
h ũn = ũcn−1 + Γ(2 − α)hα

(
f(tn, ũn−1)− diag[fu(tn, ũn−1)]ũn−1

)
,(2.43)

ũcn−1 = Ĉα
h
¯̄un,

where C̃α
h = Ĉα

h −Γ(2−α)hαdiag[fu(tn, ũn−1)] and diag[·] denotes the diagonal matrix
where the kth diagonal element is the kth element of a vector k = 1, . . . ,m.

Based on Lemmas 4.1 and 4.2 and Theorem 4.1 in [34], we can prove the following
theorem for the scheme (2.40)–(2.41) and the TS-III scheme.

Theorem 2.7 (convergence order of the TS-III scheme). Suppose that (2.1) has
a solution u ∈ C2[0, T ] and u(0) = 0, and f(t, u) satisfies the Lipschitz condition (2.2)
and has continuous second-order derivative with respect to the second argument. Let
ũn, 0 ≤ n ≤ N , be the solution of the time-splitting scheme (2.40)–(2.41) or the TS-III
scheme. Then for h = T/N and AhαΓ(2 − α) �= I, there exists a constant C > 0
independent of h such that

(2.44) max
1≤n≤N

|u(tn)− ũn| ≤ Ch2−α.
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Fig. 1. Stability region of the test equation (3.1) for 0 < α < 1.

Remark 2.8. When u(0) �= 0, it is natural to introduce v(t) = u(t) − u(0) and
a fractional differential equation that v satisfies. We then obtain the estimate (2.44)
for v and thus the same estimate for u.

Remark 2.9. To show the performance of the TS-I and TS-III schemes when the
exact solution is not smooth enough, we consider the following equation

(2.45) (CDα
0 u)(t) = f(t), t ∈ (0, T ], u(0) = u0,

where f(t) = Γ(p+α+1)
Γ(p+1) tp, p + α ≥ 0, and the exact solution is u(t) = tp+α. For

the TS-I scheme, there is a number α0 ≈ 0.4 (obtained numerically) such that if
p ≥ max{0, α−α0}, the convergence order of the TS-I scheme at t = T is 1+α, while
if 0 ≤ p < α−α0, the order is max{1, p+α}. The TS-III scheme is exact if p+α = 1
and for p+ α < 1, its convergence order at t = T is p+ 1; for p+ α > 1, the order is
2−α. When p+α = 0, then u(t) = 1 and the convergence order of the TS-III scheme
at t = T is p+ 1 = 1− α.

3. Linear stability of time-splitting schemes. In this section, we discuss the
linear stability of all proposed time-splitting schemes for the scalar equation (1.1).

We recall the definition of stability for the linear equation (1.1) and numerical
methods.

Theorem 3.1 (see [29, 30]). Let α > 0. The steady state u = 0 of (1.1) is stable
if and only if (λ+ σ) ∈∑α, where

∑
α = {s ∈ C : |arg(s)| > απ

2 }.
Definition 3.2. A numerical method is said to be A(απ2 )-stable if its stability

region for (3.1) contains the whole sector
∑

α.

3.1. Stability of the TS-I and TS-II schemes. We first consider the stability
of the TS-I and TS-II schemes for the following test equation (σ = 0 in (1.1)) where
we can draw the stability region (see Figure 1):

(3.1) (CDα
0 u)(t) = λu(t), t ≥ 0, λ ∈ C.

We need the following theorem to determine stability regions of the TS-I and TS-II
schemes.

Theorem 3.3 (see [17, 19, 31]). Let α > 0. Assume that the sequence {gn} is
convergent and that the quadrature weights wn (n ≥ 1) satisfy

wn =
nα−1

Γ(α+ 1)
+ vn,

∞∑
n=1

|vn| <∞,(3.2)

then the stability region of the convolution quadrature yn = gn + z
∑n

j=0 wn−jyj is

ΣNum
α =

{
z ∈ C

∣∣1− zwα(ξ) �= 0 : |ξ| ≤ 1
}
, wα(ξ) =

∞∑
n=0

wnξ
n,

where z = λhα or z is some function of λhα.
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Fig. 2. Stability region of the TS-I scheme (shaded) for the test equation (3.1); left: α = 0.3,
right: α = 0.7.

Stability analysis of the TS-I scheme. Applying the TS-I scheme (2.18)–(2.21) to
the test equation (3.1), i.e., applying (2.18)–(2.21) with f(t, u) = 0, we get

(3.3) ũn =

(
1− λhα

2Γ(1 + α)
[(n+ 1)α − nα]

)
u0 + λhα

n∑
j=0

w
(I)
n−j ũj ,

where w
(I)
0 = 1

Γ(1+α) , w
(I)
1 = 2α−1α

2Γ(1+α) , w
(I)
n = (n+1)α−(n−1)α

2Γ(1+α) . Then by Theorem 3.3,

the stability region of the TS-I scheme is

ΣNum
α = C \

{
1

wI(ξ)
: |ξ| ≤ 1

}
, where wI(ξ) =

∞∑
n=0

w(I)
n ξn.

In Figure 2, we plot the stability regions of the TS-I scheme for α = 0.3 and α = 0.7,
where we take n = 105 in (3.3), as the function wI(ξ) =

∑∞
n=0 w

I
nξ

n is not explicitly

known. We can see that the TS-I scheme is A(απ2 )-stable as
∑

α ⊂∑Num
α for α = 0.3,

0.7.
Stability analysis of the TS-II scheme. The TS-II scheme (2.26)–(2.29) for the

test equation (3.1) (f(t, u) = 0 in (2.1)) reads

(3.4) ũn = u0 +
λhα

Γ(1 + α)
¯̄un +

λhα

2Γ(1 + α)

n−1∑
j=1

wα
j (ũj−1 + ũj).

Substituting (2.26) into (3.4), we have

ũn =

(
1− λhα

2(Γ(1 + α)− λhα)
[(n+ 1)α − nα]

)
u0 +

λhα

Γ(1 + α) − λhα

n∑
j=0

w
(II)
n−j ũj ,

where w
(II)
0 = 0, w

(II)
1 = 2α−1α

2 +1, w
(II)
n = (n+1)α−(n−1)α

2 . Then, by Theorem 3.3,
the stability region of the TS-II scheme is

ΣNum
α = C \

{
Γ(1 + α)

1 + wII(ξ)
: |ξ| ≤ 1

}
, where wII(ξ) =

∞∑
n=0

w(II)
n ξn.

It can be readily proved that the scheme is stable if Re(λ) < 0. In Figure 3, we
plot the stability region of the TS-II scheme numerically (with n = 2 × 105). The
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Fig. 3. Stability region (shaded) of the TS-II scheme for the test equation (3.1); left: α = 0.3,
right: α = 0.7.

TS-II scheme is not A(απ2 )-stable as
∑

α is not a subset of
∑Num

α . When Re(λ) > 0,
we will need a small step size h to ensure the stability of the TS-II scheme.

Now we consider the test equation (1.1) with σ �= 0. From the TS-I scheme
(2.18)–(2.21), we get

ũn =

(
1− (λ+ σ)hα

2Γ(1 + α)
[(n+ 1)α − nα]

)
u0(3.5)

+ (λ+ σ)hα
n−1∑
j=0

w
(I)
n−j ũj +

σhαũn−1

Γ(1 + α)
+

λhαũn
Γ(1 + α)

,

where w
(I)
j is from (3.3). By letting the roots of the characteristic polynomial of (3.5)

be less than one, we obtain that the TS-I scheme is asymptotically stable, that is,
limn→∞ ũn = 0 for the fixed step size h (T → ∞) if

2Γ(α+ 1)Re(σ + λ) ≤ (|λ|2 − |σ|2)hα.
Since the TS-II scheme is only of order α and is of little use in practice, we will not
discuss the stability condition here.

3.2. Stability analysis of the TS-III scheme. We need the following con-
clusion to determine the stability region of the TS-III scheme. We omit the proof for
this theorem as it is a straightforward application of Propositions 5 and 6 in [14] or
the results in [31].

Theorem 3.4. Let α > 0. If the quadrature weights wn (n ≥ 0) are defined by

w0 = 1, wn = (n+ 1)1−α + (n− 1)1−α − 2n1−α, (n ≥ 1),(3.6)

and bn = n1−α − (n − 1)1−α, then the stability region for the convolution quadrature∑n−1
j=0 wn−jyj − bn+1y0 = (λ+ σ)hαΓ(2− α)yn is

ΣNum
α =

{
z ∈ C

∣∣w(ξ)− zΓ(2− α) �= 0 : |ξ| ≤ 1
}
, w(ξ) =

∞∑
n=0

wnξ
n.

The TS-III scheme (2.42)–(2.43) for the test equation (1.1) is

(3.7)

n∑
j=0

w
(III)
n−j ũj = Γ(2− α)(λ + σ)hαũn
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Fig. 4. Stability region of the TS-III scheme (shaded) for the test equation (1.1); left: α = 0.3,
right: α = 0.7.

and w
(III)
j is from (3.6). By Theorem 3.4, the stability region of the TS-III scheme is

(λ+ σ)hα ∈ ΣNum
α = C \

{
wIII(ξ)

Γ(2 − α)
: |ξ| ≤ 1

}
, where wIII(ξ) =

∞∑
n=0

w(III)
n ξn.

The TS-III scheme is A(απ2 )-stable. In Figure 4, we plot the stability region numeri-
cally (with n = 105).

4. Numerical examples. We denote by uhn a numerical solution of the time-
splitting schemes with a time step size h at tn = nh, and we measure the errors in
the following sense:

Er
∞(h) =

max1≤n≤N |urefn − uhn|
max1≤n≤N |urefn | or Er

N (h) =
|urefN − uhN |

|urefN | ,

where tN = Nh = T . When uhn is a vector, | · | denotes the infinity norm of vectors.
If an exact solution is available, we take urefn as the exact solution u(tn); otherwise,
we calculate un with the step size h0 = 2−15 as the reference solution.

We will test convergence orders of the proposed TS-I, TS-III, and TS-II schemes
for linear systems in Example 4.1 with both smooth and nonsmooth solutions. We
also use the TS-I and TS-III schemes to solve the time-fractional reaction-diffusion
equation in Example 4.2. In Example 4.3, we use the TS-I scheme but with substep-
ping for a stiff linear system to show the flexibility of a time-splitting method. In the
first two examples, we also compare our schemes with the predictor-corrector scheme
(4.1)–(4.2) from [8]:

upn+1 = u0 +
hα

Γ(α+ 1)

n∑
j=0

wα
njf(tj , uj),(4.1)

un+1 = u0 +
hα

Γ(α+ 2)
f(tn+1, u

p
n+1) +

hα

Γ(α+ 2)

n∑
j=0

aj,n+1f(tj , uj),(4.2)

where wα
nj is the same as (2.22) and

aj,n+1 =

{
nα+1 − (n− α)(n + 1)α if j = 0,
(n− j + 2)α+1 + (n− j)α+1 − 2(n− j + 1)α+1 if 1 ≤ j ≤ n.
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Example 4.1 (linear time-fractional differential equation).

(CDα
0 u)(t) = (A+B)u(t) + f(t), t ∈ (0, T ],(4.3)

u(0) = u0.

Case 1. Smooth solution. Take u0 = (0, 0, 0)� and

(4.4) A =

⎛⎝ −1000 0 1
−0.5 −0.8 −0.2
1 0 −1

⎞⎠ , B =

⎛⎝ −0.6 0 0.2
−0.1 −0.2 0
0 −0.5 −0.8

⎞⎠ ,

and

(4.5) f(t) =

⎛⎝ a1Γ1t
m1−α + a2Γ1t

m2−α

a2Γ2t
m2−α + a3Γ2t

m3−α

a3Γ3t
m3−α + a1Γ3t

m1−α

⎞⎠− (A+B)

⎛⎝ a1t
m1 + a2t

m2

a2t
m2 + a3t

m3

a3t
m3 + a1t

m1

⎞⎠ ,

where Γi =
Γ(mi+1)

Γ(mi+1−α) , i = 1, 2, 3, and the exact solution is

(4.6) u(t) = (a1t
m1 + a2t

m2 , a2t
m2 + a3t

m3 , a3t
m3 + a1t

m1)�.

Here, we take m1 = 5/2, m2 = 3, m3 = 7/3, a1 = 0.5, a2 = 0.8, a3 = 1.
Case 2. Nonsmooth solution. Let u0 = (1, 3)� and

(4.7) A =

(
0.35 0
0.1 0.2

)
, B =

(
0.15 0.5
0.4 0.3

)
, f(t) = 0,

then the exact solution is

u1(t) = −1

2
+

3

2
Eα[t

α], u2(t) =
3

2
(1 + Eα[t

α]).

In Case 1, the exact solution (4.6) has bounded first- and second-order derivatives
and thus the convergence order of the TS-I scheme (2.18)–(2.21) is 1 + α according
to Theorem 2.2 and Remark 5.5, and the convergence order of the TS-III scheme
(2.42)–(2.43) is 2− α by Theorem 2.7.

We test the numerical performance of the TS-I scheme and the TS-III scheme
in Case 1. In Table 1 and Figure 5, we solve this linear system up to T = 64; the
TS-I scheme is of order 1 + α and the TS-III schemes is of order 2− α, as expected
from Theorem 2.2, Remark 5.5 and Theorem 2.7. However, the computational time
of the TS-I scheme is larger than that of the TS-III scheme. The reason is that we
need to calculate two convolutions in TS-I, including a convolution with respect to the
nonlinear term f(t, u), while we calculate just one convolution in TS-III in every step,
which has the main impact on the computational complexity. To show the difference
in computational time, we illustrate the CPU time of running both the TS-I scheme
and the TS-III scheme for Case 1 in Table 1.

With the TS-I scheme and the TS-III scheme, we solve the stiff time-fractional
differential equation up to T = 64. In contrast, the predictor-corrector scheme (4.1)–
(4.2) blows up very quickly even at T = 1/32 and with very small time step sizes
(numerical results are not presented).

In Case 2, we have a nonsmooth solution to (4.3) with (4.7): the exact solution
does not have bounded first- and second-order derivatives at t = 0. The schemes TS-I
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Table 1

Convergence rate of the time-splitting scheme TS-I (2.18)–(2.21) and TS-III (2.42)–(2.43) for
system (4.3) with the coefficients (4.4) and (4.5) up to T = 64 (Case 1).

h
α = 0.1 α = 0.5 α = 0.9

CPU Time
Er∞(h) Order Er∞(h) Order Er∞(h) Order

TS-I 2−7 7.75e-04 1.10 5.40e-05 1.50 3.14e-06 1.91 18.2
2−8 3.61e-04 1.10 1.91e-05 1.50 8.38e-07 1.90 72.4
2−9 1.69e-04 1.10 6.74e-06 1.50 2.24e-07 1.90 288.0
2−10 7.87e-05 * 2.38e-06 * 5.98e-08 * 1152.0

TS-III 2−7 1.48e-08 1.85 4.10e-07 1.50 3.43e-06 1.10 8.9
2−8 4.11e-09 1.86 1.45e-07 1.50 1.60e-06 1.10 34.0
2−9 1.14e-09 1.86 5.13e-08 1.50 7.47e-07 1.10 133.6
2−10 3.13e-10 * 1.82e-08 * 3.49e-07 * 529.1
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Fig. 5. Comparison of the convergence order between the schemes TS-I, TS-III for the stiff
time-fractional differential equation (4.3) with coefficients (4.4) and (4.5) (Example 1, Case 1).
Solid lines are the relative error in the maximum norm of numerical solutions, versus the step size
h, corresponding to α = 0.1, 0.5, 0.9.

and TS-II are still of order 1 + α and α, respectively (see Table 2), which verify the
results in Theorems 2.2 and 2.6. The convergence order of the TS-I scheme is also in
agreement with our observations for a simple problem in Remark 2.9. In Table 2, we
also observe that the predictor-corrector scheme is of order 1 + α while the scheme
TS-III is only of order 1− α. The low order of the TS-III scheme for this case is due
to the nonsmooth exact solution with the nonzero initial value, which is in agreement
with our observations in Remarks 2.9 and 2.3 when the initial condition is not zero.

Example 4.2 (time fractional reaction-diffusion equation).

(CDα
0 u)(x, t) = uxx + u(1− u)(1 + u), (x, t) ∈ (−π, π)× (0, T ],(4.8)

u(x, 0) = sin(x), x ∈ (−π, π),(4.9)

u(−π, t) = u(π, t) = 0, t ∈ [0, T ].(4.10)

We adopt the Fourier collocation method with M points (M = 512 in the nu-
merical test) in physical space and obtain the following time-fractional differential
equation

(CDα
0 
u)(t) = D2
u(t) + 
u(t) ◦ (1 − 
u(t)) ◦ (1 + 
u(t)), t ∈ (0, T ],(4.11)

where “D” is the Fourier spectral differential matrix, “◦” denotes the Hadamard
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Table 2

Convergence rate of the time-splitting scheme: TS-I (2.18)–(2.21), TS-II (2.26)–(2.29), TS-
III (2.42)–(2.43)) for nonstiff equation (4.3) with (4.7) (Example 1, Case 2) up to T = 1 and a
comparison with the predictor-corrector scheme (4.1)–(4.2).

h
α = 0.1 α = 0.5 α = 0.9

Er
N (h) Order Er

N (h) Order Er
N (h) Order

TS-I 2−7 6.04e-02 1.10 1.12e-03 1.48 2.88e-05 1.84
2−8 2.82e-02 1.10 4.02e-04 1.49 8.03e-06 1.84
2−9 1.32e-02 1.10 1.43e-04 1.49 2.24e-06 1.83
2−10 6.15e-03 1.10 5.10e-05 1.49 6.28e-07 1.84
2−11 2.87e-03 * 1.81e-05 * 1.76e-07 *

TS-II 2−7 7.05e-01 0.02 2.26e-02 0.43 1.52e-03 0.84
2−8 6.95e-01 0.03 1.68e-02 0.47 8.48e-04 0.87
2−9 6.79e-01 0.06 1.21e-02 0.49 4.64e-04 0.88
2−10 6.51e-01 0.08 8.67e-03 0.49 2.52e-04 0.89
2−11 6.17e-01 * 6.16e-03 * 1.35e-04 *

TS-III 2−7 1.13e-02 0.85 1.11e-01 0.48 6.67e-01 0.10
2−8 6.27e-03 0.86 8.00e-02 0.48 6.25e-01 0.10
2−9 3.46e-03 0.86 5.72e-02 0.49 5.84e-01 0.10
2−10 1.90e-03 0.87 4.07e-02 0.49 5.46e-01 0.10
2−11 1.04e-03 * 2.89e-02 * 5.09e-01 *

P-C 2−7 5.11e-02 1.05 1.09e-03 1.48 3.83e-05 1.86
2−8 2.46e-02 1.08 3.89e-04 1.49 1.06e-05 1.87
2−9 1.17e-02 1.09 1.39e-04 1.49 2.90e-06 1.87
2−10 5.48e-03 1.09 4.93e-05 1.49 7.93e-07 1.87
2−11 2.57e-03 * 1.75e-05 * 2.17e-07 *

Table 3

Convergence rate of the time-splitting scheme (upper: TS-I (2.18)–(2.21); lower: TS-III (2.42)–
(2.43)) for nonlinear time-fractional reaction-diffusion equation (4.8)–(4.10) up to T = 1 with M =
512 Fourier collocation points.

h
α = 0.1 α = 0.5 α = 0.9

Er
N (h) Order Er

N (h) Order Er
N (h) Order

TS-I 2−7 5.09e-05 1.05 2.36e-05 1.45 3.35e-06 1.93
2−8 2.45e-05 1.06 8.63e-06 1.46 8.81e-07 1.92
2−9 1.18e-05 1.07 3.14e-06 1.47 2.33e-07 1.91
2−10 5.60e-06 1.10 1.13e-06 1.49 6.20e-08 1.91

TS-III 2−5 1.72e-04 1.03 7.89e-04 1.05 1.53e-03 1.01
2−6 8.42e-05 1.03 3.82e-04 1.04 7.59e-04 1.02
2−7 4.12e-05 1.04 1.86e-04 1.04 3.74e-04 1.03
2−8 2.00e-05 1.06 9.04e-05 1.06 1.83e-04 1.05

product of vectors, and


u(t) ≈ (u(x1, t), u(x2, t), . . . , u(xM , t))
T
, xj = −π +

2πj

M
, j = 1, 2, . . . ,M.

Then we apply our time-splitting schemes and the predictor-corrector scheme to solv-
ing (4.11) in time.

In Table 3, we observe that the TS-I scheme is of order 1 + α while the TS-
III scheme is of order 1. We also solve (4.11) by the predictor-corrector scheme
and observe in Table 4 that the predictor-corrector scheme blows up very quickly
(T = 1/32) when α = 0.1, 0.5 even with very small step sizes. When α = 0.9, the
predictor-corrector scheme requires small time step sizes for the same level of accuracy,
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Table 4

Convergence rate of the predictor-corrector scheme for nonlinear time-fractional reaction-
diffusion equation (4.8)–(4.10) using M = 512 Fourier collocation points.

h
α = 0.1, T = 1/32 α = 0.5, T = 1/32 α = 0.9, T = 1

Er
N (h) Er

N (h) Er
N (h) Order

2−9 Calculation failed Calculation failed 1.33e-04 1.86
2−10 Calculation failed Calculation failed 3.67e-05 1.87
2−11 Calculation failed Calculation failed 1.00e-05 1.87
2−12 Calculation failed Calculation failed 2.74e-06 1.88

compared to our time splitting schemes. In this case, the TS-III scheme is of first
order, not of order 2− α.

This can be explained by the fact that the solutions do not have bounded second-
order derivatives as required in Theorem 2.7. The first-order convergence in time
suggests that the solutions have bounded first-order derivatives, which should be
carefully analyzed in theory but we do not consider in this paper.

Example 4.3 (substepping in the time-splitting scheme TS-I). Consider a sub-
stepping in the TS-I scheme for the time-fractional differential equation (4.3) with
coefficients

(4.12) A =

( −10000 0
0 0.001

)
, B =

(
10 0
0 8

)
, f(t) = 0, u0 = (1, 1)�.

We apply the TS-I scheme (2.18)–(2.21) to the above equation while we also apply
a substepping in time: for n = 1, 2, . . . , N ,

¯̄un = ũcn−1 +
Ahα

Γ(1 + α)
¯̄un,(4.13)

ũcn−1 = ũn−1 +
Ahα

2Γ(1 + α)

n−1∑
j=1

wα
n,j(ũj−1 + ũj), ũ0 = u0,(4.14)

Cα
h
˜̃unm = ¯̄ucnm

+
Bhαs ˜̃unm−1

Γ(1 + α)
, nm = m(n− 1) + 1, . . . ,mn, m = h/hs,(4.15)

¯̄ucnm
= Cα

h
¯̄un + u0 − ũn−1 +

Bhαs
Γ(1 + α)

nm−1∑
j=1

wα
nm,j

˜̃uj−1 + ˜̃uj
2

,(4.16)

ũn = ˜̃umn,(4.17)

where hs ≤ h is the substepping time step size; Cα
h = I− Ahα

Γ(1+α) , and w
α
n,j = (n−j+1)α

− (n− j)α. We note that taking hs = h leads to the TS-I scheme (2.18)–(2.21). We
compare numerical results from (4.13)–(4.17) with hs < h and those obtained by the
TS-I scheme with a single time step size (hs = h). In Table 5, we observe that when
taking hs = h = 2−3, 2−4, 2−5, 2−6, the TS-I scheme does not work for this stiff
equation. We need to take much smaller step sizes hs = h = 2−10, 2−11, 2−12, 2−13.
With a substepping (4.15)–(4.16), we can compute this stiff equation with satisfactory
accuracy at T = 1. Compared to taking hs = h in the TS-I scheme, the TS-I scheme
with substepping (4.13)–(4.17) takes only half the computational time to achieve the
same level of accuracy.

5. Proofs. In this section, we prove Theorem 2.2. We will study error estimates
of our quadrature rules and then provide a proof of Theorem 2.2.
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Table 5

Convergence rate of the TS-I scheme (2.18)–(2.21) for (4.3) with coefficients (4.12). Left:
identical large step size; middle: different step sizes for different subequations; right: identical small
step size. α = 0.5, T = 1.

h Er
N (h) h/hs Er

N (h) Order Time (s.) h Er
N (h) Order Time (s.)

2−3 1.0000e-00 2−3/2−10 7.64e-01 0.90 0.35 2−10 7.62e-01 0.89 0.71
2−4 1.0000e-00 2−4/2−11 4.10e-01 1.29 1.40 2−11 4.12e-01 1.27 2.79
2−5 1.0000e-00 2−5/2−12 1.68e-01 1.54 5.50 2−12 1.70e-01 1.52 11.0
2−6 1.0000e-00 2−6/2−13 5.79e-02 1.91 21.5 2−13 5.95e-02 1.89 42.5

5.1. Error estimate for quadrature rules. We define the errors of two quadra-
ture rules which we use in the scheme TS-I,

R(1)
n = (Iαt0g)(tn)−

n−1∑
k=1

g(tk−1) + g(tk)

2

(
[tn]I

α
tk−1

1
)
(tk)− g(tn−1)(I

α
tn−1

1)(tn)

=

n−1∑
k=1

(
[tn]I

α
tk−1

(
g − g(tk−1) + g(tk)

2

))
(tk) + (Iαtn−1

(g − g(tn−1)))(tn),(5.1)

and

R(2)
n = (Iαt0g)(tn)−

n−1∑
k=1

g(tk−1) + g(tk)

2

(
[tn]I

α
tk−1

1
)
(tk)− g(tn)(I

α
tn−1

1)(tn)

=

n−1∑
k=1

(
[tn]I

α
tk−1

(
g − g(tk−1) + g(tk)

2

))
(tk) + (Iαtn−1

(g − g(tn)))(tn).(5.2)

For our quadrature rule, we reach the following conclusions.
Lemma 5.1. Suppose g ∈ C1[0, T ] and g′(t) fulfills a Hölder continuous condition

(5.3) |g′(t1)− g′(t2)| ≤ L|t1 − t2|β , 0 ≤ β ≤ 1, ∀t1, t2 ∈ [0, T ].

Then there exists a constant C independent of the step size h, such that for 1 ≤ n ≤ N

(5.4) |R(1)
n | ≤ Ch1+min(α,β), |R(2)

n | ≤ Ch1+min(α,β).

Lemma 5.2. For g(t) = tp, 0 ≤ p ≤ 1, there exists a constant Cα,p, which depends
on α and p but is independent of the step size h, such that for 1 ≤ n ≤ N

|R(1)
n | ≤ Cα,p max{h2tα+p−2

n , h1+αtp−1
n },(5.5)

|R(2)
n | ≤ Cα,p max{h2tα+p−2

n , h1+αtp−1
n }.(5.6)

Proof of Lemma 5.1. By the Taylor expansions, for t ∈ [tk−1, tk], we have

g(tk−1) = g(t) + g′(t)(tk−1 − t) +
(
g′(η1k)− g′(t)

)
(tk−1 − t),

g(tk) = g(t) + g′(t)(tk − t) +
(
g′(η̂1k)− g′(t)

)
(tk − t),

where η1k, η̂1k ∈ (tk−1, tk). Adding the above identities, we get

g(t)− g(tk−1) + g(tk)

2
= g′(t)(t − tk− 1

2
) +

1

2

(
g′(η1k)− g′(t)

)
(t− tk−1)

+
1

2

(
g′(η̂1k)− g′(t)

)
(t− tk);

g(t)− g(tn−1) = g′(η1n)(t− tn−1), η1n ∈ (tn−1, tn).
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Then we have R
(1)
n = R1n +R2n + R3n, where

R1n =
1

Γ(α)

n−1∑
k=1

∫ tk

tk−1

g′(τ)(τ − tk− 1
2
)

(tn − τ)1−α
dτ, R2n =

1

Γ(α)

∫ tn

tn−1

g′(η1n)(τ − tn−1)

(tn − τ)1−α
dτ,

R3n =
1

2Γ(α)

n−1∑
k=1

∫ tk

tk−1

(
g′(η1k)− g′(τ)

)
(τ − tk−1)

(tn − τ)1−α
+

(
g′(η̂1k)− g′(τ)

)
(τ − tk)

(tn − τ)1−α
dτ.

Now we estimate R1n. We have

|R1n| ≤
∣∣∣∣∣ 1

Γ(α)

n−1∑
k=1

∫ tk

tk−1

(g′(τ) − g′(tk− 1
2
))(τ − tk− 1

2
)

(tn − τ)1−α
dτ

∣∣∣∣∣
+

∣∣∣∣∣ 1

Γ(α)

n−1∑
k=1

∫ tk

tk−1

g′(tk− 1
2
)(τ − tk− 1

2
)

(tn − τ)1−α
dτ

∣∣∣∣∣ .
By the condition (5.3), we get∣∣∣∣∣ 1

Γ(α)

n−1∑
k=1

∫ tk

tk−1

(g′(τ)− g′(tk− 1
2
))(τ − tk− 1

2
)

(tn − τ)1−α
dτ

∣∣∣∣∣
≤ L

∣∣∣∣∣ 1

Γ(α)

n−1∑
k=1

∫ tk

tk−1

(τ − tk− 1
2
)1+β

(tn − τ)1−α
dτ

∣∣∣∣∣ ≤ Ch1+β .(5.7)

Denote that Cα
n,k =

∫ tk
tk−1

(τ−t
k− 1

2
)

(tn−τ)1−αdτ . We have then

Cα
n,k =

∫ t
k− 1

2

tk−1

(τ − tk− 1
2
)

(tn − τ)1−α
dτ +

∫ tk

t
k− 1

2

(τ − tk− 1
2
)

(tn − τ)1−α
dτ

=

∫ tk−1/2

tk−1
(t− tk− 1

2
)dt

(tn − ξ̄k)1−α
+

∫ tk
tk−1/2

(t− tk− 1
2
)dt

(tn − ξ̃k)1−α
,

where tk−1 ≤ ξ̄k ≤ tk−1/2 and tk−1/2 ≤ ξ̃k ≤ tk. Thus we obtain

∣∣Cα
n,k

∣∣ ≤ h2

8
[(tn − ξ̃k)

α−1 − (tn − ξ̄k)
α−1].

It then follows that∣∣∣∣∣
n−1∑
k=1

g′(tk− 1
2
)

(∫ tk

tk−1

(τ − tk− 1
2
)

(tn − τ)1−α
dτ

)∣∣∣∣∣
≤ h2

8
max

t0≤t≤tn−1

|g′(t)|
n−1∑
k=1

[(tn − ξ̃k)
α−1 − (tn − ξ̄k)

α−1] ≤ Ch1+α.(5.8)

Thus, by (5.7) and (5.8) we get |R1n| ≤ Ch1+min{α,β}.
The estimate of R2n is straightforward. Since g ∈ C1[0, T ], we have

|R2n| ≤ 1

Γ(α)

∫ tn

tn−1

|g′(η1n)| (τ − tn−1)

(tn − τ)1−α
dτ ≤ Ch1+α.
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Similarly to (5.7), we obtain that

R3n≤
∣∣∣∣∣ L

2Γ(α)

n−1∑
k=1

(∫ tk

tk−1

(τ − tk−1)
1+β

(tn − τ)1−α
dτ +

∫ tk

tk−1

(tk − τ)1+β

(tn − τ)1−α
dτ

)∣∣∣∣∣ ≤ Ch1+β .

Then we get the first estimate in (5.4). The estimate for R
(2)
n can be proved similarly

and we omit the proof here.
Proof of Lemma 5.2. By the Taylor expansion, we have for t ∈ [tk−1, tk], t �= t0,

that

tp =
tpk + tpk−1

2
+ ptp−1

k− 1
2

(t− tk− 1
2
) +

p(p− 1)

2
(η2k)

p−2(t− tk− 1
2
)2

− p(p− 1)

2
h2
[
(η̂2k)

p−2 + (¯̄η2k)
p−2
]
, η2k, η̂2k, ¯̄η2k ∈ (tk−1, tk),

and tp = tpn−1 + p(η2n)
p−1(t − tn−1), t ∈ [tn−1, tn], η2n ∈ (tn−1, tn). Then we have

R
(1)
n = R1n +R2n +R3n +R4n, and

R1n =
1

Γ(α)

n−1∑
k=1

∫ tk

tk−1

ptp−1

k− 1
2

(τ − tk− 1
2
)

(tn − τ)1−α
dτ,

R2n =
p(p− 1)

2Γ(α)

n−1∑
k=1

∫ tk

tk−1

(η2k)
p−2(τ − tk− 1

2
)2

(tn − τ)1−α
dτ,

R3n = −p(p− 1)h2

2Γ(α)

n−1∑
k=1

∫ tk

tk−1

[(η̂2k)
p−2 + (¯̄η2k)

p−2
]

(tn − τ)1−α
dτ,

R4n =
1

Γ(α)

∫ tn

tn−1

p(η2n)
p−1(τ − tn−1)

(tn − τ)1−α
dτ.

Similarly to the proof of (5.8), we have

|R1n| = 1

Γ(α)

∣∣∣∣∣∣
n−1∑
k=1

∫ tk

tk−1

ptp−1

k− 1
2

(τ − tk− 1
2
)

(tn − τ)1−α
dτ

∣∣∣∣∣∣ ≤ p

Γ(α)

n−1∑
k=1

tp−1

k− 1
2

Cα
n,k

≤ phα+p|α− 1|
2Γ(α)

n−1∑
k=1

(
k − 1

2

)p−1

(n− k)α−2

≤ Cα,ph
α+pnα+p−2 = Cα,ph

2tα+p−2
n .

By the mean value theorem and the Euler–Maclaurin formula, we obtain

|R2n| ≤
∣∣∣∣∣p(p− 1)

2Γ(α)

n−1∑
k=1

∫ tk

tk−1

(η2k)
p−2(τ − tk− 1

2
)2

(tn − τ)1−α
dτ

∣∣∣∣∣
≤ |p(p− 1)|

2Γ(α)

n−1∑
k=1

(tk−1)
p−2

∫ tk

tk−1

(τ − tk− 1
2
)2

(tn − τ)1−α
dτ

≤ |p(p− 1)|hp
2αΓ(α)

n−1∑
k=1

(k − 1)p−2 [(tn − tk−1)
α − (tn − tk)

α]

≤ |p(p− 1)|hp+α

2Γ(α)

n−1∑
k=1

(k − 1)p−2(n− k − 1)α−1 ≤ Cα,ph
2tα+p−2

n .
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Similarly, we have |R3n| ≤ Cα,ph
2tα+p−2

n . Last, we estimate R4n:

|R4n| ≤ ph

Γ(α)
(η2n)

p−1

∫ tn

tn−1

dτ

(tn − τ)1−α
≤ Cα,ph

1+αtp−1
n .

By the estimates of R1n, R2n, R3n, R4n, we reach (5.5). The estimate (5.6) can be
proved similarly.

5.2. Proof of Theorem 2.2. Denote the local truncation error RL
n = u(tn) −

u∗(tn), 1 ≤ n ≤ N , where

u∗(tn) = u0 +A

n−1∑
k=1

u(tk−1) + u(tk)

2
( [tn]I

α
tk−1

1)(tk) +Au(tn)(I
α
tn−1

1)(tn)(5.9)

+

n−1∑
k=1

f

(
tk− 1

2
,
u(tk−1) + u(tk)

2

)
( [tn]I

α
tk−1

1)(tk)

+ f(tn−1, u(tn−1))(I
α
tn−1

1)(tn).

Lemma 5.3 (local error of the scheme TS-I). Suppose that u ∈ C2([0, T ]) and
f(t, u) in (2.1) satisfies the Lipschitz condition (2.2). Then there exists a constant C
independent of the step size h such that the local truncation error of the TS-I scheme
(2.18)–(2.21) satisfies

(5.10) |RL
n | = |u(tn)− u∗(tn)| ≤ C

(
1 + |u′(0)|t−α

n

)
h1+α.

Otherwise, if we assume f ∈ C2(G), then there exists a constant C independent of
the step size h such that the local truncation error of the TS-I scheme (2.18)–(2.21)
satisfies

(5.11) |RL
n | = |u(tn)− u∗(tn)| ≤ C

(
1 + tα−1

n

)
h1+α.

Proof. Subtracting (5.9) from (2.4) we get RL
n = Ru

n +Rf
n, where

|Ru
n| =

∣∣∣∣∣(Iαt0Au)(tn)−
n−1∑
k=1

A
(
u(tk−1) + u(tk)

)
2

( [tn]I
α
tk−1

1)(tk)−Au(tn)(I
α
tn−1

1)(tn)

∣∣∣∣∣ ,
|Rf

n| =
∣∣∣∣∣(Iαt0f)(t, u(t))−

n−1∑
k=1

f

(
tk− 1

2
,
u(tk−1) + u(tk)

2

)
( [tn]I

α
tk−1

1)(tk)

− f(tn−1, u(tn−1))(I
α
tn−1

1)(tn)

∣∣∣∣∣.
We first prove the estimate (5.10). Due to the assumption u ∈ C2[0, T ], by Lemma 5.1,
we have |Ru

n| ≤ Ch1+α. Furthermore, it can be readily checked by Taylor’s expansion
(see also [9, Theorem 2.2]) that for all t1, t2 ∈ [0, T ],

|f(t1, u(t1))− f(t2, u(t2))| =
∣∣[CDα

0 u](t1)− [CDα
0 u](t2) +Au(t2)−Au(t1)

∣∣
≤ K1 |u′(0)| |t1 − t2|β +K1|t1 − t2|,(5.12)
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where β = 1−α and K1 is a positive constant. Using the Hölder continuous condition
(5.12) and the Lipschitz continuous condition (2.2), we have

|Rf
n| ≤

1

Γ(α)

n−1∑
k=1

∫ tk

tk−1

(
K1 |u′(0)| |τ − tk− 1

2
|1−α +K1|τ − tk− 1

2
|

+K

∣∣∣∣u(τ)− u(tk−1) + u(tk)

2

∣∣∣∣
)
(tn − τ)α−1dτ

+
1

Γ(α)

∫ tn

tn−1

(
K1 |u′(0)| |τ − tn−1|1−α

+K1|τ − tn−1|+K|u(τ)− u(tn−1)|
)
(tn − τ)α−1dτ.(5.13)

By (5.13) and Lemmas 5.1 and 5.2, we have

|Rf
n| ≤ C1h

1+α + C2|u′(0)|max{h2t−1
n , h1+αt−α

n } ≤ C(1 + |u′(0)|t−α
n )h1+α.

Now we prove the estimate (5.11). By Lemmas 5.1 and 5.2, it is readily checked from
(2.25) that

|Ru
n| ≤ C3 max{h2t2α−2

n , h1+αtα−1
n } ≤ Ctα−1

n h1+α.

Due to the smoothness of f , (5.12) holds with β = 1 in this case. Following the proof
of Lemma 5.1 and by Lemma 5.2, we have |Rf

n| ≤ C(1 + tα−1
n )h1+α.

Now, we are in the position to prove Theorem 2.2. Denote en = u(tn)−ũn. Recall
that

(5.14) I −A(Iαtn−1
1)(tn) = I − Ahα

Γ(1 + α)
= Cα

h .

Feeding (2.19) into (2.18), and substituting the resulting identity and (2.21) into
(2.20), we get

ũn = u0 +A

n−1∑
k=1

ũk−1 + ũk
2

( [tn]I
α
tk−1

1)(tk) +Aũn(I
α
tn−1

1)(tn)

+

n−1∑
k=1

f

(
tk− 1

2
,
ũk−1 + ũk

2

)
( [tn]I

α
tk−1

1)(tk) + f(tn−1, ũn−1)(I
α
tn−1

1)(tn).(5.15)

By (5.15), (5.9), and (5.14), we have

Cα
h en = RL

n +A

n−1∑
k=1

ek−1 + ek
2

( [tn]I
α
tk−1

1)(tk)

+
(
f(tn−1, u(tn−1))− f(tn−1, ũn−1)

)
(Iαtn−1

1)(tn)

+
n−1∑
k=1

(
f
(
tk− 1

2
,
u(tk−1) + u(tk)

2

)
− f

(
tk− 1

2
,
ũk−1 + ũk

2

))
( [tn]I

α
tk−1

1)(tk).
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Using the Lipschitz condition (2.2), it follows that

|Cα
h en| ≤ |RL

n |+
(‖A‖+K

) n−1∑
k=1

|ek−1|+ |ek|
2

( [tn]I
α
tk−1

1)(tk) +K|en−1|(Iαtn−1
1)(tn)

≤ |RL
n |+

(‖A‖+ 2K
)
hα

Γ(1 + α)

[(
nα − (n− 1)α

)|e0|+ n−1∑
k=1

(
(n− k + 1)α

− (n− k − 1)α
)|ek|

]
.

By the mean value theorem, we obtain that

∥∥Cα
h

∥∥|en| ≤ |RL
n |+

2α
(‖A‖+ 2K

)
hα

Γ(1 + α)

n−1∑
k=0

|ek|
(n− k)1−α

.

Then by Lemma 5.3 and the singular Gronwall inequality [12], for u ∈ C2[0, T ], we
have for 1 ≤ n ≤ N

(5.16) |en| ≤ C(1 + |u′(0)|t−α
n )h1+αEα[MΓ(α)Tα],

and for f ∈ C2(G), we have for 1 ≤ n ≤ N

(5.17) |en| ≤ C(1 + tα−1
n )h1+αEα[MΓ(α)Tα],

where Eα[z] =
∑∞

k=0
zk

Γ(kα+1) is the well-known Mittag–Leffler function, and M =
2α
c0

(‖A‖+ 2K
)
. This completes the proof of Theorem 2.2.

Remark 5.4. In the proof, we merge the scheme (2.18)–(2.21) and obtain (5.15)
and compare with the integral equation (2.4), where neither ¯̄u(tn) nor ¯̄un are present.
In other words, ¯̄un is merely an intermediate step in the computation. Recall from
Remarks 2.1 and 2.5 that ¯̄u is not a numerical solution.

Remark 5.5 (uniform convergence). For a solution u ∈ C2[0, T ], if f(t, u) satisfies
the Lipschitz condition with respect to all arguments, or u′(0) = 0, then in (5.12),
the order of the Hölder continuous condition will be β = 1. Then we can obtain
by Lemma 5.1 that max1≤n≤N |RL

n | ≤ Ch1+α. Consequently, we will have uniform
convergence of order 1 + α:

max
1≤n≤N

|en| ≤ Ch1+αEα[MΓ(α)Tα].

6. Conclusion. We have presented two time-splitting methods (three time-
splitting schemes) for time-fractional differential equations with smooth solution: the
first two schemes are based on an integral form of the time-fractional differential equa-
tions and are of order 1 + α (TS-I) and α (TS-II), respectively, while the third one
is of order 2 − α (TS-III). We numerically show that the two schemes of order 1 + α
and 2− α for a linear test equation are A(απ2 )-stable.

We observe that for some nonsmooth solutions, the TS-I scheme is still of order
1+α while the TS-III scheme is only of order 1−α. We also tested the TS-I and TS-
III schemes for a time-fractional reaction-diffusion equation with the Fourier spectral
method in physical space: the TS-I scheme is of order 1 + α while the TS-III scheme
is of order one at the final time. This is consistent with our observation in Remark 2.9
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where a simple linear equation is considered: the TS-I scheme requires less smoothness
than the TS-III scheme does.

Moreover, we use a substepping TS-I scheme for solving a stiff system and the
numerical results show that for the same level of accuracy, the substepping TS-I
scheme costs less than half the computational time of that of the TS-I scheme without
substepping.

In this work, we mainly focus on smooth solutions (with bounded first two deriva-
tives) while the solutions to fractional differential equations may not have that regular-
ity. These schemes are not uniformly convergent unless we have strict requirements
on regularity of solutions or forcing terms. The errors at the starting point can be large
and thus may pollute the accuracy away from the starting point. In subsequent work,
we will focus on nonsmooth solutions and propose higher-order numerical methods of
uniform convergence.
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