Chapter 9

Examples/Applications

Numerical Simulation of the Rayleigh-Bernard Problem

In this example we consider thermal convection in a thin layer of fluid
heated from below. We want to analyze numerically its stability char-
acteristics.
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Rayleigh (1916) formulated the theory of convective instability of a
layer of fluid between horizontal plates motivated by the experiments
of Bernard (1900).

The governing equations
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where
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Energy:
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where E = ¢,0 (perfect gas) or E' = ¢f (liquid) and the rate of viscous

dissipation per unit volume is:

1 ou;  Ou, 29 (0w’
©=cp +2 | =zl
2" \0z; Oy 3" \ Oz,
The Boussinesq approximation is based on the assumption that in cer-

tain flows where the temperature varies little, the corresponding density
varies little but the motion is driven due to buoyancy forces, i.e.,

p = po[l — B(0 — 6o)]

where 3(K 1) is the coefficient of thermal expansion. For a perfect gas
b= TL ~ 3 x 1072 K~!. For a liquid 3 ~ 5 x 107*K~!. Therefore for

0

AO =AT =0, — 0 < 10K, then

P10 _ B0y —0) < 1.
Po

However, the term g(p — po) ~ p% and thus it cannot be neglected in
the momentum equation. Also, for most fluids

wdo
etc. so all other physical properties are taken at the reference temper-
ature 6. The Boussinesq equations are then:
Continuity:
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since we neglect

1dp
el
S~ o)
and thus the stress tensor is like the incompressible one, i.e.,
I I a.CEj a.CEj

then Navier-Stokes:

DUZ' - 0 P 2
Dt = om (po + gz) — Bg(0o — 0)6i2 + vV u,

The energy equation is simplified similarly. First, the dissipation term
is small compared to the convective term, i.e.,

P M(%f v \%
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For liquids, % ~ 107% gases £ ~ 1075, Also —x; is finite (unless we
have d ~ O(micron)). Therefore we can neglect the dissipation term.
The heating term due to compression is:

an . pD

—pa—xj = ;Fi (continuity)

D6
= ﬂpD—t (Boussinesq)
For a perfect gas:

p = (¢p—cy)pt
1
0

and therefore:

[
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so it is not negligible for gases. For typical liquids it is because the
heat transfer scales with the density of the fluid so this contribution is
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small compared to the gas where density is typically 1000 times smaller.
However, Boussinesq neglects this term to get:

D6 5
= _ 0
D aV
If we non-dimensionalize with AT, d, d*/« (time), then:
r = _&Z + PrRa®d;y + Prv2u;
an
N-S ——=0
a.CEj
0 C oo
ui(z,y = ] ,t) = 0; rigid-rigid
Do
— =V?0
Dt
Temp : O(z,y=0,t) =0
Oz, y =1,t) = —1
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Ra = Rayleigh number: ratio of buoyancy to viscous forces. Note that
u; =0,0=—y

corresponding to pure conduction. In the limit of zero viscosity this
solution is unstable (infinite Rayleigh number). For diffusion present
there is a certain amount that is required for stability; below that there
is again an instability. This corresponds to a critical Rayleigh number
Ra. above which the conduction solution is no longer physically rel-
evant. To analyze this we introduce infinitesimal disturbances to the
base state, i.e.,

© = —y+ed +...
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Keeping only linear terms of order O(¢) we obtain:

%—Z = —Vyp' + PrRad'j + Prv°v
(1) V=0
v (a:,y: (1) ,t) =0
6_0 o /U/ — V20/

Note that this linearized system predicts only whether natural convec-
tion will occur, but says nothing about the final state which corresponds
to a finite amplitude response, obviously a nonlinear effect.

To simplify notation, we drop the primes in the following. In order
to solve this system numerically we can either set up an eigenvalue
problem or an initial value problem to discretize.

To obtain an eigenvalue problem we eliminate all unknowns but the
vertical velocity component v. Taking the Vx of (1):

a—)
=, = RaPr(Ve x j) + Prv°a
and taking the V x of this, we have:
) o0
— V%7 = RaPr | V?0) — V— | + Prv*y
ot dy

and the vertical component v:

0%
QV% = RaPr— + PrV%

ot Ox?
Also: 99
2
=V
5 Y \Y
Introduce normal modes, i.e.,
v o= G(y)eikre"t
0 = é(y)eikzecrt
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therefore:
o(D? — k)0 = —RaPrk®0+ Pr(D? — k%)%
o—v = (D* k)= (D* -k —0)f = -0
where
D= 4
dy
or B
{ (D* = k*)[D* = k* — o/ Pr]o = k*Ra 0
(D* —k* —0)0 = -0
or

(D? — k*)(D? — k* — 0/ Pr)v = k*Raf
(D?* — k2)(D?* = k2 — 0)(D? — k* — 0/ Pr)o = —k®Ra ©

The equation for ¥ is of 6"*-order and thus we need 3 b.c. at each end.
From u = 0 at y = const and continuity = g—; =0 so b.c.

av -~
v 9y
on each rigid boundary or
=Di=0=0

Using the first equation at the boundary we obtain:
D' — (2k* + o /Pr)D* = 0

Note in general 0 = o(k, Ra, Pr). However, the neutral stability is
defined for o = 0 (o > 0, instability), and the above system is for the
critical state:

(D?* — k*)*0 = —k*Ra,v
=Dt = (D*- k)0 =0

thus, the critical state does not depend on Pr!
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The solution consists of sines and exponentials but the eigenvalue rela-
tion is transcendental and thus it is difficult to present a simple explicit
solution for o(k, Ra). A general (even) solution is of the form:

b = Ay cos [CJO (y - %)] + Acosh [q (y - %)]

1
4+ A" cosh [q* (y — 5)]

where
Age R A A% C

Qo = k(r—1)"%q=qs+iq

1 1 1/2
g+ = k[§(1+7+72)1/2:|:(1+57>]

Ra\'/?
= (W)

To satisfy the b.c. we plug-in to get the eigenvalue relation:

1 1
Im{(\/g—i-i) g tanh §q} + qo tan §q0 =0

Solution gives: Ra. = 1708 for k. = 3.117 and thus the (horizontal)
wavelength of the disturbance at the onset of instability is

2md

=2.016 d
ke

Numerical Formulation

Alternatively, we can solve an IVP by introducing the following expres-
sions into the governing equations:

=

HS S S
=

=

N N~ —~
<

~+~ ~+ o~ o~

N— N N

and integrate in time for u, v, p, 6.
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We can choose any of the schemes we have studied so far. To de-
couple velocity /temperature we can use an explicit 2"d-order Adams-
Bashforth. We then treat the remaining terms implicitly using a stag-
gered grid where 1, ﬁ,é are on the integer-point grid and p on the half-
point grid. Crank-Nicolson will give an overall O(At#?) scheme, and
Green’s functions will give efficiency. The code can be written using
complex arithmetic for convenience.

In the following, we give the discrete equations:
I. Convective Terms:

Use Adams Bashforth, 2"d-order:

~n+1 an
~n+1
v, —0 3 14
% 7% prlRg {—9” —eﬂ—l}
YA 97t T gV
antl
6, —60r 3 1
Temp : - L= Zpn — —pn!
P 2V T Y
fort=0,....,N
Divergence after this step:
Antl /&n—i—l + &n—i—l éﬂ—}—l én—f—l
UZz _ it iy Vi T
+1/2 2 Ay

fori=0,...,N'.

For this splitting scheme used no b.c. are imposed on {l, @,é and con-
tinuity is not necessarily satisfied.

I1. Stokes solver:

The momentum equations, energy equation and continuity discritized
according to the suggested staggered mesh are:

~n an+l n+1/2 n+1/2
Lat —a, _Z.kpz‘+1/2 TPy 1

v Pr At 2 Pr

~n+1/2 ~n+1/2
Ui 2 2\ ant1/2 | Uitg
— k* | —r
+( Ay? <A92 " ) C T Ay
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i=1,...,N and 4™ =a%" =0
~n an+1 n+1/2 n+1/2
y: Ly - _ [Ptz T Picaje
" Pr At Ay
@?:1/2 o 2 + k2 ,[Jﬁ+1/2 + @?—;1/2
ANTE: ANTE: ! ANTE:
i=1,...,N and oyt = 0% =0
Continuity:
gt = ,k&?jll +agtt opt — et -
it1/2 = ¢ 5 + Ay =0
i=0,... N
Temperature:
~n+1
m+l ) An+1/2 An+1/2
;" — 0, _ 0;i,'" [ 2 L) gy 91+1/
At Ay? Ay? ‘ Ay?
where N )
GrY2 e SV S e
T 2 ) (3 2
gz _ O+ O
‘ 2
If we take & (M,) + a%(]\/ly) we get:
Sl ~n+1
o = digayn 1 nHL/2 o ntl/2 | ntl/2
PrAt T A2 (pz‘+3/2 T Pit1j2 T pi—1/2)

k2 n+1/2 n+1/2 n+1/2
T (pi—|—3/2 + 2Dt )9 +pi—1/2)

An+11/2 9 dm-l/
1= . k’2 dAn_H i+3/2
( Ay? <A92 i ) 2T Ay

1 d?—1/2 2 5 dﬂ+3/2
+ 5 - + k%) d} — =
9 ( Ay? Ay? i+1/2 T Ay?

N | —
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Assume that at the time step (n + 1) continuity is already satisfied for
previous time step, therefore d}',, , = 0. Then if we satisfy the discrete
momentum equation and the Poisson equation:

n+1/2
i+1/2

1 n+1/2 n+1/2 n+1/2 k2 n+1/2 n+1/2 n+1/2
Ay (pi—|—3/2 =200 t pi—1/2) 1 (pi+3/2 + 2000 + pi—1/2)

~n+1
. dit1
- AtPr
the remaining parts give the equation:

~

el [(drt! 2 . drtl
/2 i1/2 ( +k2> drfly + =22 =1, N -1

PrAt 2\ Ay? Ay? Ay?
d?le - d;wh/z =0
with the trivial solution 02?:11/2 = 0. Now, the full scheme is as follows:

1. Solve for @, 0, using A/B (E-F as start up)
~n+1
Form the divergence d,

IT. Solve
~n+1
d.
n+l/2 _ Yi41/2 . ’
Lpirs = 2N 1,...,N' —1
b.c.
n n+1
d1721 == 0 dN_t+1/2 - 0
II1. For all interior points i = 1,..., N’ solve
antl nt1/2 | n+l1/2
U Ui _Z.kpz‘+1/2 tDi1)2 _ D2
Prit 2 = TP

antl n+1/2 n+1/2
U; v; Pivij2 = Pic1j2 | D2
AT & Ay = ~yDit1)0
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!/

IV. For all interior points t = 1,..., N

an+1
A O BTN T WV e W et
Ay? Ay? PrAt) " Ay? PrAt

~n+1
N (2 2 e, R —ir 0,
Ay? Ay? PrAt) " Ay? PrAt

U9 =0y =0
The scheme, now, proceeds using the Green’s function implemen-
tation.

I. Pre-Procession: After we solve the Laplace equation for pressure,
the RHS of the Helmoltz solvers for UF, V* can be formed. The
coefficients for the Helmoltz operator are:

1 2 I 2 1
Ay?’ Ay? Pr-At)’ Ay?
II. Time-stepping-Intermediate Fields:

e Solve discrete Poisson equation:

~n+1
d.
EPI _ i+1/2
W2 pr At
e Update velocities:
o~ An+1
i U _ I
PrAt DaFivayo
~ ~n+1
V- I
Pr-At DyFiaya

e Viscous step:

2 2 el 2\ 2\ ar +U!
Ay2 \ Ay? PrAt)  Ay?) " PrAt
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with b.c.
Uy = Uy=0
Vi = Vi=0
Apply superposition:
M = U 4+ g UL + anU? etc.
and then find:

artt =200 —ar, ete.
Similarly for temperature:
n+1 nn+1 n+1 n
0;" —0; _ 2 0; " + 0] — 2gntl/2
At 2
or »
2 (7"1' S ) — 267+
At = V2
or 5 9
V2 — _> 0@—!—1/2 _ __ém-l
(7)o = 5

and then find

gl = 20" _gn =1, N

g ey

Question (a): The stability curve is shown in figure 1. The resolution
used was 21 grid points, At = 0.01 and final real time = 2.0. The
min Ra., = 1721.5 and k., = 3.10/3.20 are compared with the exact
numbers given by analytical work k& = 3.17, Ra = 1708 (Reference
Physical Fluid Dynamics, D.J. Tritton, pg. 216). The locus of o =
0 separating the stable region with ¢ < 0 from the unstable region
with ¢ > 0 is independent of the Prandtl number. This is verified
Du

numerically but also can be anticipated since the inertia term 7t is zero
o

at this curve since both the temporal acceleration 3 and the convective
term is zero because there is no mean velocity field and second order

terms in the perturbation velocity field are neglected.

(b) In figure 2 the asymptotic value of o (the eigenvalue) as a function
of the resolution is given. The value of ¢ predicted to be ¢ = 4.3365.
(Final real time was 2.5, At = 0.01)
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Rayleigh-Bernard Problem
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